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H3 NPETHACIOBHA ABTOPA
R TPETBEMY H3TAHHIO

B nacroamem «CHopHHRe» Momobpalbl H MeTOAHYECKH pacmpene-
NeHEBT 3aNaud ¥ TPHMEPH M0 AHATHTHYeCKON reoMeTpHi H MaTeMaTH-
YecKOMY aHaJH3Y.

B navane kammoro naparpada npuBemeHbl GOPMYILI, oNpenedeHua
H IpPyTHe KpaTKHe NMOACHEHHA TeOpHH, HeoOXomHMEE A pelleHnd
MOCHenyomnX 3a1ay.

B xonne xammoro maparpada «COopRAKa» mprBeNeHH (nocie yep-
TEL) Bajadyy I NOBTOPEHAA, COCTABIAKIIAE OKOIO OXHON TPEeTH BCEro
MartepHana «C6opHHKa». ITa 0COOEHHOCTH MOMORET NpPEMONABATENIO B
moxbope 3agad 1aA paloTH B Kilacce H LA IOMAIIHUX 3ajlaHAlt miam
IJiA NOBTOPeHHN mepell KOHTPONLHEIMU paboraMu. Kpome Toro, mpu
TaKoOM pacupefcleHHH 3aJaY Jerko onpeleluTh MUHUMYM, HeoOX0NM -
MBI INIA yCBOEHHA Kypca, KOTOPHIA MOMKHO PeKOMEHIO0BAaTb 3a0YHH-
KaM HAH JaA paboThl Ha BeuepHUX (PaRYALTETAX.

+COOpEAK» MOMeT OBITH HCIONB30BAH KAk IAA paloTH nom py-
KOBOJACTBOM NpPeNofaBaTelld, Tak ¥ JJA CAMOCTOATENhLHOTO H3YUeHHA
Kypca BeICIOeli MaTeMaTHKH B0 BTy3aX, Tak Kak NOYTH Bce 3amgadd
HMeKT OTBeTHI, 8 HEKOTOPBIe H PelleHAA H, KpoMe TOr0, KO MHOTHM
3ajlayaM B TeKCTe UIU B OTBeTaX NaHhI YHA3aHHA K MX pellleHuIo.
ITOMY e CIoCOOCTBYIOT KpaTKHe NOACHEHHA TeODHH.

0T PEJAKIIHH

Hanauue nacroamero «C6opHHRa» 0CYIIeCTBICHO B CBA3HM C MHOTO-
UHCIEeHHKIMH 3aABKAMHU, HOCTYNHMBIIMMHU B HAIll afpec 0T MaTeMaTH-
yecKkHX Kadeap, OHCAHOTER, CTYISHTOB H NpenogaBaTesell pasdHIHEIX
BTY30B Poccuu.

B cBaam ¢ tem, uyTo aBTopa, Bacmmua IlaBmosnwa MunHopcroro,
YBRI, TABHO y&e HeT ¢ HAMHU, pellakiuA IpefelbHo GepemHo OTHECIACh
K TEKCTY, OCYLIECTBHB AANINb HOBEIH HaGop, BepcIKY H 0QOpMIeHHe, He
BHOCA TIPH 5TOM HHKAKHX CYIIeCTBEHHEIX H3MeHEeHHI B TEKCT, KpoMe
UCTpaBAeHU N 3aMeYeHHBIX OMEYATOK.

MEL canTaEM CBOMM TPHATHBIM IOJITOM TOJAPHTH HOBOMY IOKOJe-
HHUIO YYaIIMXCA YTOT MIHPOKO H3BECTHHIA B MaTeMaTHYeCKOM 00paso-
panann «COOpHHK#, TeM 0odee, 910 ero UpenbIyIoee H3TaHHe OBIIO B
1087r.



I’'maBal
AHATATHAYECEAA TEOMETPHA HA NI0CKOCTH

§ 1. Koopaunarsl TOUYKH Ha nNpAMofl H Ha NI0CKOCTH.
Paccroanue MeRIy IBYMA TOTRAMH

1°. Paccroanne d Memgy Touramu A(zy) m B(z2) Ha ocm:

d=|zs— 21] = /(22 — 21)2. (1)

2°. Benuvuna AB (anrefpauuecran) sanpassennozo ompesxa ma
octt:

AB = Xro— 2y. (2)

3°.PaccroAaHue dMemny Toukamu A(zy; y1) u B(22; y2) Ha maoc-
KOCTH:

d=+/(za— 1)+ (v2 — )2 (3)
4°. llpoeRUHH Ha OCH KOODPAMHAT HGNPAGACHKOZO OMPEIKG, AIIA 6EK-
mopa AB ma mIocKoCTH ¢ HATANOM A(z1; y1) n voruoM B(zz; ya):

npa.E=X=x2—zl, npylﬁzY:yg—yl. (4)

1. llocrponth na uncnoboit ocu Toukn A(—5), B(+4) n C(-2) n
ualttu Benuuunkl AB, BC' u AC orpeskoB ua ocu. IlpoBeputh, uTo
AB+ BC = AC.

2. BeInonnuTh npensiaymee yunpakuenne 1aa Touek A(+1), B(—4)
u C(+5).

3. lloctpouth Tpeyronbuusk ¢ Bepmuuamu A(—4; 2), B(0; —1) un
C'(3; 3) u onpeneanTdb €ro neprMerp m yIikL

4. lorasathb, uTo Tpeyronbank ¢ Bepmuramu A(—3; —2), B(0; —1)
n C(—2; 5) npAMOyTOAbHEIH.

5. Mocrpouts Touru A(—4; 0), B(—1; 4) u touku A, By, cum-
MeTpHUHbIe HAHHKIM OTHOCHTENbHO ocn Oy. Berumcnnth nepumerp
Tpanennn ABB; A;.

6. Touka B cummerpuyna A(4; —1) OTHOCHTENILHO GHCCEKTPUCH
mepBoro Koopauuatuoro yriaa. Halita namry ADB.
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7. HatiTn Touky, ylaleuuyio Ha 5 elusun Kak or Toukm A(2; 1),
TaK ® oT ocm Oy.

8. Ha ocu oprunaT HaliTu ToURy, ylaldenuyio of Toukn A(4; —1) ua
5 eqmann. IlloACHUTH NOCTPOeHnEM, IOUEMY NOJAYIAETCA IBA PEIIeHHA.

9. Ha ocn abcnuce maliTu Touky, yradeuuyio oT Toukn A(e; b) ua
¢ enunun. HccaegoBath peienne npu ¢ > |b|, ¢ = |8 u ¢ < |b].

10. Ha ocm Oz maiiTu TOuRy, OZWHAKOBO YNAJAEeHHYIO 0T Havala
KoopIuHaT u o Touku A(8;4).

11. HaitTu meHTp u pajumyc KPYra, OMUCAHHOTO OKOJIO TPEYroilb-
mwKa ¢ Bepinnamn A(4; 3), B(—3; 2) u C(1; —6).

12, Naner Toukn A(2; 6) m B(0; 2); nocTponTh BekTOp A_B: ero
KOMIOHEHThl Ha OCAX U BRIMHCIAUTEH np, AB, np AB u nauny AB.
13. B Touke A(2; 5) mpulomena cuia, mpoeKnuu KOTOPOR HA oCH

koopaunaT paBurl: X = 3 u Y = 3. Onpepeaurs konen Bekropa AB,
r300paRAOIIEr0 CHIIY, W BeIHYAHY CHIEL

14. B roure A(—3; —2) nupunomena cuia, npoekuna Koropolt Y =
= —1, a npoeknua X nodomuTenabua. Qnpeneiurh Komem BeKTOpa

AB, uzofpamalolllero cully, ecliu ee BeluyuHA PABHA 5v/2.

151). Ha uncnoso#t ocu mocrponts Tourn A(1l), B(—3) n C(-2)
u nalitu Beanyuubsl AB, BC u C A orpe3roB ua ocu. IlpoBeputs, uto
AB+BC+CA=0.

16. Ha maockoctu moctpouts touku A(—7; 0) u B(0; 1) u Toukn
Ay u By, cummerprynbie Toukam A m B oTHOCHTENTbHO OHCCERTPHCH
TepPBOro U TPEThero KOOPAMHATHLIX YII0B. BHYNCINTD nepuMeTp Tpa-
neoun ABBy A;.

17. Ha ocn opamnar maiiTn TOYKY, OLMHAKOBO YHAJAEHHYHO OT Ha-
yaia koopAuHaT u oT Touku A(—2; ).

18. Ha ocu abcnuce na#iTu Touky, ynamenuyio oT Touku A(—2; 3)
Ha 3+/5 enunum.

19. OnpefenuTh meHTP u PANUYC KPYra, OMUCAHHOTO OKOAO Tpe-
yroabuuka ¢ pepmuramu A(—3; —1), B(5; 3) u C(6; —4).

20. Taun Toukn A(21; th) u B(22; y2). B navane koopiuuar npu-

JI0ReHHI CHIBI, H300pamaembre Bekropamu OA u OB. locrponts ux

paBrogeticryomyo OC n 10Ka3aTh, 4TO NPOEKUHA PaBHOZEHCTBYIO-
Ilelf HA KOOPIMHATHYIO OCh PaBHA CyMMe NpoeKuuit COCTABIAIOIIHX
HA Ty e OCh.

21. Janwr Toukn A(l; 2), B(3; 5), C(5; 2) u D(2; —2). B 1oure

A nprnomensl cuabl AB, AC w AD. HaliTn npoerunnm na ocH Koop-
IHHAT paBHoOOeiicTIBYIOIIef CUIILI U ee BelIUYUHY.

1) B ramaom maparpaje moche UepTLI MPHBENEHEI SAfauH, KOTOPhIE PEKOMEHAY-
H0TCH IJIA 3alaHHA Ha A0M HJH IJIA TOBTOPeH.
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§ 2. lenenne orpeska B JAHHOM OTHOILICHMH.
Ilnomans TPEeyroALHHKA H MHOTOYTONLHHKA

1*. Jenenne oTpeska B TAHHOM OTHOmMeHHH. [laHBI TOIRH
A(z1; y1) 7 B(za; y2). Roopuunater Tousn M (x; y), neasmeii orpeaok AB
e oraomennn AM ; M B = ), oupenensorca no gopMynam:

2y + Axg wn + Ayz
= " ¢ == 1
1+» 0 YT IR (1)

B wacTHOCTM, IPH NeMeHUM MOMOMAM, T. €. B OTHOIMeHUU A=1:1=1,
1+ 23 ¥+ ¥2
=< = < 2
5 Y 3 (2)
2°. Iaomaxgp MHOTOYroAbHHKA ¢ BepmuHamu A(z1; 1), B(ze;
y2), Clea; ys), ..., F(2n; yn) paBna

Tn Yn

S=i%[|x1 |+| 1 N

T2 Y2

g |- 3)

&3 Ys

z
Buipamenne Buna | a‘:; g;l PABHO #1Ys — Zal1 H HASEIBAETCA Onpededt-
meaen emopozo nopadxal).

22, llocTpouts Toukn A(—2; 1) u B(3 6) H HatiTn Toury M(2; y),
genAmyw AB B oTHOIMeHnunn AM: MB

23. Haner Tourm A(-2; 1) n B(3; 6) Paanenn:rb orpeaok AB B
oruollenun AM : MB = 23"

24. B 1ourax A(zy) n B({Bz) ocu O NMoMeIIeHbl MacCHl My H My.
Halitr menTp macc Toil CHCTEMBEL.

25. B toukax A(z;), B(z2) u C(2s) ocu Oz nomemenn coor-
BETCTBEHHO MAcCEL My, Mz H M3. [loKa3aTb, 4TO wWeHTP Macc HTolf

my&y + Mz + Mals
my + mg + mg3

26. Ha rornsI onropoanoro crepmaa niaunnoi 40 cm w maccoit 500
HacameHhl Iaphl Maccoft 1001 u 400r. Onpeneautsh ueHTp Mace HToH
CHCTeMHL.

27. B tourax A(—2; 4), B(3; —1) u C(2; 3) nomemensl cooTBer-
CTBEHHO Macchl 60T, AOT u 100r. OnpemenuTh meHTp Macc 3TOH cu-
CTeMBL.

28. Onpeneaurb CepeIWHEI CTOPOH TPEYIONbHAKA C BEPIIMHAMHA
A(2; -1), B(4; 3) u C(-2; 1).

29. B Tpeyroabuure ¢ Bepiunamu O(0; 0), ABS; 0) u B(0; 6)
OTpenenTh NIARY Meaunansl O m GucceRTprchl .

CHCTeMblL ﬁyne:r B TOUKe & =

l) 06 onpemenmrenax moxpodao HEMomeno B ra. 4, § 1.
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30. Hafitn uenTp macc TpeyrodbHuKa ¢ Bepmmmamu A(l; —1),
B(6; 4) u C(2; 6).

¥Yrasanue. IleHTp Mace TpeyronlbHUKA HAXONUTCA B TOURE MEpeceve-
HHA €TI0 MeNUaH.

31. BoruucanTh TI0manb TPeyronbHWKa ¢ Bepmmmamu A(2; 0),
B(5; 3) u C(2; 6).

32. Tlorasats, uto Touku A(l; 1), B(—1; 7) u C(0; 4) nemar na
oIHoit NpAMOIL.

33. BeiumcanTh MI0Mans eTEpexXyrolbanKa ¢ Bepumaamu A(3; 1),
B(4; 6), C(6; 3) u D(5; —2).

34. B tourax A(—3; —1) u B(4; 6) npunomensl mapalienbHEIE
cuibl, coorpercrenno paBrble 30H u 40 H. Ha orpeare AB malitn
TOYRY OpullomeHusa paBHOAeiicTByIOMIet.

35. B rourax O(0; 0), A(2; —5) n B(4; 2) nomemenkl cooTBeTCT-
BeHHO Macchl 500, 200T u 100r. OnmpegenuTh NeHTp Mace DTol cu-
CTeMEl.

36. B rpeyronsrnke ¢ Bepmuramu A(—2; 0), B(6; 6) u C(1; —4)
ONpeneluTh AAuHy GuccertTpuckt AFE.

37. Hafitn memTp macc Tpeyroabmmka ¢ Bepmimmamu A(Zy; 4),
B(zz; y2) u C(z3; y3)-

38. Ha#iTu uenTp Mace yeThIpeXyroabuolt oqnoponnolt TI0CKu ¢ Bep-
mnuama A(—2; 1), B(3; 6), C(5; 2) u D(0; —6).

Yraszanmne. llo jopmruaM, TIONY9eHHALIM B 3afade 37, HaliTH OeHTPH

Macc TpeyroabHHKOR ABC 1 ADC u pasumeadTs paccToAHAE MeRAY HHMH
B OTHOWIEHHH, 00paTHOM OTHOLIEHHIO IIOmAaneil TpeyrolEHHEOB.

39. Manwr Tousu A(1; 2) u B(4; 4). Ha ocu Oz onpefeantsh TouKy
C Tak, urobe naomans AABC onna paeua 5, u moctpouth AABC.

40. B tpeyromsrnke ¢ Bepmuramu A(—2; 2), B(1; —4) un C(4; 5)
KamIasa CTOPOHA NPOAOIMEHA B HANPABIEHHH 00X0a NepumeTpa npo-
THBE 4acoBolf CTpelKu Ha OIHY TpeThb cBoeli mimmel. OupemeanTs
koullel M, N u P npofonmenuft cTopon u HaliTu oTHOllleHue k WIO-
magn AMNP & nnomagn AABC.

§3. YPGBHOH]IG JHHHH KK FeOMCTPHYCCROL0O MECTa TOICH

VpapHeHMEeM IHHHH Ha3hIBACTCA YPaeHEHUe ¢ NEPeHEHHBIMY T U
Y, KOMOPOMY YI0EACTNEOPAIOT KOOPOURAMBL 41060t MOUKY SMOtl AUHUY U
MOABKO OMU.

BxopAmme B ypaBHeHHe THHHH NepeMeHHBIE £ H § HA3RIBAIOTCA MeXy-
wWuMY KoopJunamamy, a GYKBeHHEIe NOCTOAHAEIE — napamxempasy. Ha-
nprMep, B YPABHeHHAN OKpyRHOCTH (3amaua 41) #% + y? = R? nepemennnle
¥ W y — TeRyImHe KOODIHHATEI, & NOCTOARMAA K — NapaMerp.

Y1obEI COCTABATE YpaPHeHHe JIMHAY KAK TeOMETPHYECKOT0 MecTa TOUYeK,
0671 Har0IIMX OOHHAKOBHIM CBOHCTBOM, HYARHO!
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1) B2ATE HPOUBBOALHYIO (TekylIylo) Touky M (z; y) THHHAM;

2) 3anucaTh paBeHCTBOM oflllee cROMCTBO BeeX Touek M muHuu;

3) BXopAmYe B 9T0 PABEHCTRO OTPESKH (U YIJIEI) BRIPASHTH Yepe3 TEKy-
IHe KOOPIUHATH TOMKH M (2; y) H Yepes NaHHKIe B 3amave.

41. [lorkasaTth, 4T0 ypaBHeHHeM OKDYAHOCIH ¢ paguycom R m ¢
IeHTpoOM B Havalle koopamuaT 6ymer 22 4+ y? = R2.

42. Hanncath ypaBuenune OKpymuocTu ¢ nentpom C'(3; 4) u panuy-
com R = 5. Jlemar an ma sTolt oxpymroctn Toukn A(—1; 1), B(2; 3),
0(0; 0) m D(4; 1)?

43. Hanucath ypaBHenue JuHHHM, N0 KOTOPOH NBHMETCA TOYRA
M{(2; y), pauoynanennas or rTouer A(0; 2) u B(4; —2). Jlemar au
ma sTolt amrmn 1oukm C'(—1; 1), D(1; 1), E(0; —2) u F(2; 2)7

44. Hanncatp ypaBmenme Tpaekropmm Toukm M (z; y), KoTopas
IIpH CBOeM NBH/REHHH OCTaeTCHA BIpoe Haabiue or Touku A(0; 9), uem
or Touru B(0; 1).

45. HanucaTh ypaBmenue Tpaekropuu Toukn M(z; y), KoTopas
Ipu CBOeM JBUMEHHH OCTaeTcA BABoe Gaume K Toure A(—1; 1), yem
k Toure B(—4; 4).

46. HanucaTp ypaBrennfa OHCCEKTPHC KOOPIAHHATHHIX YIVIOB,

47. Hamncath ypaBHeRne reOMEIPHYECKOT0 MecTa ToueK, CyMMa
paccToAHuM 0T Kampo# M3 KOTOPHIX N0 Towek F(2;0) u F(—2; 0)
paBra 21/5. IlocTPORTH IHHHIO N0 €€ YPABHEHHIO.

48. HanucaTh ypaBHeHue reOMETpPudecKOT0 MECTa TOYEK, PABHO-
ymalAeHHBIX 0T Touke F(2; 2) m or ocu Ox. llocTponts ImHWI0 Io ee
YPaBHEHHIO.

49. HanucaTh ypaBHenue JuHHHM, N0 KOTOpPOH NBHMETCA TOYRA
M (z; y), ocrapasck BBoe Dambme or ocn Oz, wem or ocm Oy.

50. [locrpouts muuun: 1) y =22+ 5;2) y=7 — 22; 3) y = 2«;
) y=4;5)y=4—2%

$1. OnpenennTh TOUKH TepeceveHnd AuHuu ¥ = o2 —4x + 3 ¢
ocAMU ROOPAUHAT U MOCTPOUTH €e.

82, OnpeneanTs TOUKH TepecedeHnd ¢ OCAMH KOOPIAHMHAT InHHAMN:
1) 32 — 2y = 12; 2) y = 2% + 42; 3) y? = 22 + 4. TocTpours 3Tu
JUHWH.

$3. Hanucars ypaBHenme reOMeTpryecKOr0 MecIa TO4EK, PABHO-
ylamenuux oT ocu Oy u oT Toukn F(4;0), u noctpouts Aunuio no
€e YDaBHEHHI).

54, HanucaTh ypaBHeHue JHHHH, N0 KOTOPOH IBHMETCA TOYKA
M (z; y), paroynanennad oT Havalda KOOpIWHAT n OT Touku A(—4; 2).
Jlexar au na sTolt MmEnm Toukn B(-2; 1), C(2; 3), D(1; 7)?
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85. HanucaTh ypaBmenue Tpaekropuu Toukm M(z; y), KoTopas
Tpu CBoeM IBF/KEHHH OCTaeTcA BIBoe Ommme K Touke A(0; —1), wem
K Touke B(0; 4). [locrpours TpaeKTopnio NBHMEHHA.

86. Onpeneanth Toukn NepecevyeHud ¢ OCAMM KOOPIMHAT NUHMHA:
1) 2z +5y+10=10; 2) y = 3 — 2z — 2%; 3) y® = 4 — z. MocTponTs
JUHWH.

57. Hanucarh ypaBuenme reOMeTpmyecKOT0 MeCTa TOu€K, PaBHO-
ynaaernbIX 0T ocu Oz m or Toukn F(0; 2), m nOCTpORTD NHAHWI 10
ee YPaBHeHHIO.

58, HanucaTh ypaBrenne reomMerpu1ecKoro MecTa ToueR, Pa3HocTh
paccToAHuM OT KamION M3 KOTOPHIX J0 Tower Fy(—2; —2) u F(2; 2)
paBra 4. llocTpoRTh IHHHIO N0 e YPABHEHHID,

§ 4. Ypapuenne npamoii: 1) ¢ yraoeiM RosdummenTom,
2) obiree, 3) B oTpesrax Ha OCAX

1°. YpapHenne UpAMON ¢ YyIrAOBEHM KOSDPHUHEHTOM
y=kx+b (1)

Napamerp & pamen TanreHcy yria o HamaoHa mpamol w ocu Oz (k =
= tga) U HA3LIBAETCA Ye406biM KOPGHUYUERMOM, FIIN HHOTIA NGRAOHOM
npsamoii. Ilapamerp & — penmunba orpeska Ha ocH Oy, HIH HAXGALHASR
opdunama.

2. 06mee ypaBHeHHe NPAMON

Az + By+C=0. (2)
Ocobrle cayuam: )
ajupuC'=0 y=— 5% — TPAMad NPOXOLUT epes HAYal0 KOOPIIHAT;
6) npu B=0 2= —% = a — mpAMaA mapalienhHa ocH Oy
C
Bjnpr A=0 y= —5= b — npaman napamnensHa oca Ox;

rfjupu B=C=0 Az =0, 2 =0—ocs Oy;
nlnpﬂA=C=D By=0,y=0— ocs Oz.
3*. ¥parHenue npAMolt B oTpe3Kax Ha O0CAX

Ty _
;+3—1, (3)

rae ¢ H b — BesrYAHEI OTpe3K0B, OTCeRAEMBIX lTpﬂMOﬁ Ha 0CAX ROODOHHAT.

59, llocTponTs npAMYI, orceKamwiuyl Ha ocum Oy orpedok b =
= 3 u cocraBrAomyio ¢ ocslo Oz yroa: 1) 45°%; 2) 135°. Hamucats
yPaBHEHHAA BIAX NPAMBIX.

80. TlocTponTs MpAMYI, orceKamiuyid Ha ocm Oy orpedok b =
= — 3 u cocTaBasaomyo ¢ ockio Oz yroa: 1) 60°; 2) 120°. Hanucars
yPaBHEHHAA BIAX NPAMBIX.
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61. Hanucath ypaBuenue mpamol, NpoxXoldmel sepe3 HAYANO KO-
opImHAT m cocraBiflowelt ¢ ocsio Oz yrom: 1) 45°; 2) 60°; 3) 90°%
4y 120°; 5) 135°.

62. IlocTponTh TPAMYIO, TPOXOIAIIYIO U€Pe3 HAYal0 KOOPAHHAT H
ueped ToUKy (—2; 3), m HaNuCaTh ee ypaBHeHHE.

83, OupeneanTs napamerpsl k w b IA Kammol w3 TPAMBIX;

1) 2¢ —3y=6; 2) 20+3y=0; 3)y=-3; 4) 34—%:1.

64, [locTpouts IpAMELE;

1) 3z+4y=12; 2)32—4y=0; 3)22 —5=0; 4)2y+5=0.

65. Onpenenutsh napamerpsl & u b mpamolt, mpoXonAiield vepes
toury A(2; 3) u cocrapaamouett ¢ Oz yroa 45°. Hamucars ypaBuenne
9T0iH NPAMOI.

66. Ypapuenusa npambix: 1) 22 — 3y = 6; 2) 32 — 2y +4 =0
TIpHBECTH K BHIY B 0TPe3Kax Ha 0CAX.

67. Haun tourn O(0; 0) u A(—3; 0). Ha orpesxe OA mocTpoen
TapaJiIe/iorpaMM, IHArOHAAH KOTOPOTO NepecekalorcA B Touke B(0; 2).
HamucaTh ypaBueHuA CTOPOH W AMaroxaiel MapallelorpaMma.

68. Hanncath ypaBnenne npAmott, npoxonamett vepes toury A(4;3)
U OTCeKalomel 0T KOOPAHHATHONO YIila TPEeYrolbHuk MACINAABIO, PaB-
ot 3.

69. lipambie y = —2 u y = 4 nepeceralor npaMyio 3z —4y—5=10
coorBercTBerHo B TouKkax A u B. Iloctponth BekTOp AB, onpeneaurs
ero JJIHHY W ero NPOEKIuY HA 0CH KOOPIMHAT.

70. Jlemar nm Tourn A(3; 5), B(2; 7), C(—1; —3) u D(—2; —6) na
npamoft y = 22 — 1 ulu Mme OHH «BEILIE» WU «HUMer HTON mpAMon?

71. KaroB reomerpuuecknil cMBIC/ HEpPaBEHCTB:

1y>32+12)y<3c+1;3)22+y—420;4) 2e+y—4 < 0?

72. llocTporTh 067macTi!), KoOOpIMHATHL TOWEK KOTODHIX YIOBITe-
TBOPAIOT HEPABEHCTBAM:

Hy<2-2z, z>-2 y> =2

Qy>2-—2, <A, y <0
3)%"'%4.11 y>x+21 2‘:2—4.

78. Toura M (z; y) NBmmerIcA Tak, 4TO Pa3HOCTh KBaApaloB pac-
croauutt ot mee g0 Touek A(—a; @) u B(a; —a) ocraerca papmolt 4a2.
Hanucare ypaBrenue ee TpaekTopHH.

l) (noBo «0BaacThs agech O3HAMAET YACTH IIOCKOCTH + (Y, KOODPIMHATHI KARION
TOUKM KOTOPOH YIOBTETBOPAIOT HEKOTOPHIM YCAOBHAM (HAIDUMep, HeDABEHCTBAM).
061acTh HASKIBAETCA 2aKKHYMOL, eCIH B Hee BRIIOUSHEI TOMRH, JeMATIHe HA T'Da-
HEne omacta. B nporreROM Cayvae 06/1acTE HAOSBIBACTCH OMKPHIMOL.



16 I'n. 1. ApasrTRYeCKAd MeOMETDHA HA INIOCKOCTH

74. Hanucarh ypapuenue Tpaextopuu Touku M (z; y), npoeknua
KoTOpoil Ha ock O IBHKETCA €O CKOPOCTHI) men/c, a ma ocb Oy —
co cropocThio 1 en/c. Hawambroe nonomenne toukn Mo(e; b).

75. llocTpouTs mpAmble, 3aJanukle Dapamerpamu: 1) b= -2, ¢ =
=60° u 2) b= -2, p = 120°, u ranucaTs HX yPAaBHEHHUA.

76. Onpenenuts napamerpwl k u b npamoft, mpoxondAielt vepes
Toury (—2; 3) u cocrapasiouiett ¢ Oz yroa 45°. IocTponuts mpAMYio
A HAHCATh ee ypaBHEHHE.

77. Papnobenpennas Tpamenusa ¢ 0CHOBAHUAMY 8 ¢M u 2 CM uMeeT
ocTpuiit yroa 45°. Hanucars ypapuenna cropon Tpanenuu, TPUHAB 32
ochk Oz Golblllee OCHOBaHHE H 3a 0Ch OY — OCh CHMMETpUU Tpaneluu.

78. Hamncatp ypaBrenua cropon pomba ¢ mmaromanamm 10 cm
n 6 cM, NprEAB 06ABINYI0 DHAaroHANb 33 ochb (J¥ H MeHBIIYI — 3a
ock Oy.

79. Hanncath ypaBrenne npamoii, npoxonAmeit wepes Touky (—4; 6)
U OTceRalolllelt oT oce#l KOOpPAUHAT TPEYTOMALHHK IIOMIANLIO 6.

80. Hanwncate ypaBuenwme umHuM, T0 KOTOpOMf IBuReTCH TOUKa
M (z; y), octaBance BIBoe faabiie oT ocu O, yem OT Opamoi 2 = —3.

81. llpamuie = —1 u # = 3 nepecekaloT mpaMywo y = 2z + 1B

ToukaXx A u B. Oupemenuth nauny Bekropa AP u ero npoexnuu ma
0CH KOOPAHHAT.

§ 5. Yroa Memny npAMBIMH. YpaBHEHHE NMYIKA NPAMBIX,
NMPOXOoJAIIHX Yepe3 TAHHYI0 TOUKY. YpaBHeHHe NpAMoii,
npoxopaiielt Yepes Be JAHHEIE TOYKH.

Touka mepecedeHHA IBYX MPAMBIX

1°. ¥roan ¢, orcynTaHHRIY OPOTUR YacoBol CTPENKH 0T mpAMol y =
= k12 + by mo mpamott y = kqox + by, onpedensercA dopMymoit

(1)

Taa npAMEIX, 3aJaHHEIX YPABHEHUAMU
A1+ Biy+Ci1 =0 u Asz+ Bay+Co =10,

dopmyna (1) mpumer Bup

A1 By — 4By
t ==
B¥ = A14; + B, B
Yenosue napaadedvnocmu: ky = kg mam % = %
2 2

Ycinobme nepnenduxyasprocmu: ko = . i AyjAs+ B1 By = 0.
1
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2°. YpaBHeHHe NYUYKA NPAMK X, IPOXOTANIHY Yepes TaHHYIO TOY-
Ky Alzy; 1)

y—wn =k(z—21) (2)

3°. ¥pasHenue npamoii, npoxonAamelt yepes NBe JaHHEE
ToukH A{zy; y1) u B(zg; yo):

¥—Wh r—I
— = (3)
Ya— Tz —

4°. YTobh Hal'TH TOYKY NepeceYeHHA HeMapaLledbHEIX OPAMBIX
A+ By+ Cy =0u Az + Bay+ €3 = (), Hy®HO PelIUTE COBMECTHO UX
ypanseHHdA. Ionyuum:

|:gl gl| jl :g1|
= A12 BIT’ y= Azl Bfl‘
As Bs As B,

82, OupeneanTs yrom MemIY NPAMBIMH;
1
1) y=22 -3, y=§m+1;

25z —y+7=0, 26 -3y+1=0;
3)2e+y=0, y=3z—4;

4y 32 +2y=0, 6z+4y+9=0;
5) 3z —4y =6, 8z+6y=11;

T Yy z
Ote=t 3
83, Cpenn npamux 3z—2y+7 = 0, 62—4y—9 =0, 6z+4y—5 =10,

22 + 3y — 6 = 0 yxa3aTh mapailyielbHble U NepOeHTHKYIADHEE.

84. Hanncarp ypaprenne IyyKa NPAMEIX, NPOXONAINAX 9epe3 TOU-
Ky A(2; 3). Bri6paTs us 9T0r0 myyka mpaMble, COCTABAAIOIINE C 0ChIO
Oz yrap: 1) 45°; 2) 60°; 3) 135°; 4) 0°, u nOCTpoOUTH HX.

85. lloctpouts Toury A(—2; 5) u npamyio 2z — y = 0. Hamn-
caTh ypaBHeHWe yYKa TPAMHX, NPOXONAMAX wepe3 A, u BEIOpaTh n3
nyuka: 1) npAmyIo, NapalleabHyio JaHHOH; 2) OpAMYIO, HepUEHIHKY-
JMAPHYI0O K JAHHOMH.

88. B Toukax nmepecevenusa mpamoli 22 — 5y — 10 = 0 ¢ ocAamnu
KOOPIMHAT BOCCTAB/IeHH epPIeHInKyAAPH K 3Toll npamoft. Hanucars
AX ypaBHEHHHA.

87. Hanucath ypaBHeHue mpamolt, mpoxoidAlle#t uepe3 TOYRH

A(-1; 3) m B(4; —-2).

-|-£=1.
a4
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88. B tpeyroabumke ¢ Bepmmmuamu A(—2; 0), B(2; 6) u C(4; 2)
npoBenenkl Beicota BD w mennmana BE. Hanmcare ypaBmenms CTo-
pounl AC, Meauaunl BE u Bricotn BD.

89. Hatitu BHYTpeHHHE YLALI TPEYTrOABHMKA, CTOPOHKL KOTOPOTO
3aganel ypaBrenuAmu ¢ +2y =0, 24+ 4y—-6=0, . —4dy—6 =10,

Yrazanue. Yrobe HaliTH BHYTpeHHUHE YTk TPEYTOABHHEA, HYEHO
YT/I0BEIE K09 (PHIHEHTH CTOPOH BHINMHCATE B NOpAnRe youanma: ky > kg >

ki—ky ka—kg
1+ Fyky’ 1+ Roka’

YoenuThcA B 3TOM H3 UepTeka, NOMECTHB OJHY U3 BepIIUH B

> kg, 3aTeM BEIMHCIATE TAHTEHCH YIJIOB TI0 hOpMyJIan
kg — k1

1+ fikg
Havale KOOpOHHAT.

90. Hanucare ypaBHeHnA NPAMEIX, TPOXOIALINX Y€Pe3 HAYANO KO-
opAuHAT NOX yrioM 45° k npamolt y =4 — 2z.

91. Hanucare ypaBHeHud TpPAMEX, NPOXOLAIIAX 4Yepe3 TOYKY
A(-1; 1) mopn yraom 45° k mpamott 2z 4+ 3y = 6.

92. U3 touru A(5; 4) BRIXoIuT Iyu CBeTa MOX YyIiioM ¢ = arctg?2
K ocu Oz u oT Hee orpaxaercd., Hammcarp ypapHeHudA majaiolliero u
OoTpameHHOr0 nyueii.

93. Onpenenuth BeplIuHL M YIAL TPEYTOALHHKA, CTOPOHKI KOTO-
poro 3aganbl ypapuenmAmu ¢+ 3y =0, 2 =3, ¢ —2y+3=10.

94. Orpesor npamoitt 3z + 2y = 6, oTceueHHBIA ocAMu Koop-
JMHAT, CAYMHT TUNOTEHY30H paBHOOEIPEHHOT0 MPAMOYTOILHOLO Tpe-
yroapauka. HafiTu Bepmmny nmpAmoro yria, eciiu u3BeCTHO, 4TO OHA
JIeRUT ¢BBINIe NaHHONA IPAMOIN.

95. lan Tpeyronbuuk ¢ epmunamu A(—2; 0), B(2; 4) u C(4; 0).
Hanucarp ypaBuenmA CTOpOH TpeyronbHWKa, meimanbkl AE, BHICOTHI
AD m natitn mrry mennansl AE.

96. Hanucarh ypaBHenuA CTOPOH M HAHTH YLAKI TPeyrodbHHKA C
sepmuramu A(0; 7), B(6; —1) u C'(2; 1).

97, llpamad 22 — y + 8 = 0 mepeceraer ocu Oz u Oy B Toukax
A u B. Toura M penut AB B oruomenun AM : MB = 3:1. Ha-
THCAaThb YpaBHEHHE NEPIeHIRKYAApa, BOCCTABIEHHOTO B Touke M K
npamolt AB.

98, IlocTponTh TPEYrodbHAK, CTOPOHEI KOTOPOTO 3alaHbl ¥paBHE-
aaAmMr z+y =4, 32—y =10, -3y —8 = (0, naliTu yrIu 1 LIOIWIAIb
TPeyrolbHHKA.

99, Hafitn TOuKy nepecevennfa MeIuan W TOYKY Iepece1eHnA BBI-
COT TPeyrolbHuKA, Bepliuukb KoToporo A(—4; 2), B(2; —5) u C(5; 0).

100. U3 touku A(—5; 6) BEIXOAUT ayuy CBeTa NON YIIoM @ =
= arctg(—2) ® ocn Oz u orpamaerca or ocu Oz, a 3aTeM OT OCH
Oy. Hanucarp ypaBuenwd Bcex Tpex ayuell.
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§ 6. HopmanbHoe ypaBHeHue mpaMofi. Paccroanne
OT TOUKH O0 npamofl. YpaBHeHHA OHCCERTPHE.
YpaBHeHHe NMyYRa NPAMEIX, NPOXONALIHX Wepe3 TOUKY
nepeceYeHHA OBYX TAHHBIX HPAMBIX

1°. HopManbHoe YpaBHeHHe NMpAMOH
zcosB+ysinf—p=0, (1)

e p — JUIAHA NepleHIHKyIApa (HOPMan), OyIIeHHOro W3 Hayajia Koop-
OFHAT HA UPAMYIO, a J — YIod HAKIOHA YTOr0 UEepUeHIAERyIApa K ocw O,
Yro6ur npuEecTH obmee ypapHenwe npaMoii Az + By + €' = 0 & HopMans-
HOMY BADY, HY/AHO BCE WIEHH €I0 YMHOKRHATE HA HOPMUPYouiull MAORHTEND

M = +—————, B3ATHIl cO 3HAKOM, NPOTHBOMONOMHLIM 3HaRY cBobor-
VA2 + B2
Horo wiena C'.
2°. Paccroanne d oT TOouKH (Zp; Yo) ZO THPpAMON nadden,
€CAU € AEBYID NGCTIL HOPDMGALHOZO YPOEHENUR NPAMOY NG MECTO MEKY-
wur Koopduxam nodcmasus Koopduxamst (&o; Yo) ¥ noAYuexHoe uucao
603bMEM N0 AOCOMOMHOT Geatiuune:

= |zocos B+ yosin B — p|, (2)

HIHA IA OI
_ |Azo+ Byp + ,
= VA2 B @

3°. ¥YpaBHeHUA OHCCEeRTpPHC YINOB MeEAY mpAMEIMU Az + By +

+C=0nAhz+By+Cy =0

Az4+By+C | A+ Biy+ Gy
VAL B JA+ B

4°. YpaBHeHHe NYYKa NpPAMH X, IPOXONAINIHXY Yepe3 TOURY Nepe-
CeYeHHA JBYX AAHHRIX MPAMBIX:

o(Az+ By+ C)+ 8(A12+ Biy+C1) =0. (4)

(3)

MomHO NoMoRATE o = 1, HCKIIOIHE STHM U3 Nyyka (4) BTOPYIO M3 maH-
HEIX TIPAMEIX.

101. [IpuBecTn K HOpMAIbHOMY BHLY YPaBHeHHA ITPAMBIX:

1)32-4y—-20=0; 2) 2+ y+3=0; 3) y=kz +d.

102. IlocTponTe NpAMY, eClim NJIAAA HOpMaIn P = 2, a yroa
§ naraona ee k ocu Oz pasen: 1) 45°% 2) 135° 3) 225°; 4) 315°.
Hanucars ypaBrennf STHX TPAMBIX.

103. HatiTn paccrosuua or Touek A(4; 3), B(2; 1) u C(1;0) no
npamoii 3z + 4y — 10 = 0. IlocTpouTh ToOuKH W NPAMYIO,
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104. Hatttu paccrodnue oT Havala KOOPAWHAT Mo mpAmoft 12z —
—-5y+39=0.

105. Iloxazarh, uTo mpamuie 22 — 3y = 6 u 42 — 6y = 25 napan-
NelbHEL, H HAlTH paccTOAHWE MeRIY HUMH.

Y rasanne. Ha ogroii 3 TpAMEIX B3ATE TPOH3BOILHYIO TOUKY H HAalTH
PACCTOAHAE OT Hee Jo Npyroif mpamoii.

106. Hatttu % u3 ycaoBusa, yTo mpamaa y = kx + 5 ynanena ot
Hauajla KOOpPIMHAT Ha paccroanue d = /5.

107. HanmcaTh ypaBREHHE T€OMETPHYECKOTO MECTA TOUEK, YHAIeH-
HHIX oT OpaMolt 4¢ — 3y = 0 Ha paccroanne d = 4.

108. CoctaBuTh ypaBuernne NpAMOll, yaanennoli oT Toukn A(4; —2)
Ha paccToAuue d = 4 u mapaldaenbuol mpamoh 8z — 15y = 0.

109. Hamrcath ypaBHeHnHA OWCCEKTPHC YIIOB MeEIY NPAMBIMHA
204+ 3y=10u 3z 4+ 2y = 10.

110. Hamrcath ypaBHeHHA OWCCEKTPHC YIIOB MeEIY NPAMBIMHA
Jz+4dy=12my=0.

111. Hamucath ypaBreuue Tpaekropuu Touku M{(z; y), roTopas
TIpH CBOeM IBHAEHHH OCTAEICA BTPOe Hajbllle 0T IpAMmoll y = 2z — 4,
ueM 0T mpAamolt y = 4 — 2x.

112. Hanucars ypaBmenne npAmoif, npoxonAmeii gepes Touky M
nepecevenud OpaAMHX 22 +y 4+ 6 = 0 1 3z 4 5y — 15 = () u vepe3s
touky N (1, —2) (me naxonda rourn M).

113. Hamucath ypaBHeHue mpaAmoit, mpoxonalielt yepe3 Toury M
nepecevennA NpAMEX 52 —y+ 10 =0 u 8z + 4y + 9 = 0 u napan-
neabHolt mpamolt & 4+ 3y = 0 (me naxoma Touku M).

114. Haiitn pamny seicorst BD B TpeyroibrnKe ¢ BepUIHHAMHA
A(-3;0), B(2; 5)u C(3; 2).

115. Hammcate ypaBmerme npAmoff, Tpoxogamel vepes TOUKY
A(2; 4) u ynanenunoit oT Havana KOOPIMHAT HA paccToduue d = 2.

116. TlpoBeputs, uto Touku A(—4; —3), B(-5;0), C(5;6) u
D(1; 0) caymar Bepinmamu TpanenuH, n HaliTH €€ BLICOTY.

117. Yepes navaio KOOPAUHAT MPOBEIEHA MPAMAA HA ONUHAKOBOM
paccroarnn of Touek A(2; 2) u B(4; 0). Haittw sT0 paccrosnme.

118. HamucaTh ypaBHeHUA MreOMETPUu4eCKOTO MECTA TOYER, YHATEH-
HREIX oT mpamoft z + 2y — 5 = 0 ua paccToauue, paBuoe /5.

119, Hanucars ypaBmenme Tpaekropmm Toukm M (z; y), KoTopan
TIpH CBOEeM IBHMREHAH 0CTAaeTCA BIBOEe Haiblle 0T NPAMOH Y = &, 9eM
oT mpamoit y = —z.

120. Hanucars ypaBmenme npAmoif, npoxonAmeii gepes Touky M
nepecevyenud mpaAMuX 22 — 3y +5=0u 324+ y — 7= 0 u nepnennu-
Kyaaprolt k npamoit y = 2x (me naxond Toukn M )
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§ 7. CMelIaHHEIe 3aJa9H Ha MPAMYIO

121. Yepez Hauano KOOPIUHAT NPOBECTH IPAMYI0, 00pa3yIONMIYIO C
IPAMHIME T + ¥ = @ B ¢ = ( TPeyTOMbHHE IIOMAael a?,

122, Manul toukn A(—4; 0) u B(0; 6). UYepes cepenuny orpesxa
AB npoBecTu NpAMy0, 0ICEKAIYI0 HA 0cn (O 0IPe30K, BIBOE 00Ib-
mutt, yem ua ocu Oy.

128. ansr Toukn ASD—2; 0) u B(2; —2). Ha orpesre O A nocrpoen
napannenorpamm O AC D, fuaronalu KOTOPOTo NepeceraoTca B TOYKe
B. Hanucars ypaBmennA CTOpOH, Iuaronaiell napaaiaenorpamma H
uatttu yroa C'AD.

124, Haiite yTIIBI 1 070mMAans TpeyrodbHuKA, 00Pa30BaHHOTO NMpA-
MbIMH Y =22, y= -2z uy=2a+b.

128, U3 pawana KoOpAHHAT MPOBENeHEL IBe BIAHMHO IePIeHTHKY-
IApHbIe OIpAMEle, 06pasyomnive ¢ npaMolt 22+ y = ¢ paBHobeIpeHHRIN
Tpeyroiabank. HaliTn naowanp 5T0T0 TPeyroNbHAKA.

126. HatiTu BHYTpeHHUE YTIKI TPEYTOJALHHKA, €CIU NAHE YPaBHEe-
mnA ero cropor: (AB) ¢ —3y+3=0m(AC)2z+3y+3=0mn
ocroBarme D(—1; 3) Bricorsr AD.

127. Jlansl ypaBHenus GOKOBRIX CTOpOH DPaBHODEIpPEHHOTO Tpe-
yroavunka 3z +y = 0 u z — 3y = 0 n Toura (5; 0) ma ero ocuoBanum.
Hafttu mepumeTp u miaomanh TPeyrolbHUKa.

128. B tpeyronsrnke ABC nanmi: 1) ypasmernme croponsr (AB)
3z + 2y = 12; 2) ypasuenne peicorst (BM) z + 2y = 4; 3) ypaBrenne
Boicothl (AM) 42 +y = 6, tne M — Touka mepeceveHHs BLICOT.
Hamucarh ypaBuenns cropon AC, BC' u Buicors CM.

129. [IBe cTOpOHBI mApaANeIoOrPaMMa 3alaHBI YPABHEHUAMU Y =
=z —2u by =2 +6. Juaronanu ero nepecekaloTca B Havajle KOOp-
aunat. HanmmcaTh ypaBuennA OBYX IPYIuX CTOPOH NapailileNorpaMma
U €ro guaronaneii.

130. Jan Tpeyroabunk ¢ Bepmuramu A(0; —4), B(3; 0) u C(0; 6).
Hatttu paccroauue Bepmmuubl C' oT 6uccerTpuchl yraa A.

131. Hanmcate ypaBrenme Tpaekropmm Toukm M (%; y), mBumKy-
melcA Tak, 4TO cCymMma PaccTOAHMM OT Hee N0 NPAMEIX § = 22 u
Yy = —2/2 ocraerca mocroAHHON W paBHOH \/5

132. IlocTponTk 06AACTH, KOOPIHHATH TOYEK KOTOPBIX YIOBIEIBO-
PAIOT HEPABEHCTBAM:

2-2<y<0mz>0; 2) -2y <

3)2<2x4+y<8z>0my>0.

138. Croponsr AB u BC napannenorpaMma 3a0aHBEl YPaBHEHAAMHA
20—y4+5=0u2z—-2y+4 = 0, inaronaln erc NepecekamwIca B TOUKe
M(1; 4). HaltTu AauHEI €r0 BHICOT.

184, Hajitm BepIImEHI NPAMOYLOABHOIO PaBHOGEIDEHHOTO Tpe-
YTOAbHHKA, €Clu NaHa Bepimimua npAmoro yraa C(3; —1) u ypaBue-
HAE THNOTeHysH 3z —y+ 2= 10.
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135. Mlaun nBe Bepuuubl Tpeyroabauka A(—4; 3) u B(4; —1) u
Touka nmepecewennd Beicor M (3; 3). Hafttn Tperbio Bepmuny C.

136. BeiyncanTh KOOPHIMHATHI BEepPINHHEL poMba, ecilH W3BECTHBI
ypaBHeHudA OBYX ero cropou: 2 + 2y = 4 u z 4+ 2y = 10, u ypaBuenue
oguoli m3 ero auaromaxaeit: y= x4+ 2.

137. CocTaBuTh ypaBHeHHA CTOPOH TPeYrolbHHUKA, 3HAA OIHY €ro
sepmuny A(0; 2) u ypaBmenna Breicor: (BM) z+y = 4 n (CM)
y = 22, rme M — Touka mepeceyenus BBICOT.

138. Maubl mpaman & + 2y — 4 = 0 u touxa A(5;7). Hatitm:
2 npoeknui B Toukn A na nannyw npamyio; 2) orpamenne C TOUEH

B JaHHOl mpamoH.
¥Yrazanue. Hamncas ypasHeHMe nepneHAuryaapa AB u pemms ero

COBMECTHO ¢ YPABHEHHEM JaHHON TMpAMoli, HalineM Toury B, rotopad ecTh
cepeauna AC.

139. Mlana npamas 2z +y — 6 = 0 u wa welt npe Toukun A u B ¢
opoimraTaMu Y4 = 6 u yp = —2. Hanucars ypaBmenne Buicorsr AD
Tpeyroabuuka AQOB, nalttu ee nnuny u ZDAB.

§ 8. OxpymHOCTH

YpaBHeHHe ORPYRHOCTH ¢ DeHTpoM B Touke C'(a; b) u paguycom,
PaBHHM R:

(z—06)?+(y-b)* =R~ (1)
Ecnn B ypaenernw (1) pacKpHTb CKOORH, TO OHO NPAMET BHL
24+ +metnyt+p=0. (2)

Yrobhl 0T ypaBHeHUA (2) ONATH MepeliTH K ypaBHEHHIO BHAa (1), Hy®Ho
B JIEBOIT YACTH yPaBHEHHHA (2) BHIIEIMTH NIOJHEIE KBAIPATEL:

3 (3=

2 2
+I—P‘ (3)

140. Hanucats ypaBuenme okpyxnocTu ¢ nerrpom C(—4; 3), pa-
auycom B = 5 u moctpourh ee. Jlemar nu ua 910l OKPYMHOCTH TOYKH
A(-1; —1), B(3; 2), O(0; 0)?

141. Jana Touka (—4; 6). Hanmncars ypaBrenne okpy&KrOCTH, Ina-
METpPOM ROTOpoH cIymuT oTpesok OA.

142, Tloctporth okpymuocrm: 1) 22+ 42 — 4z + 6y —3 = 0;
2) 22+ 42— 82=0; 3) 22+ y>+4y=0.

143, TloctponTh oKpyEHOCTh 22+ 42+ 52 = 0, npamyro z +y =0
¥ HalTH TOYKH HX NepeceyeHHd,

144. HanucaTh ypaBHeHue OKPYKHOCTH, Kacalolllefica ocell roop-
IuHAT u npoxoxAmelt vepes Toury A(1; 2).
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145. HafiTu yron memny paimycamu okpymuoctu z2 + y? +4x —
— 6y = 0, TpoBeIeHHEIMHU B TOYKH Nepeceuenud ee ¢ ockio Oy.

146. Hanucarp ypaBrenne OKPYAHOCTH, NPOXONAIIel yepe3 TOUKH
A(-1;3), B(0; 2) u C(1; -1).

Vrazanue. HammcaTs ypaBHeHMe MCKOMON OXPYAHOCTH B Buje 22 +

=+ y2 + maz 4+ ny + p = 0, HOACTaBUTE B HETO ROOPAMHATEI RaMAOH TOUKH U
saTeM HaliTH m, n U p.

147. Hamucath ypaBHeHHEe OKPYMHOCTH, TPOXONAllel yepe3 TOURH
Tepecesennd OKPYRHOCTH 22 +y2 + 4z —dy=0c upAamoli y = —z u
yepes Toury A(4; 4).

148. OnpenennThb 061acTh pacIooRenns KpuBoit y = —v —a2 — 4.
Hocrpouts KpuByio.

149. HanucaTh ypaBHeHue KacaTelbHLIX K OKPyRHOCTH 22 4 y2 —
— 8z — 4y + 16 = 0, npopelenHBX H3 HAYaJa KOOPIHHAT.

150. Tana toura A(e; 0). Toura M mBumerca Tak, uto B AOMA
yron OM A ocTaercda npambiM. OnpeneauTh TPaeKTOpUI0 IBHMEHUA
Toukn M.

151. Janu Toukn A(—6; 0) u B(2; 0). Hailitm reomerpmueckoe
MeCTo ToueK, u3 KoTophix orpesku OA u OB BuiHE mOJ PaBHRIMH
YIITaOMH,

152, Onpenennth TpaekTopmio Toukn M (; y), IBrRymelicA Tak,
4TO0 CyMMa KBaIpaToB paccTofArmit oT mee Ko Towek A(—ea; 0), B(0; @)
u C(a; 0) ocraerca pasuolt 3a°.

153. Onpenennth TpaekTopmio Toukn M (2; y), IBrRymelicA Tak,
YTO CYMMa KBAJPaTOB PacCTOAHMN OT Hee N0 HBUCCERTPUC KOOPIUHAT-
HEIX YIVIOB OCTaeTcs paBHOM a2,

154, lana orpymnoctb =2 + % = a®. Ua ee tourn A(a; 0) upo-
BefleHbI BCeBO3MOmHEIE XopAbl. (NpefeluTh reoMeTpuvyeckoe MecTo
cepeluH 3TAX XO0pI.

155. Hansr tourn A(—3; 0) u B(3; 6). Hanucars ypaBrenme OK-
PYHHOCTH, THAMETPOM KOTOpOR caymuT oTpesok AB.

156. HaitTu nmenTphl u pammychl oxpymuoctedt: 1) 22 + y? — 6z +
+4y—23=0;2) 22+ 2+ 52— Ty+2,6=0;3) 22+ 42+ Ty = 0.
[locTpouTs OKPYEHOCTH.

157. Orpy®rocTh KacaercA ocm (Jr B Havaje KOOPDIHHAT H TpPO-
xonuT uepe3 Toury A(0; —4). Hanucarh ypaBHenue OKpYMHOCTU H
HaliTh TOYKA Nepeceiennd ee ¢ OHCCeKT pUCAMH KOODIRHATHEIX YIVIOB,

158. Hanncarh ypaBHerme OKPYAHOCTH, NMPOXONAINel uepe3 Ha-
YANl0 KOOPAHHAT U Yepe3 TOuKU Mepecevenusa npamoti z +y+a=10c

oRpyEHOCTEIO 22 + % = a2,



24 I'n. 1. ApasrTRYeCKAd MeOMETDHA HA INIOCKOCTH

159. Hanucatk ypapHeHus KacaTeAbHEIX, MPOBETEHHHIX U3 Ha-
qajda KOOPUHHAT K OKPYAHOCTH, Hpoxoaawmelt wepes Toukn A(l; —2),
B(0; —1) u C(-3; 0).

160. HattTu yrom memny paamycamu OKpyEHOCTH 22 + 42 — 4z +
+ 6y — 5 = 0, mpoBeneHnBIMHA B TOYKA NepeceyenHd ee ¢ ocebio Oz,

161. llorasars, uto Touka A(3; 0) TemnT BHYIPH OKPYRHOCTH 2 +
+ y2 — 424+ 2y+1 =0, u HanucaTh YpaBHEHHe XOPIHI, NedAMNeiicA B
Touke A nomonam.

Yrasanne. Heromana xopaa neprenguryaapaa & CA, roe ¢ — mentp
OKPYRHOCTH.

162, Toura M (z; y) nBumercA TaK, YT0 CyMMa KBAXpPaTOB PaccTo-
AHAN 0T Hee N0 Hawala KoopiwraT m 20 Toukm A(—q; 0) ocraerca
paBuoft a?. Qnpeneauth TpaeKTOpUIO NBHMEHUA TOuKH M.

163. Jana oxpymuoctd 2 + y% = 4. U3 tourm ee A(—2; 0) mpo-
Beflena Xopia AB u npomoamena ma paccroauue BM = AB. Ompe-
IelnTh reoMeIprYecKoe MecTo Touek M.

164. Otpesok AM = a nepemelaerca no naockoctu z(Oy, ocTa-
paAck napaixaerbablm (O, TaK, YTO JEBHIN KOHeN €ro A CHONB3AT
no okpymuoctTu 22 4+ y? = a?. OnpeneautTh TPaeKTOPHIO NTBHMEHUS
Toukn M.

§ 9. Jnaunc

JANHNCOM HAILIBAETICH 2COMEMPUNECKOE MECTRO TONER, CYMMG PGC-
cmosnutl om xawcdoti u3 Komopwz Jo deyx dannviz mouex F u Fy (dory-
COB) €CMb NOCMORHHAAR cesuvuna 2a, 66abwas Fi1 F.

Kanonuuecrxoe (mpoctefiinee) ypasHeHHe QLTHICA

2 ¥y (1)
a2 b2

e, 3amanHbNT ypabHeHHeM (1), cHMMerpHYeH OTHOCHTENBHO ocelt
roopauHar (puc. 1). Ilapamerpsl ¢ u & HASHIBAIOTCA NOAYOCAMY DIIHICA.

Prc. 1

Myers ¢ > b, Torma ¢orycer F u Fy Haxogarca ma ocn Oz Ha PacCTOAHHH
¢

¢ = v/aZ — b2 or nerTpa. OTnomenne — = € < | HA3EIBAETCA SKCHYERMPU-
Fi )
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cumemos 3aaHNca. PaccToAHnA or Tourku M (z; y) saaHICa IO €r0 (OKYCOB
(Poxasvnuie paduyc-eexmopet) OUpemeITAIOTCH GOPMyIaMA

r=a—ex, T =d6+ex. (2)

Ecim me a < b, 10 gosycel naxogarca Ha ocu Oy, ¢ = V2 — a2, e = g,
r="btey.

165. llocTponts saaunc z2 + 4y? = 16, HaltTu ero GOKYCHl u JKC-
LUeHTPHCHTET.

166. HanmucaTh KaHOHHYECKOE YPABHEHME DJLIMICA, 3HAA, YTO!
1) paccroAnme memny ¢okycamm paBmo 8, a mamaa moxyoch b = 3;
2) Gonpman monyoch @ = 6, a aKcmenTpucnTer € = 0, 5.

167. HaitTu maayio moayoch b u 9KCUEHTPHCUTET € HANUNCA, UMe-
ToIIero GOIBIYI0 MOAYyoCh ¢ = 5 m mapamerp c¢, papukiit: 1) 4,8; 2) 4;
3) 3; 4) 1,4; 5) 0. IlocTponts KamuBI! N3 HAHICOB.

168. 3emaa pBumeTcA WO HANUNCY, B ONHOM u3 POKYCOB KOTOPOTO
maxonuIcA Coanme. Hammenbmee paccroAnme ot 3eminm no Coanma
paBHo npudan3urenbyo 147.5 MiaH KM, a Hauboabliee 152,5 MIH KM.
Haiitrn 0oabIuyo ToTyoch H SKCUEHTPHCHTET OPORTH 3emin.

169. Jnnunc, cuMMETPHYHBIA OTHOCHTENbLHO 0CeH KOOPIHHAT, IPO-

xonnT wepes Toukm M(2; v/3) m B(0; 2). Hanucars ero ypaprenue u
HalfTu paccToAHuA oT Touku M 1o ¢gorycoB.

170, Jaimnc, crMMerpHYHBIH OTHOCHTEIBHO Ocell KOOpDIWHAT,
(OKYCHI KOTOPOTO HAXOMATCA Ha ocu (O, MPOXOAUT uyepe3 TOYKY

M(—4; +/21) u umeeT HKCOEHTPHCHTET € = 1 Hanncate ypaBRenHe

s/unca n HaliTu GoKaTbHEIE palnyc-BeKTOPH Touku M.

171. Hatttu qammy Xopnnl snnunca 2 + 2y? = 18, menae#t yroa
MeRIY OCAMH TONOJIAM.

172, Halitr SKCOERTPHCATET YIIAICA, €CIH PACCTOAHAE MERIY
¢dorycaMHn PaBHO PAcCTOAHHIO MeMIY KOHUamu Goabllod u Malol mo-
nyoceii.

178. B snnunc 22 + 4y? = 4 pnucan NpPaBHALHEIN TPeYrOALHHK,
01lH2 W3 BepLIHH KOTOPOro COBNaNaeT ¢ KOHLOM Ooabllofi moayocw.
Onpenenuts KOOPIUHATH IBYX APYTHX BepIIHH TPEYTOABLHHEA.

Yrazanue. Hamucath ypaBHeHUe 0IHON W3 CTOPOH, UMeINel HaRIOH
k = tg 30° u HallTH TOURU ee HepeceYeHUA € HILTHICOM.

174. Ha sanunce 922 + 25y2 = 225 naliTu TOYKy, paccTOAHHE OT
KoTopoit 1o mpaporo GoKyca B ueThIpe pa3da Hoablle pacCTOAHUA OT Hee
IO NeBOro roKyca.

175. OpauHATHL BCeX TOuek OKPYARHOCTH %2 + y? = 36 coxpallleHs
prpoe. Hanucars ypaBmenme mojiyuennoii mopolt Kpmpoii.

178. OnpegennTh TpackTopu ToukH M, KoTopasd Npm cBoeM IBH-
MeHMH OCTaeTcA BIBoe Oamme K Touke F(—1;0), uem K mpamof
= —4.
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177. Otpesox AB nocroAunolt mauubl ¢ + b nBUmeTcA Tak, 4ToO
ero Komen A croip3mT Mo ocu Oz, a Komen B — mo ocm Oy. Onpe-
JIenuTh TPAeKTOpUI0 NBuUMeHHA Touku M oTpesra, Neasimed ero Ha
vacthu BM = ¢ u MA = b (saaunrnyecknt nupkyan Jleormapuo aa
Brrun).

178. Jansr okpymuoctn 22 + 42 =8 w 22+ =a? (b < a).
pousponbuniit ayy OB A nepecekaer uX COOTBETCTBEHHO B TouKax B
m A, B3 KOTOPHX TpOBeNeHEl NPAMEIS, NapalilelbHEIE 0CAM KOOpIn-
HAT, 10 mepeceueHusa uX B Touke M. OmpegenuTh reomerpuueckoe
mecTo Touek M.

179. HanmucaTh nmpocTefilliee ypaBHeHHE HLAHICA, ¥ KOTOPOTO pac-
CTOAHHA 0T 0IHOTC B3 (OKYCOB 10 KOHNOB 0oabmoit ocm paeubl 5 u 1.
180. Jnnunc, cuMMETPHYHBIA OTHOCHTENbLHO 0CEeH KOOPIHHAT, IPO-

xonnT wepes Toukn M (24/3; v/6) m A(6; 0). Hanucars ero ypasmenue,

HaflTu SKCIEHTPUCHTET M PaccToAHuda of Touku M pno dokrycos.
2

181. HaliTu gawny XOpHIHI HANUINCA Z = 1, nanparaennol
10 AUArOHAIYN TPAMOYTOIBHHEA, MOCTPOSHHOTO HA 0CAX HIIIMICA.

182. HattTu obmme Toukn smaunca z2 + 4y = 4 u oRpymHOCTH,
npoxoiAme# yepe3 GORYCH SIAUNCA W HMelIIel EHTP B €T0 «BepX-
Heil» BepllluHe.

188. Ha npamoit ¥ = —5 mailTw TOUKy, ONMAAKOBO YHAAEHHAYIO OT
«TeBOTo» (pOKYca M OT «BepXHelty BepIlumhl Saammca 2+ by? = 20.

184. Ha samunce z2 + 5y% = 20 maliTn TOYKY, pammyc-BeKTOPHL
KOTOpOit MepueHuKyIAPHEL.

Yrasanne. HcroMmble TOUKH CYTE TOUKH IEepecedeHHA C DHIJIHICOM

OKPYARHOCTH, NpoxogAmeli depeld (oKyCH YIIANICA H HMemell NeHTp B Ha-
9ajle KOOPIHHAT.

185. AGcnuccH Touek OKpYRHOCTH o2 + y2 = 4 yBelnueHH BIBOE.
Onpenenurh mMoOMyyeHHYIO KPUBYIO.

186. OnpegennTh TpackTopu ToukH M, KoTOpasA Npm cBOeM IBH-
MeHun 0cTaeTcA Brpoe 6aume k Touke A(1l; 0), uem k mpaAmo# ¢ = 9.

§ 10. I'unepboxa

T'umepboaoli HASLIBAETICA 2ZE0MEMPUECKOE MECTO MONER, PABHOCTAD
pacemosnuil om kaxcdod u3 komopvir do dsyr daumvir mouex F u Fy (do-

KYCOB) ecmb nocmosnnas seaununa 2a (0 < 2a < R F).
Kanonuuecxoe (mpocreiiinee) ypapHeHHe THIEPGOIED

22 42

S -E=1 (1)
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T'unepbona, 3agaHHan ypapHeHUeM (1), CUMMETPHYHA OTHOCUTENBHO 0CEH
roopauHar (puc. 2). Ona nepeceraer ock Oz B roarax A(e; 0) m Ay (—a; 0) —
BepIIrHAX THNepGoas! H He nepeceraer ock Oy. llapamerp @ HazkIBaeTcH G-

upecmeennod NMOIyocsw, b — mnumoti momyocso. IapaMerp ¢ = /a2 + b2

Puec. 2

¢
ecTh paccToanmne or Qgoryca no uenrpa. OrtHomenne — = e > 1 HaswIBaeTcA
a

b
FRCYCHMPUCUTREMOM runepﬁom. l'[pa_m:le W= 4 —x Ha3RIBAKTCA ACUMN-

momanmy runepbonnl. Paccroauua or tourn M(z; y) runepboant g0 ee tho-
rycon (foxasshsie paduyc-eexmopst) onpeneaawTca GopMyTaMu

r=lex—al, v =]|ex+aq| (2)

T'unepbona, y votopoii a = b, Ha3KIBaETCA pasHocmopoHHetl, ee ypasHe-
2

Hue &2 — y? = a2, a ypaBHeHHA acHMAOTOT ¥ = +&. T'Hmepboaer a:_z - = 1
Pz a

H——=1 HA3BIBAKOTCA CONPANCEHHBIMU.
2 a2

187. ocTponTh runepbony 22 —4y® = 16 u ee acumnrorel. Halitn
(HORYCHI, DECIEHTPUCHTET M YIOd MEEIY aCHMITOTAMM.

188. Ha runepbone x? — 4y% = 16 B3aTa Touka M c ophumarolt,
paBrott 1. Hatitu paccroanne oT mee mo (hoKycoB.

189. Hanmcarh Kanonuueckoe ypaBHeHHE THNEPOONBI, 3HAA, UTO;
1) paccroaune memay doxycamu 2¢ = 10, a memay Bepiuuamu 2¢ =
= 8; 2) BemlecTBennasa moayoch ¢ = 24/5, a DKCIEHTpUCHTET € =
=4/1,2,

190. T'unepbosia CHMMETPUYHA OTHOCUTEITBHO Ocelt ROOPAUHAT, MPO-
xonnT uepe3 Touky M (6; —2+/2) m umeer mMmnmy®o Tomyoch b = 2.
Hamucarh ee ypaBuenue u ualiTu paccToanua oT Touku M 1o doky-
COB.



28 I'n. 1. ApasrTRYeCKAd MeOMETDHA HA INIOCKOCTH

191. HanucaTh ypaBHeHue runepboibl, uMewomel Bepliiuukl B do-
2
Kycax, a (POKYCHL — B BepIIHHAX HAAHIICA 25 + % =1.

192. Hamucarh ypaBHeHHE THIEPHONLI, HMEOINel SRCIEHTPUCHTET
€= \/5, npoxondAllelt yepe3 Toury (2a; a\/i-_!) H CUMMeTPHYHOH 0THO-
CHTENIbHO Oceil KOOPIHHAT.

193. HocTpouts runepbony y2 = a2 + 22, HaliTH KOOPNUHATHL ee
(OKYCOB U Yol MEKLY ACUMIITOTAMH.

194. Hanncarh ypaBHeHHA KacaTelbHHIX k rHmepbone z2 — 4y? =
= 16, npoBegennnix u3 Toukn A(0; —2).

g2 g2
195. Halttu paccroanue oT GoKyca runepbolhl Z B 1 no ee
G
acHMIITOT W YIoJ MeRIY acHMITOTaMH.
2
z
196. Halttu ctopomy KBagpaTa, BIHCAHHOTO B Cumepbony — -
a
y?
e 1, u ucciaeN0BaTh, B Kakue rHOePOOILI MOKHO BIHCATL KBAJpaT.

197. Haiitn sKcuenTprcuTeT TrIepOONLl, aCHMITOTa KOTOpoi CO-
CTaBIfieT ¢ BelllecTBenHOM ockio yrom: 1) 60°; 2) a.

198. Onpegenuth 061acTh pacnonome-

" aufA KpuBolt ¥ = —v/9+ 22, IlocTpomTh

}{ KPHBYIO.

199. OnpeneiunTs TPAEKTOPHK TOYKH

M M (z; y), KOTOpad UpH CBOeM LBHKEHHH

ocTaeTc BaBoe Gaume k mpamolt x = 1,
uem K Toure F(4; 0).

0 p 200. Jaunt Touku A(-1; 0) u B(2; 0).

Tourna M aBumerca rtar, uro B AAMB

' yron B ocraerca BrmBoe Gonbmme yraa A.
g OnpenenuTh TpaeKTOPHIO IBUREHHA.

P 201. Jana touka A(a; 0). Ilo ocm Oy

neumercda Touka B. Ha npamott BE, na-
pamneabnoli Oz, OTKIALBIBAKTCA 0TPE3KA
Puc. 3 BM u BM,, papapie AB. Oupeneants
reoMerpuueckoe mecto Touer M u M.
202, Janu npamere ¢ = b n ¢ = +a (b < ¢). llponspoabneiit
ays OA (puc. 3) nepeceraer npamyio £ = b (mim £ = —b) B Toure B
u npAMylo & = a (unu £ = —a) B Touke A. Papuycom QA omucana
ayra, mepecexawmad Oz B Toure €. H3 touek B m C npoBegerst
IpAMEIe, Tapaniedbuble cooTBeTcTBenH0 O u Oy, 10 NepeceyeHusd B
Touke M. Onpenenurh reomeTpuyeckoe MecTo Touek M.

203. HanucaTh RAHOHHYECHKOE YpaBHeHue Tunepbosabl, 3uad, 4ToO
PaccTOARNA 0T ONHOHM H3 ee BepiuH 10 GoKycos paBHH 9 u 1.
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204. HaliTi ToukM NepeceMeHMs acCHMOTOT THIepboakl z2 — 3y% =
= 12 ¢ OKpPyAHOCTBIO, HMEIOLIEH LHeHTP B NpaBoM (OKyce rHNepdoIs
M mpoxofAlelf yepe3 Havalo KOOPAHHAT.

205. ['unepGoma mpoxoaut vepes Toaky M (6; 3+/5/2), caMmerpuy-
Ha OTHOCHTENLHO OCelt KOOPAMHAT U MMeeT BellleCTBeHHYI0 MOIyoch
¢ = 4. Hanucarp ypaBHeHHA NepUeHINKYIAPOB, ONYIIEHHBIX H3 Je-
BOr0 (pOKYCa TUMEPOONET Ha ee aCUMITOTHI.

206. Ha ramepbone 922 — 1642 = 144 HallTH TOYKy, pacCTOAHHE
0T KOTOpoH Jlo AeBoro GoKyca BABOE MeHbINe, UeM A0 NPaBOro.

207. Ha runepbone 22 — y? = 4 nafiTi Toury, GoKaNbHEE paguyc-
BEKTODEL KOTOPOfi IepIeHIHKYIAPHH (CM. yKa3aHHe K 3agade 184),

208. Toura A pmeaut paccroAHHe Memny GOKRycaMH THHePHOIKI
922 — 16y2 = 144 p orHomernr FyM : MF = 2: 3, rne F; — nepuift
¢oryc runepboart. Yepes rouky M npoBeneHa mpamMan nog yrioM 135°
K ocH Oz. Halfitn ToukH Tepecedernd 9Toft IpAMON ¢ acCHMNTOTaMH
CHNepGOIIEL,

209. Onpeneanth TpaeKTopHIO ToukH M, KoTopad JBUMETCA TaK,
YTO 0CTaeTcA BOBOe Haiabuie or ToukH F(—8;0), vem or npaAMolt
r=-2.

210. Taun Toukn A(—a; 0) 1 B(2a; 0). Toura M 1BUmeTcA Tak,
yro yroa M AB ocraercA BTpoe MeHbIIe BHelnHero yria AMC Tpe-
yronbHHEa AM B. OnpenenuTsh TpaekTopHio IBHEEHHA TOMKH M.

§ 11. IlapaGoaa

Mapabomol HaSLIBACTCA 2E0MEMPUNECROC HECTRO MOUCK, OOUHARDGO
ydaaennniz om daunott mouxu (poryca) u dannoti npamoti (THpERTPHCHL).
Kanonunecxoe ypasHeHHe MapaGolhl MMeeT ABa BHOA:

1) ¥* = 2px — napabona cHMMeTpHYHa oTHOCHTeNbHO ocH Oz (prc. 4);
2) #* = 2py — napafona cHMMeTpH4YHa OTHoCHTeNEHO ocH Oy (pHc. 5).

et

M(x; ¥)

Nupexrpuca

Prc. 4

B ofoHx caydyaax sepwuna Napaboan, T. e. ToYRA, Jemalllad Ha OCH
CHMMeTPHH, HaXODHTCA B Havajle KOOpOHHAT.
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Mapaboma

¥ =2p2
P, 0 __P,
3 H THPERTpHCY & = -5 thokanhHRIH pagHyc-BERTOP

TodrH M (2; y) Ha Helt r = 2 + g

HMeeT doryc F (

Mapaboma
22 = 2py

HMeeT dorye F (D; g) H OUPeRTpUCY Y = —g; cdoranbHRIH pagHyc-BEeRTOP

TodkH M (2; y) Ha Helt r = y + g

211. CocTaBuTh YpaBHEHHE TeOMETPHYECKOT0 MeCTa TOYEeH, ONHHA-
KOBO yHaleHHBIX or ToukH F'(0; 2) u or npamolt y = 4. Hatitn Touru
epeceyeHnA 9Tolt KpHBOM ¢ OCAMH KOOpAHHAT H IOCTPOHTDh ee,

212, CocTaBuTh YpaBHEHHE TeOMEIPHYECKOT0 MeCTa TOYeK, ONHHA-
KOBO YHANICHHKIX OT HAYalla KOOpAMHAT H oT npaMolt ¥ = —4. Hafttu
TOYKH NepecedyeHHA 3TOH KpHBOH ¢ OCAMH KOOPIHHAT H NOCTPOHTE €€,

213. HocTpouts napabomel, 3anaHHEE ypaBHeHUAMU: 1) y? = 4z;
2) y? = —4z; 3) 2% = 4y; 4) % = —4y, a Takme HX QOKyCH H
OUPERTPUCH U HANKMCATHL YPABHEHUA NUPERTPHC.

214. Hanncath ypaBHeHYe Napaboasl: 1) npoxoasamedt uepe3 TOYKH
(0; 0) m (1; —3) m cummerpuyHOi oTHOCHTeAbHO ocH O; 2) mpoxo-
namelt yeped Toukn (0; 0) m (2; —4) U cHMMeTpAYHOM OTHOCHTENBHO
ocu Oy.

215. Karar noxmpecHoro Mocra mMeeT ¢opMy mapabomsr (puc. 6).
Hamncath ee ypaBHeHHe OTHOCHTENBHO YKA3AHHKIX Ha YepTeme ocel,
eciH nporud raHara OA = a, a aauHa npoaera BC' = 2b,

216. HanmncaTk ypapHeHHe OKPYRHOCTH, HMeIOIIEe! HeHTP B hoKyce
napaboasl ¥? = 2pr W KacalomIelicA ee NWpPeKTpHCH. HalTH TOYKH
nepeceYeHHA Napadoabl H OKPYAHOCTH.

217. Hanucarh ypaBHeHHe Mapaboibl H ee THPEKTPUCH, ECITH Ma-
pabona IpOXOIHT Yepe3 TOYKH TepecedeHHA npaAMolt # +y = 0 n

oo A
Puc. 6

oxpymuocTH 22+ y? + 4y = 0 u cHMMeTpruHa oTHocHTeabHO ock Oy.
[locTponTs OKPY&HOCTE, IPAMYIO H Tapaboay.
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218. Ha mapabone y? = 62 maliTy Touky, (OKAMBHBIN pammyc-
BEKTOp KoTopoit paseH 4,5.

219. 3epkalbHasd MOBEPXHOCTh NMpOMeKTopa 00pasoBaHa Bpallle-
HHeM TTapaboiBl BOKPYT ee ocH cHMMeIpnH. Jmamerp 3eprama 80cwM,
a rybusa ero 10cy. Ha xakoM paccToAHMM OT BepIIMHEI Napaboabl
HYMRHO NOMeCTUTh HCTOMHHK CBeTa, €ClU JJA OTpameHHA IyueH na-
PaLIIeNTBHEIM NMYYKOM OH NOJIAeH OBITH
B (oKyce mapabonni? ¢ B B, B, B B

220. OnpenennTh 0612CTh PACIIOIO-
meHHA Kpusolt y = —+/—z. locTpo-
HTb KPHBYIO.

221. U3 BepmHHLL Napaboasl y2 =
= 2px NpoBeleHEl BCEBO3MOKHEIE X0D-
ael. HanucaTh ypaBHeHHe reoMeTpHUe-
CKOTO MecTa CepeNHH STHX XOpil.

222. QupelenuTh reoMerpuueckoe
MeCcI0 HOeHTPOB OKPYMRHOCTeH, Kacamw-
MmuXcA oxpymHocTH 22 + y? = 2¢2 u
ocu Oy.

x

223. Jauw Toakn A(0; a) 1 B(a; a). Puc. 7
Otpesku OA u AB pasneleHnl Ha n
paBHBIX 9acrelt Touramu Ay, Az, Az, ...Hn By, Ba, B3, ... (puc. 7).

Ilycrs My — Touka nepecevennd ay4a OBj ¢ npamoit AxMy||Oz. Ilo-
Ka3aTh, YTO TAKHe TOMKH M} NemaT Ha mapabone y? = az. llocTpouts
STHM TpHeMoM mapaboanl y° = 4z, y? = 5z, y? = 3z.

224, CocTaBuTh YpaBHEHEHE TeOMETPHYECKOT0 MeCTa TOYeH, ONHHA-
KOBO YNalleHHBIX 0T HaYalda KOOPAWHAT U oT npAMolt x = 4. Hafttu
TOYKH NepecedyeHHA 3TOH KpHBOH ¢ OCAMH KOOPIHHAT H NOCTPOHTE €€,

225. CocTaBHTL ypaBHeHHE TeoMeTPHYECKOT0 MeCTa TOUEK, OJH-
HAKOBO yHadeHHHX oT ToukH F(2; 0) u or npamott y = 2. Hafttn
BepIIMHY Napabodnl, TOURH NepecedeHusa ee ¢ O H MOCTPOUTH ee.

226. HanncaTh ypaBHeHMe Napaboasl: 1) npoxoaamelt uepe3 TOYKH
(0; 0) m (—1; 2) m cummerpuvHOl oTHOCHTeAbHO ocH O; 2) mpoxo-
namelt gsepe3 toukn (0; 0) m (2; 4) w cAMMeTpHIHON OTHOCHTENBHO
ocu Oy.

227. Hanwncarh ypaBHeHHe Tapabojibl H ee THPEKTIPHCHI, eCilH Ta-
pabona TpOXoOTHT Uepe3 TOMKH NMepecedeHus MpPAMOH ¥ = Z U OKpYH-
HocTH 2 4 y? 4+ 62 = 0 H cHMMeTpHYHA OTHOCHTeNbHO ocH Oz. Ilo-
CTPOHThL MPAMYIO, OKPYARHOCTL H Napabody.

228. B napaGony y? = 22 BUWCAaH NpPaBHABLHEN TpeyToAbHHE.
OnpeneanTs ero BeplIMHEL (CM. YKka3aHHe Kk 3amaue 173).

229. HanmncaTh ypaBHeHMs KacaTelbHHIX K mapabone y? = Sz,
IpoBegeHHEX u3 ToukH A(0; —2).
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230. Yepes doxyc mapabonnl y> = —42 NpoBeleHa NpAMas MOX
yrimom 120° k ocm Ox. HanwucaTe ypapHeHWe IpAMoll H HaliTH IJIHHY
obpasoBapmielicA XOpALL.

§ 12. IupexTpucEl, IHAMETPLI H KacaTedbHbIE
K KPHBBIM BTOPOr0 NOPAIKA

2 2
x
1°. IupexTpHCcaMH SIIHNCA +g2 =1 (upH 6 > b) # rANepbOIBI

2?4
it 1 HasEIBAIOTCA TPAMEIe, NapallIeNbHEE ocH Oy H OTCTOAIIHE 0T
a

a
Hee Ha paccTOAHHe —, IMie € — BKCIEHTPHCHTET KPHBOH.

e

YpaBHeHHA OTHPeKTpPHC:
a
=4-. 1
x :I:e (1)

CBOMCTBO HHPeRTPHC: OMHOWEHUE PACCTMOSNUY OM MOYKY Kpu-
sot do dioxyca u do coomeememeyoweld UPERMPUCH PAGHO IKCYENMPY-
cumemy xpueot

P
3=¢ (2)
2°. luaMeTpoM RpHBONH BTOpPOro MOpPANLKA HA3KIBAECTCA 2€0-
MEOMPUNECKOE MECTNO CEpedun napasicibusir zopd. JIHaMerpaMH saIHmca
H IAnepboisl ORASHIBAIOTCA OTPeRKH W JIy9H UPAMHIX, NPOXONAMX Yepes
OeHTp, & IHaMeTpaMH napaboiksl — ay4YH, napaeabHEe ee OCH.

YpapHeHHe AHaMeTpa, HEIAIEr0 NONONAM XOPHEI ¢ HAKIOHOM

tg o = k, Gymer

Il KPHBEIX a:_ + g: 1:
bz
y= :Fﬁﬂ?; (3)
I TApaboIEl ¥ = 2px:
_?

Hpa nHaMeTpa SaIHICA M THOepbodEl, H3 KOTOPHIY RAamALIN NETHT mMO-
nojiaM XOpIkl, NApANIeNbHEE APYTOMY, HASLIBAIOICA S3GUMNO CONPRHCEH-
wuauy. Hx yrinopete kosddHOHeHTH & H k) CBA3AHEI 3aBHCHMOCTEIO kky =

2

2
= - 2—2 (y saamnca) H kky = 2—2 (y runepbossr).

3°. ¥YpaBHeHHA KacaTelabHoil:

y? m?u Y¥o
E=l ks

2 2
z ¥ r0 Yo
K rinepborne (a—z—b—2=l)a—2—b—2=1,

k napaboue (y° = 2pz) yyo = p(v+ o), THe (Zo; Yo) — TOURA KacaHHA.

22
K YUTHIICY ( + =
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22 42

231. TlocrporTh Hmammnc %5 + ry = 1, ero IHpPeKTPHCHL H HaliTH
paccTOAHAA 0T TOYKH 3JIHICa ¢ abcurccolt * = —3 mo npasoro dokyca

H npaBoll IHPeKTPHCEL
22 2

232. locrponThb THIEPOOAY T % = 1, ee DTHpeKTPHCHL H HAHTH

paccToAHUA OT TOUKHU TUNepboak ¢ abenuccot & = 5 g0 aeBoro dokyca
W JieBolt NIHPEeKTPHCHL.

233. Hanucars KaHOHAYeCKOe YypaBHEHHE SIUIHIICA, IR PEKT PHCAMH

KOTOPOTO CIyRAT NpAMEIE & = :I:ﬁ H Gonblllagd DOAYOCh KOTOPOTO
paBHa 2.

234. Hamucath ypaBHeHHe THOEPOONLI, aCHMIOTOTH ROTOpoO# §f =
= + 2, a AUpeKTPHCH & = ++/6.

235. lloctpouts saaunc 22 + 4y? = 16, nuamerp y = % H conpA-

MeHHEI!! eMy IHaMeTp H HallTH IIHHEL ¢ H b; MOCTPOEHHEX TONY-
IHAMeTPOB.

236. llocTpours rumepbony 22 — 4y = 4, nuaMeTp y = —2 H
CONPAMREHHEBIN eMy IHaMeTp H HalfTH yrod MemRIy HHaMeTpaMH.
2 2

y_2 = 1, koropriit

b

x
237. Hailitw DIIHAY TOrO HIHAMETpa SIIHICA —+
paBeH CBOEMY COMPAMEHHOMY THAMETDY.
22 2
238. AcuMnToTa rHNepsoTEI 2 B 1 cocraBaner ¢ oceio O
a
yroa 60°. Hamucath ypaBHeHHe NUaMeTpa, CONPAREHHOrO ¢ THAMET-
poM y = 2z. BrfpaB NpOH3BOIBHO OTPE30K G, MOCTPOHTH KPHBYIO,
THAMETPH H XOPAhl, TapalledbHbe TaHHOMY THAMETPY.
239. OnpegenuTh reoMeTpHYECKOE MECTO CepeNUH X0l Napabdost

y? = 4z, cocraBnaomux ¢ O yroa 45°.
2 2

240. Tan saaunc % + yz = 1. Yepes Toury (—2; 1) nposectn
XOpAY, NEJAMYIOCH B 9T0H TOMKE MONOJAM.

241. Jlana napa6ona y? = —4z. Yepes Toury (—2; —1) mposecTu
XOpAY, HeAALUYIOCA B 310 TOYKe IONOTaM.

242, Ha npumepe 3amauynm 235 npoBepuTh TeopeMy AIOJIOHHA:
a% + b% = a2 + b u aybysing = ab, re a3 ¥ by — RAHHH co-
TpAKEHHBIX MOMYIHAMEIPOB, @ ¥ b — IOIyoCH 3INATCA, & ¢ — Yroa
MemIy COMpAMEHHBIMH THAMETPAMH.

243. HanucaTh ypaBHeHHA KacaTelbHRIX K KPUBBIM:
1) 22 +4y% = 16; 2) 322 —y? = 3; 3) y® = 2z B TouKe ¢ abenuccott
Tog= 2.
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244. llorasats, uto ecnu npaMaa Az + By + C' = 0 ecTh Kaca-
3;—: =1, to A%q? + B2b% = C?2,

vz YrazaHHe. Hz nponmoponHoHaabHoCTH EKo9(PHUMEHTOR ypapHeHHIT
Fa

TeJIbHAA K SITHICY -3 +
a

=1u Az + By + C = 0 onpegealts %o H Yo H TOACTAEHTL
22y )
HX B ypabHeHHe ZTpe=-L
245. HanucaTh ypaBHeHHA KacaTelbHLIX K snauncy z244y? = 20,
TapajyelbHBIX OHCCERTPHCE NepBOTC KOOPIHHATHOrO yIJia,
246. HanucaTh ypaBHeHHA KACATeNbHBIX K Smanncy 22 +2y% = 8
TpoBefeHHHX U3 ToikH (0; 6).
2
z

2
247, Hanrncarh ypaBHeHHe KacaTelbHON K BINHICY — + y
a

b
orcekammeﬁ Ha ocAaXx ROOp,[[HHaT paBthe NoIJowRHTEeILHLIC OT]JGBRH.

248. IloraszaTs, yTo ecqid npaMand Az + By+C = 0 ecTh KacaTeib-
2

HafA K rHnepéorne 2z g—g =1, o A%a? — B%h? = C? (cm. yrasanue
K 3afaue 244).

249. HanucaTh ypaBHeHHA KacaTeldbHBIX K rumepbone 42 —0y? =
= 36, nepneHIHKYIAPHREX K npamMoili = + 2y = 0.

250. [loxasaTh, 4TO HOpMaJb K YJLIKICY eCTh OHCCEKTpHCa yria
MERIY PalHyC-BeKIOPaMH COOTBETCTBYIOINEll TOYKH IHIICA.

251. NlorasaTh, uTo KacaTelbHasd K runepbone ecTh GHcceKTpHca
yI7la MeARILY paluyc-BeKTODaMH TOYKH KacaHHA.

252, doraszaTb, 9TO JAYYH, BHXOIAIOHE H3 (oOKyca mapaGoisl, OT-
pamaloTca OT NapaboJbl Mo TPAMEIM, HAPAMJIEILHELIM €€ OCH.

YrasaHHe. HymHo HanHcaThk ypapHeHHe HopMaal M N, HalfTH TOYRY
N mepecedeHHA ee ¢ 0CBI0 TApalOiIEl H HOKa3aTh, Y10 FM = FN, tme F —
oryc mapadoIEl.

2 2

253. HafiTn ToYKH IepeceuyeHHA aCHMIITOT THIEpG OB :16—— —_ =
C ee NUPEeRTPHCAMH. 6 9

254. Iloctpoutrs saaunc z2 + 4y? = 16, ero AHaMeTp y = Z H
CONpAMEHHKIN eMY THAMETD H HalTH Yrol Memay 9TUMU THaMeTPaMHu.

255, OnpeneadTh TeOMETPHYECKOE MECTO CEPEIHH X0pI rHnepdoisl
22 — 4y® = 16, cocrapnmomux yroa 45° ¢ ocnio Oz.

256. Nana runepbosa 422 — y? = 4. Uepes Toury (2; 2) nposectn
XOpIy, DeIAMYIOCA B 9T0# ToUKe NOMoIaM.

257. Ha ammmce 22 4+ 2y = 6 p3ATa Towka M ¢ opamHaTofi 1
U oTpunaTensHolt abenuccott. Haith yrom kacaTelbHON K SIMHICY B
Touke M ¢ npamoit OM.,
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258. llorasats, utTo ecnu npaMaa Az + By + C' = 0 ecTh Kaca-
TelbHAA K napabore y? = 2pz, To B%p = 2AC (cM. ykasamme K
sagaue 244).

259. HanucaTh ypaBHeHMe KacaTelhHof k mapabone y? = 8z, na-
paaaenbHolt npamoft z + y = 0.

§ 13. llpeoOpasopanne AeHAPTOBLIX KOOPIHHAT.
Mapabors = 2+ + mw = 24+ + .
I'nnepGona =

1°. RoopaHHaTH! (2; ¥) B HaHHOM cHcTeMe NpeofpasylOTcA K KOOpHHHA-
taM (X; ¥) B HoBo#f cHcTeMe no (opMysaM:
1) npu napaasespron coeuee ocetl H nepeHeceHHH Hadaia KOOPOHHAT

B Toury O4(a; 5)
r=X+4ea y=Y4+5 (1)
2) npu nosopome ocetli Ha yrou @

z=Xcosp—Ysing, y=Xsing+Ycosp. (2)

2°, YpanHeHHe y = o(¢ — a)®+ 3 nepeHocoM Hadala KOOPIHHAT B
troury O1(c; ) mpusopuTea k BHOY ¥ = aX 2 |, cnefoBaTennHo, Ompene-
aser napafoay ¢ pepmrHOH O4(; §) H oCcBI0 CHMMeTpPHH, TapauieasHol
Oy (puc. 8). YpasHeHMe y = az? + bz + ¢ BhileneHHeM B mpaBoft YacTH
NOJHOr0 KBagpaTa NPHECTHTCA R NPeNGIIyMeMy H NOYTOMY TOME OUpelesAeT
napatouny. llpu ¢ > 0 napafona or BepmMHEI HanpapieHa ¢BBepX:, NpPH
a < 0 — «BHI3».

3%, ¥paBHeHHe xy = k NpH Nopopore oceiff KOOPOHHAT HA yroa

@ = 45° npuBomHTeA K BHOy X2 — Y2 = 2k W, cienopaTennHo, oUpeneNAeT

v v . oA
+*
o~ -
\ ? xy=kK
x4 ¥ X
&
]
ﬂ‘
x
0, 4
p
0 o X
Prc. 8 Pac. 9

paeMocmoporHIn 2unepboty, acHMITOTAMH ROTOpoH cIyAaT ocH KOOpAH-
Har (pHc. 9). YpasHeHHe (z — «)(y — 8) = k nepeHocoM Hayasia KOOpUHHAT
B 1048y O4(c; ) npHBOOMTCA K BHEy XY = k W NMO9TOMY TORe OIpemesser
PABHOCTOPOHHIOW THNEpGomy.
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260. 1) Toura A(3; 1) npu napanneasHOM CIBUTe ocelt KoopaHHAT
TIONTYYHIIa HOBBIE KOOPIHHATEI /52; —1). NlocTponTts DaHHEE H CMeIIeH-
HBIE OCH KOOPAHHAT H TOYKY

2) Haittu ocTpsIii yroa noBopoTa Oceif KOODIWHAT, IPH KOTOPOM
Touka A(2; 4) noayuut HoByio abcuucey 4. IlocTpouth obe cucTeMb
KOOPIHHAT H TOYKY A.

261. [lepeHecerneM Havalla KOOPIWHAT YIPOCTHIb ypPaBHEHHHA:

32 —1)2
)(3: )+( +1)2_1 2)(3:;)_(3)'4)
3) (y+2)2=4(x—3); 1) 2y = —(z +2)%;
5) 22 +4y* — 62+ 8y =3; 6) y® — 8y = 4z;
7) 2% —4y* + 8z — 24y =24; 8) 2%+ 6z +5=2y.

HocTpouTh craphle 4 HOBLIE OCH KOOPIHHAT U KPHBHIE.
262. lloropoToM ocelt koopauHaT Ha 45° yOpOCTUTHL YpaBHEHHA:

1) 522 — 6zy + 5y® = 32; 2) 322 — 10zy+ 3y2 + 32 =0.

HocTponth cTaphie 1 HOBhIE OCH KOOPIHHAT M KDHBRIE.

283. locTpouts mo TOMKAM KPHBYIO 2y = —4 H NOBOPOTOM ocetlf
Ha yroal ¢ = —45° npeolpa3oBaTb ypaBHeHHe.

264. [lepeHocom Havana KOOPAHHAT NPHBECTH K BHLY Yy = k ypap-
HeHHA KPUBBIX:

1) 2y — 22 = 6; ry—2c—y+8=0;
3)ey—z+2y==6; 4) zy+2z=3y.

YrasaHHe. YpapHeHHe a:y+ Az 4+ By 4+ € = 0 MomHo HanHcaTk B
eHze (¢ + B) y+Af AB-C

=]_;

285. HocTpouts napaboan:

Ny=(x-2)% 2y=(2-2)%2+3;

By=(+2)% HYy=(+2)>-

268. IlocrponTs mapaboan:

Vy=22—42+5; 2)y=2%2+2z+3;

yy=—-2?+2z-2
BHIJIENUE B MPABLIX YaCTAX YPaBHeHH MONHLIC KBaApPaTHI.

287. Hocrpouts napaboas:

y=4z—2%n2) 2y=3+ 2z — 22,
HalilA HX TOYKH NepecedeHHA ¢ ocblo O,

268. Crpyd BonsI (hoHTaHa HOCTHTAeT HanOoabIel BEICOTH 4 M Ha
paccroAarnnd 0,5 M 0T BepTHRaNH, IpoXodAilel! vepes TRy () BEIXomda

cTpyu. HaltTu BBICOTY CTpYH Haj ropHsoHTanbio O Ha pacCcTOAHHH
0,75m or Toukn O,
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269. CocTaBUTEL ypaBHeHHe MAPabolkbl, CHMMETPHYHON 0THOCHTENb-
Ho ocn Oy H orceraomel! Ha Hell oTpe3ok b, a Ha ocw Ox — 0Tpe3KA
aH—a.

YRa3aHWe. B ypapHeHHW napabomasl BHma y = Ax? + Bz + C mon-
CTABHTH KOOPIHHATEI IaHHEIX Ha mapabose Todek (—a; 0), (a; 0) H (0; &) m
saTeM HalitH A, BH C.

270. llapabona y = ax? + bz + ¢ npoxonut vepes rouxu O(0; 0),
A(-1; —3) u B(—2; —4). Hanncars ypapHeHHe OKPYRHOCTH, THAMET-
POM KOTOpOI CIYEHT oTpe3ok ocH Oz, oTcedeHHBIN napabomolt,

271. Ha xaxolt yroa HYRHO NOBEPHYTb OCH KOOPIHHAT, YTO0LL HC-
ues uleH, COlepRANHN 2y, B YpaBHEHUAX:

1) 22 —2y+y?-3=0; 2) 522 — dzy + 2y% — 24 =07

locTpouth cTaphie W HOBHIE OCH KOOPIHHAT U KPHBRIE.

272, OnpeneluTh TPAeKTOPHIO NBHMAEHHA NYIH, OpolUeHHON mox
YIIIOM (© K TOPH30OHTY ¢ HAYalbhHOH CROPOCTBIO vg. Onpeneautsh Takme
AANBHOCTD NOJIeTa NYIH W HAHBBICIOYIO TOYKY TPAaeKTOPHH (CONpPOTH-
BlIeHHeM BO3IyXa IpeHedpeds).

273. Hanucath ypaBHeHMe reOMeTpUUIeCKOro MecTa Touer M{(z; y),
OTHOLIEHHEe PAcCTOARMI 0T KOTOpEIX 10 ToWkKH F(4; 0) K paccToAHHAM
oo npaAMolt & = —2 paBHO 2.

274. llorasaTe, YT0 IepeHOCOM Hadyala KOOPIHHAT B JIEBYH) Bep-

2
MOHHY JJLIHICA 2 + g;—2 = 1 HIH B NpaByl0 BepIUHHY rHNepboisl
22 2
2 0B = 1 oba ypaBHeHHA NPHBOIATCA K OIHHAKOBOMY BHIY: yz =
b2

= 2pz + qz%, rme p = P ag=e®—1.
275. Ilo pesynbraTraM 3amadd 274 oNpemelHTh SKCHEHTPHCHTET H
1
THn KpuBott: 1) y? = m—Z:cz; 2) y? = m+Z:c2; 3) y* = «. MocTpouts

KpUBbIe, HalliA IJA MePBRIX ABYX TOUKM NMepecedeHud MX ¢ ochio O
¥ MapaMerpsl @ H b.

278. BrigenenueM TONHBIX KBAApPaTOB W NEpPeHOCOM Hadajla Koop-
AHHAT YNPOCTHTh YPAaBHEHHA JHHHIL;

1) 222+ 5y% — 12z + 10y + 13 = 0;

2) 22—y + 6z +4y—4=0;

3) y? + 4y = 22;

4) 2% — 10z = 4y — 13.
[locTponTs CTapble H HOBBIE OCH W KPHBBIE,
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277. TlopopoToM ocelt kKoopauHAT Ha 45° ympocTUTH ypaBHeHHe
32?2 — 22y 4 3y? — 8 = 0. OnpeneaAHTH KOOPIHHATH (POKYCOB B cTapoit
CHCTEME KOOPHHHAT.

278. Hanucars ypaBHeHHe OKPYAHOCTH, IFHAMeTPOM KOTOpoii ciay-
MUT OTPE30K, OTCeKaeMbllt Ha ocn Oz mapabonoft y = 3 — 22 — 22,
[locTpouts 06e KpHEEIE.

279. Hanucarh ypaBHeHHe OKPYRHOCTH, TUAMETPOM KoTopolt ciry-
RHT OTpe3ok upamoli ¢ + y = 6, orceweHHBIN rHnepboaoii zy = 8.
[locTpouTs BCe TpH AHHHH.

280, Touka A — pepmnHa napaboanl y = #%+4 6z + 5, B — Touka
nmepecedernd napaboirsl ¢ ocbiy Oy. HanncaTk ypaBHeHHe IepuneHIH-
RYAApa, BOCCTABIEHHOTO H3 cepedHHEI oTpe3ka AD.

281. CocraBRTb ypaBHEHHE NapaboiTsl, CHMMEeT PHIHON OTHOCHTeilb-

Ho ocH (2 U oTceRalollleft Ha Helt oTpe3ok —4, a Ha ocH Oy — OTpe3rU
4m —4.

YRa3aHHe. YpapHeHHe IapaGoiEl AOIKHO HMeTs BHI £ = ay° + ¢
(mouemy?).

282. llocTpouTh M0 TOYKAM TepeceYeHHA ¢ OCAMM KOOPIHHAT Ma-
paboEr:

1)3y=9—-2% 2)y?=9-3z;
3Yyl=4+z; 4)22=4+2y.

283. Hanucath ypaBHeHNe reOMeTpUUIeCKOro MecTa Touer M{(z; y),
OTHOLIEHHEe PacCTOAHRMI 0T KOTOpEIX 10 ToWkKH F(4; 0) K paccToAHHAM
xo npaMoii = 10 pasro 1/2.

§ 14. CMeImaHHEIe 3aJa7H HA KPHBEIE BTOPOTO NOPAIKA

284, Hanucarp ypaBHeHHe OKPYAHOCTH, IHAMeTPOM KOTOpoil ciay-
RHT OTPe30K npAMoit — 4+ = = 1, oIcevyeHHBIN OCAMH KOOpIHHAT.
@

b

285. HaliTu paccTosnHe 0T NeHTpa oxpymuocts 22+ 2+ ay =0
mo mpaMolt y = 2(a — ).

286. Uepes nenTp oKkpyRHOCTH 22 + y® = 2ax npoBeleHa NpAMad,
napannenbHas npaMoft x + 2y = 0 U mepecekaoliag ORPYMHOCThL B
toukax A u B. Haiitu naomans AAOB.

287. llorazaTh, YTO reoMeTpUUeckoe MecTo Todek M, KoTophle yna-
JleHEL B M pa3 HaJbllle 0T NaHHOH TOYKH A, yeM oT Ipyroii mZaHHOHN
TOYKH B, ecTh NpaAMand OpH m = 1 U OKpyRHOCTL NpH M # 1.

288. Orpesork AD pasmenen Ha wacta AQ = a w OB = b. Iloka-
3aTh, YT0 FeOMETPHYECKOE MECT0 TOYEK, H3 KOTOPHIX orpesxH AQ u
OB BUIHKI TON PaBHLIMH YINIaMH, €CTh NpAMad NpH ¢ = b U OKpYM-
HOCTb NpPH ¢ # b (anoanoHHeBa OKPYRHOCTD).
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289. Qupegenuts Tpackropuio Touku M (z; y), ABUmyLIelica TaK,
YTO CyMMa KBaIpaToB PacCTOAHHI 0T Hee X0 NMPAMBIX y = kx H y =
= — kz ocTaercA MOCTOAHHOMN U paBHOM a?.

290. Jnnunc, CAMMeTPHYHBIH OTHOCHTeNbHO ocH Oz U mpAMol
# = —5, npoxonur vepes rouku (—1; 1,8) u (—5; 3). Hanmcars ypas-
HeHHe SIUTHNCA H NOCTPOUTE €ro.

291. HaiiTu nuoinanh paBHOCTOPOHHEro TpPeYrolhHUKA, BIHCAH-
Horo B runepbony z2 — y% = a2,

292, HatiTi yroa Memny THACOHANAMH TPAMOYTOIbHHEA, BEPIIHHAI
KOTOpOT0 HAaXOATCA B TOUKAX MepeceueHHA sanunca x2 + 3y? = 1212
# Tanepboak 2 — 3y% = 612,

293, Oxpym®HOCTD ¢ HEHTPOM B Havaje KOOPDIHHAT NMPOXOLHT de-
pes doryce rumepbonnt z? — y? = ¢?. HaltTu TOuKM mepeceuyeHHA
OKPYZAHOCTH ¢ @CHMNTOTAMH THIEpOObL.

294, Tlocrponts runepbonsr 2y = —4 H x2 — y2 = 6 u HaliTH
nnomans AABC, rme A u B — BeplIMHBI IByX HepeceRalolInxca
BeTBelt runepbosa, a ¢ — Touka TMepecedeHUsA NBYX APYTUX BeTBelf
runepbon.

295, JorasaTh, 9T0 NMPOH3BENeHHe PACCTOAHHN M000I TO‘IRI; 1;11-
ep0OiIEL 0T €€ aCHMNTOT €CTh BeTHYHHA NOCTOAHHAA, paBHAA ac—z.

296. Hatttu nnuuy u Ypa.B;:leHHe NepneHIUKYAApPa, ONYIIeHHOTO

z
u3 doryca mapabonn y = ——g Ha IPAMYIO, OTceHaiolyIo Ha OCAX

KOOpPIHHAT OTpe3kH ¢ = b =2,

297. Tlocrponth smamne z2 + 4y%2 = 4 u napaGony 22 = 6y u
HallTH WJIOMIadb TPamelliu, OCHOBAHHAMH HKOTOpOM cIymaT Golbiias
0Ch WINIANCA H 00Iad Xopia ITHIcA H napadoikl,

298. U3 ¢okyca mapaboarl y? = 2pz, Kak U3 UeHTpa, ONHCAHA
OKPYRHOCTH TaK, YTO 0OIIad Xopla KPHUBLIX ONMHAKOBO YyAaleHa OT
BePIOIHHEL 1 0T (oKyca napabonsl. Hanucars ypaBHeHHe 0KpYRHOCTH.

299, Haiitr nanHY ¥ ypaBHeHHe NepNeHEIHKYIADA, ONYIIEHHOTO H3
BeplUHEL Hapabonnl by = 22+2ax+ a2+ 5% Ha npamylo, oTcekalomyo
HA 0CAX KOODIHHAT OTPE3KH ¢ H b.

300. IlocTponTs 0 TOYKAM NepeceyeHHA ¢ OCAME KOOPIHHAT IIa-
pabonnl 4y = 12 — 22 m 42 = 12 — y? ¥ naltTy NAMHY HX obmIeft
XOPIHI.

301. Hatttu naomanb YeThIpeXyrodbHHEA ¢ BEPIIMHAMH B TOMKAX
TepecedeHHA Tapaboasl ¥ = 4 — x2 ¢ ocbio Oz w ¢ npaMolt y = 3z,

302, HanncaTe ypaBHeHHe OKPYAHOCTH, NPOXOIAMeli Yepe3 Ha-

2
x
YAJI0 KOOPAHMHAT M Yepe3 TOUKHM TepeceyeHUsA mapabonbl y = — —
a
— 2z + ¢ ¢ OCAMH KOOpIHHAT.
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303. au snnunc z2 + 4y% = 16. 13 ero sepuuum A(4; 0) npo-
BelleHH BCEBO3MOEHEE XO0pak. OmpefedHTs reoMeTpHYECKOe MECTO
CepellMH 3THX XOpJ U HOCTPOHThH KpPHUBLIE.

304. Qupegenuts Tpaekropuio Touku M (z; y), IBUmyLIelica TaK,
YT0 Pa3HOCTb KBAIPAIOB PaccTOAHHH 0T Hee N0 GHCCEKTPHC KOODIH-
HaTHBIX YIVIOB OCT@eIcA paBHOl 8,

305, CocTaBuTh ypaBHEeHHEe IeOMeTpHYECKOr0 MecTa LUeHTPOB OK-
pymHOCTeH, npoxofaIuX yepes Toury A(3; 4) u racaromuxca ocu Oz.

306. BrinemeneM NONHLIX KBAJApPaTOB W NepeHOCOM Hayala YIpo-
CTHTH YpaBHeHHe JUHAH 22 — y% — 4z —6y—9 = 0. IlocTponTh cTapHIe
U HOBHIE OCH KOOPJIHHAT ¥ KPHBYIO.

307. Hafitu reoMmeTpHyeckoe MecTo cepelHH GOKATLHLIX pagHyc-
BEKTOPOB, IIPOBEIEHHHX H3 IPaBoTo (OKyca KO BceM TOYKaM THIep-

y2
foau 9 6 1.

308. Hanucares ypaBHeHHe HANHICA, HPOXOJNAIIEro Yepe3 TOU
A(a; —a), ecn poxycH ero HaxonATcA B Toukax F(a;a) u Fy(—a; —a).
YnpocTuThE ypaBHeHHe NOBOPOTOM ocell koopowHaT Ha 45°,

1
309. IloBopoToM oceill KoopaIHHAT Ha YTOa @ = arctg§ YIPOCTHTD

ypapHeHne JTHHAE 322 4 82y — 3y? = 20. llocTponTh cTaphle H HOBHIE
OCH KOOPIHHAT U KPHBYIO.

310. HanucaTh ypaBHeHHe TeOMeTpPUYECKOTO MeCTa TOYEK, pas-
HOCTb KBAaIpaTOB PacCTOAHHH 0T KOTOpHX mo npAmoft 3z + 4y = 0
U 1o ocH Oz ocTaeTcA MOCTOAHHOH H paBHOH 2, 4.

311. Hanucath ypaBHeHNe FreOMeTpUUIeCKOro MecTa Touer M(z; y),

OTHOLIIEHHE PACCTOAHMN OT KOTOPHIX 10 ToukH F %; 0) x pac-
e
CTORHHAM X0 NpAMOHt & = ———> paBHo €.
e(e+1)

312. MlocTpouTth 0OMACTH, KOOPIHHATH TOUEK KOTOPHIX YHOBJIETBO-
PAIOT HepaBeHCTBaM:

1) R? < 22+ y* < 4R* u 2° > R%/4;

2) 22 —y? > a% m 2% < 4a¥%;

3) zy > a® u |z + y| < 4a;

)2 <y*+4ayua+y?+4e+4y<0.

§15. OGuiee ypaBHeHHe JMHHH BTOPOTO MOPATKA

1°. lmuHHeli BTOPOro WOPALKA HAa3LIBaeTcA JHHHA, oupegenaeMan
ypaBHeHHeM 2-ii cTeneHH, KoTopoe B 00mIeM BHEe MORHO HANWCATE TaK:

Az? +2Bzy+Cy? + 2Dz + 2Ey+ F = 0. (1)
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CocraBHM H3 RoatPHUIMEHTOB ypaBHeHHA (1) nBa ompeneaHTeNA:

A B D
A B
5= . A=|B ¢ E|.
|BC D E F

Onpenemutent A HazhiBaeTcA Juckpusunanmos ypasuenus (1), a é —
JUCKpUMUNAHMOM capuwur e20 vacHos. B 3aBHCHMocTH or 3HaYeHHN & 1
A ypasHeHHe (1) ompeneadAer clenyromutt reoMeTpHYeCKkHi 06pas:

A#Q A=0
d > 0 | Qummwnc (geticTeMTensHEH HAH | Todka
MHHMEIH)

§ < 0 | T'Hmepboma Ilapa nepecerarmuxca npa-
MEIX

§ = 0 | Napabona Mapa mapaXdenbHRIX OPAMBIX
(mefiCTBUTEABHEIX MIM MHH-
MEBIX)

2°. lpeoGpasopaHne ypaBHeHHA (1) kK meHTpy. Eom 6 =

A B
= | B O| # 0, To AHHHA AMeer DeHTDP, KOOPIHHATEI KOTOPOTO HAXONATCH
H3 ypaBHeHH ]

Oy(z, 4) =0, Py, y) =0, (2)
rie ®(x, y) — mesaa vacTk ypasHeHHA (1). IlepeHecAa Hadamo B WeHTp
O1(zo; ¥o) (puc. 10), mpHBeneM ypaBHeHUe (1) k BUAY

Ac}+ 2B+ Ci+ P =0, (3)
rae
A
F1=Da:g+Eyo +F=F- (4)

3°. MpeobpazosaHHe ypaBHeHUA (3) K 0CAM CHMMeETpPHH.
NoroporoM ocelt 0127 U Oyy Ha HekoTOphilt yron ¢ (pHe. 10) ypaBHeHUe
(3) npHBOBHTCA K KAHOHMYeCKOMY BHAY:

AX2+ Y4+ F =0. (5)
RoadpunuenTnt A; H ('} ABIAIOTCA KOPHAMHU ypasHeHHA
N—(A+CWV+d5=0. (6)

¥rox nmoBopoTa ¢ HaxXomHTcA 1o GopMyae

B
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4* Nlpeo6pasosaHWe ypaBHeHUA AHHUHU BTOPOTO MOpPAZN-
Ea, He HMelomel HeHTpa. Ecad § = (0, To THHHA He HMeer IeHTpa
HIH He HMeeT olpefeneHHoro nelrpa. Ee ypasHeHHe MOAHO TOTIa 3aMHCATE
B BHIe

(oz+ By)* +2De 4+ 2Ey+ F = 0. (8)
Cnyvait 1. D u E nponopnHoHaneHH « H 3: D = ma, E = mf.
YpaeHenwe (2) mpuMer eux (az + fy)% + 2m(az + By) + F = 0, orryaa
az+ Py = —m=+ v/ m? — F — napa npaMeIx.

Cayyait 2. D u E He nponopiioHanbHul o 1 §. YpapHeHHe (8) MomHo
mepenicaTh B BHIE

(az + By +n)2 4+ 2m(Bz — oy +¢) = 0. (9)

MapaMerper m, n H ¢ Haliayrca cpagHeHHeM Kod(d(HLUHEHTORE B ypaBHe-
Huax (8) m @)) Hamee, npHHAE 3a ock 4 X npamyw azx+ Sy+n =0, 3a

az+ By+n
+ /a2 + 52’

. llocne groro ypasHeHue (9) mpuMer sug Y2 = 2pX, rre

ocs (WY mpamyw Sz — ay+ ¢ = 0 (puc. 11), Hatiaem: Y =
Bz —ay+yq

+/a? + g2

X=

)
=y

Puc. 10 Pue. 11

_ __Im
R

Bz — oy + g HMeer 3Har, mpoTHROMOMOMHRIE 3HaKY ™, KaK 9T0 cAegyeT M3
ypasHeHHA (9).

. Oce 01X Hanpapuaercd B Ty TOIYINIOCKOCTE, B KOTOPOH

313. BriAcHUTE reoMeTpHueCKHM CMBICT YpaBHeHHH:
1422 — 42 =0; 2) 422+ y2=0;
3)22+y?+2¢+2=0;

4) 22 +y? - 62 -8y +25=0; 5)z?+2y=0;

6) 42 —16=10; 7)2%—3zy+2y>=0.
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314. Hatttu ueHTpHI H Ipeobpa3oBaTh K HeHTPY ypaBHeHHA THHUH:

1) 222+ 3y> — 42+ 6y —7=0;

2) 2% —y?—dz +2y—4=0;

3) 222+ 5ay +2y% — 62— 3y —8 = 0.

315. lloBopoToM ocelt KOOpIMHAT MPeodPa30BATh YPABHEHHA K Ha-
HOHHYECKOMY BHIY H NOCTPOHTH KPHBBIE:

1) 522 — dzy + 2% = 24; 2) 22% + Axy — y* = 12.

316. lIpeobpazoBaTh K KaHOHHYECKOMY BHAY YPaBHeHHA H MOCTPO-
HTb KPHBBIE:

1) 322 — 22y +3y% — 4z — 4y —12=0;

2) 2% —6zy+y? — 4o —4y+12=0.

317. lIpeodpa3oBaTk kK KAHOHWYeCKOMY BHAY ypaBHeHHA THHHI:

1) 22 + 42y + 4y? — 20z + 10y — 50 = 0;

2) 2% —dzy+4y* — 6z + 12y +8 =10
H NMOCTPOMTH HX.

318. [lo guckpumuHaATaM ¢ W A ONpeNeaHTh TeOMETPHYECKHI
CMBIC/l YPaBHeHHIH:

1) 2% —4zy +3y% — 8z + 14y + 15=0;

2) 22 + 2oy + 4y? — 2z + 4y + 4 = 0;

3) 22 +4zy+4y*+ 3z +6y+2=0.

Pemrns mepBoe H Tperbe ypaBHEHHA OTHOCHTENBHO Y, NMOCTPOHTH JH-
HHMH, onpefelldeMEle STHMH YpaBHeHMAMH,

319. lIpuBecTH K KaHOHHYECKOMY BHIY YPaBHeHWe KpHBof y =
_ 322 - 122+ 4
= 17 _8 H NOCTPOUTD ee.

320. Hanncath ypapHeHMe KpHBO# BTOpPOrO HOpPAIKa, HMelomle
weHTpoM Touky Oy(l; 2) m mpoxomAmelt Yepe3 Havalo KOOPIHHAT H
vepes ToukH (0; 4) u (1; —1).

321. llokasaTh, UTo ypaBHeHUE /T + VY= y/a ompenenser nyry
napaboabl, TOCTPOUTh Napabony H HalTH ee BeplIMHY.

¥YrazaHUe HopepHyTh ocH KOOpOAHHAT Ha yron ¢ = —45°,

322. Hanucarb ypaBHeHWe reoMeTpryeckoro Mecta touek M(z; y),
OTHOLIIEHHEe PAcCTOAHHMA OT Kammofl U3 KoTophXx no Touku F(m; n)
K PAacCTOAHHID 0T Hee X0 NpAMOH rcoso + ysina — ¢ = 0 paBHO
e. QCo3raynB KO3(OHOHEHTH NMOAYIEHHOr0 YpaBHeHHA uepes A, B,

C, ..., onpenennTh HHBapuaHTH A+ C u § |J‘§ g .
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323. BriAcHUTE reoMeTpHueCKHN CMBICT YpaBHeHHH:
1) 22 —4y? = 0;

2) 22 + 2y + 42 — 8y +12=0;

3) 22 + 5zy — 62 = 0.

324, llpeobpazoBaTh K KaHOHHYECKOMY BHAY YPaBHeHHA H MOCTPO-
HTb KPHBBIE:

1) 2% —zy+y® — 2z — 2y — 2 = 0;
2) 322 + 102y + 3y® — 122 — 12y + 4= 0.
325, [IpeobpazoBaTh K KaHOHHYECKOMY BHAY ypPaBHEHHHA:
1) 2% — 22y + y% — 10z — 6y + 25 = 0;
2) 22 +2zy+y? -4z —-4y+3=0
H NOCTPOMTH IHHAH, H3o0pamaeMble HMH,

326. Ilo nuckpuMuHauTaM § U A onpefedHTh FeoMeTpUUeCKHM
CMEIC] YPaBHeHHIH:

1) 22 — 22y +y? — 4z +4y+3=0;

2) 22 — 22y —3y? + 6z + 10y —7=0.
PellluB Kamnoe ypapHeHMe 0THOCHTEALHO ¥, IOCTPOHTL JHHHIO, ONpe-
ASIACMYIO UM,

327. Hanucath ypaBHeHMe reOMeTpUUIeCKOro MecTa Touer M(z; y),
OTHOLIIEHHE PACCTOAHUN OT KOTOPHIX 10 Touku F(3; 3) k paccToAHUAM

mo upAMolt ¢ + y = 0 paeHo: 1) e = X 2) e= 2.

328. Hanncarb ypaBHeHHe reoMeTprieckoro Mecra Todex M (z; y),
OIHHAKOBO yIAleHHHX 0T ToukH F(a/2; a/2) u ot npamolt  +y = 0,
U MPUBECTH €ro X KAHOHHYECKOMY BHIY.

329, Hanncarh ypaBHeHWe TeOMETPHYECKOr0 MecTa ToYeK, pas-
HOCTb KBAIPAaTOB PAacCTOAHHN OT KOTOPHIX A0 mpAMoft &z — 2y = 2
u 1o ocu O ocraerca mocroAnHolt u pasHoit 3,2. llpeobpaszoBarh ero
K KAHOHHYECKOMY BHIY H NOCTPOHTH KPHBYIO.

§ 16. llonapusie XoOpAHHATEI

Ilycte Ha muockocTH maHa Touka O — momwc U ay4 OF — moaapHas
och (puc. 12). Torma momomeHHe ToUrM M Ha MIOCKOCTH OMpERETHTCA:

1) noaspurin yeaon o = LMOP;

2) daunoti r paduyc-eexmopa OM: r= |W|

Ilpu HsyMeHHU ypaBHEHHIf, CBABLIBAIONIMNY © H (o, GEIBacT modesHo pac-
CMaTPHBATE NOJIAPHEIE KOOPAHHATH ¢ W r NPAHUMAIMIAMA KaKAe yTOXHO
NoMoARATeNLHEle H oTpHOATeNsHble 3HadeHHA. IIpH 9TOM orpHUaTeNBHEIE
YIVIEL ¢ OTCYHTEHIBAIOTCA 10 YacoBoll cTpeiKe, 8 OTPHIATE/NLHEE P OTKIAIL-
BaloTCA He 110 JIy4dy, a 110 ero IPONOIReHHIO 38 IOIIOC.
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Ecnd NpHHATL MOMIOC 38 HaYad0 MEKAPTOBRIX MPAMOYTOJBHBIX KOOPTH-
Hat, a NoAApHyIo ock O F — 3a ock Oz, T0 JeKapTOBEI KOODHUHATH (Z; y)
TOYRH M W ee nouasApHEE KOOPIAHATH (; ) by- )

OyT CBA3AHLI 3aBHCHMOCTLIO | M(gi )
|

z=rcosp, y=rsing; (1)

r=va?+ ¢, tg¢=%- (2)

Ecnn npHAATE $oKyC dauHnca, THNepboal H g— >
napaCoiH 3a momioc, a (OKaJBHYI0 oCb CHMMe-
TPHH 38 TOJAPHYIO OChb, HANpapleHHYIO B CTO- Puc. 12
POHY, NPOTHBONOAOKHYID OaAHmalimell pepmHHe, To ypaBHeHHe BceX Tpex
KPHEHIX B NOJAPHEIX KOOPIHHATAX OyIeT onHHAKOBEIM:

_ 4
"= 1 ecos @’ (3)
Ide ¢ — IRCUCHTPHCHUTET, & p — mapaMerp. JlnA smnunca U rUmep6osnl
B2

p="r

|
|
|
|
! P

-
x

330. B monApHofi cucreMe KoOpaHHAT () ) NOCTPOATH TOIKH
A(0; 3), B(n/4; 2), C(7/2; 3), D(r; 2), E(37/2; 3).

331. Nocrponts Toukn A(7/2; —2), B(-%/2; 3), C(—#/4; —4),
D(2r/3; —-3).

332, llocrponts arEAIO 1 = 2 + 2 cos .

YrasaHWe. CocrapHTE TabaHny 3HaYeHN: r gaa ¢ = 0; +n/3; +x/2;
+2w/3; .

333. llocrpouts aurmm (cM. c. 334 u 335, puc. 80, 81 u 86):

1) r=ayp (apxuMenoBa cnupaib);

2y r=a(l —cosy) (wapmmomma);

3) r? = a%cos2¢p (nemuHCcRaTa);

4y r=afyp (rumepbonuyueckasn CIUPAb);

5) r=a(l+2cosy) (yiurka llackana).

384, lNlocrpours murmn: 1) r=a; 2) ¢ = %; 3)r= si:ng

335. Hamncarh B MOAAPHEIX ROOPIMHATAX YpaBHeHuA: 1) mpamod,
OTCeRamell 0T NOAAPHOH OCH OTPe30K ¢ H NepNeHAHKYIAPHONA K Hell;
2) mpaMolt, npoxoadmes yepes Toury A(o; a) H napaiiejnLHol mo-
JMAPHOH OCH.

336. HanucaTh B HOJAPHEIX KOOPIHMHATAX YpaBHeHHe NpaAMof, mpo-
xonAmeli yeped 104Ky A(o; @) H cocraBnAWel ¢ NOAAPHON 0CBIO
yroa S3.

337. HanncaTh B NOIAPHEIX KOOPIHHATAX YPaBHEeHHE OKPYHMHOCTH
¢ neHrpoM B Touke C(0; ag H paiHyCOM, PaBHEIM &.
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338. llocTpouTh KpHBLIE:
1) r=3-28in2¢; 2) r=2+cos3y;
3) r=1—sin3¢.

¥razaHHe, OnpescniTe YOabl, IPH KOTOPRIX HMeEM Fiax H Tmin-

339. llocrpouts nurmm (cM. c. 334, puc. 82 u 83):
1) r = asin3¢p (TpexmenecTroBana posa);
2) r = asin2¢p (veTHIpexTenecTKOBAA Po3a).

340. llpecbpazopaTh K MOMAPHRIM ROOPAMHATAM YpaBHEHHUA JH-
HHi:

1) 22 — 2 = a2, 9) 22 + 4 = a2
3) zcosa+ysina—p=0; 4)y=u=;
5) 22 + y? = ax;

6) (2% +y?)? = a®(2? — ¢?).

341. lIpeobpa3oBaTh K JeKapTOBLIM KOOpPIHHATAM YpaBHeHHA JH-
HHAH H MOCTPOHTH AHHHH:

1) rcosp=a; 2)r=2asing;
3) r?sin 2¢ = 2a%;

4) rsin (go+ %) = a/2;

5) r = a(l + cos ).

342. Hanmncarh KaHOHHYeCKHEe YpaBHEHMsA KPHBRIX BTOpPOTO HO-
pAIKa:

9 9
Yr= 5—4cosp’ 2)r_4—5cosgo’
3
A

343. Kouxounma. Yepes toury A(x/2;a) npoeeneHa mpamad,
TmapanienbHad NoaApHO# ocu. llpomasoapHmilt myy OB nepeceraer
91y npAMyio B Toike B. Ha myye or Toyrm B 1o ofe ee cTOpOHE
oTnomennl orpesku BM = BM; = b. Onpemenuts reoMerpuuecroe
MecTo To9eK M u M, B NoaApHEIX KOOPIHHATAX H NOCTPOHTH KPHBYIO.

344. Crpodouna. lipamaa & = a nepeceraer och Oz B Touke A
¥ npouaBoiabHEl vy OB B Touke B. Ha nyue or Toukn B no oGe ee
CTOPOHHL OTiIOMeHEl oTpeskn BMy u BM,, pasunie AB. Hanucars
ypaBHeHHe reoMeTpUUYecKOro MecTa Touek My W My B MOAAPHHIX H
IeKapTOBEIX KoopuHHaTax (pumc. 84, c. 335).
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345.0Ban Kaccunmn. Touka M(yp; r) IBHmeTcA TaK, UTO Npo-
A3BelleHHe paccTOAHHN oT Hee 1o Todek F(0; a¢) u Fy(7; a) ocraerca
paBHEIM b?, HanucaTs ypaBHeHHe TPaeKTOpPHH IBHAReHHA To4KH M B
MONAPHBIX KOOPAMHATAX.

348. Kapauonna. Ha nponssomsaoM nyve O A or TourHE A mme-
peceueHHsA ero ¢ OKPYRHOCTBIO P = @COS( OTRIANLIBAETCA Mo obe
cTopoHH orpesok AM = AM| = a. CocTaBHTh ypaBHEHHE I€0OMeTPH-
YecKoro MecTa To09ek M w My B NOIAPHBIX H I€KapTOBEIX KOOPIHHA-
Tax.

347, Kapawnounzxa (sumouxnomzna). Kpyr nmamerpa a ka-
THTCA 6e3 cKoNbMeHUA MO KPYTY Takoro me AHAMeTpa CHApYMKH ero.
Hanucars ypaBHeHHe KpHBO, onrcanHoll Touxoit M karAmeiicA ok-
PYHHOCTH, eClI¥ 34 MOMIOC U HauadbHOe MoNomeHne Toukn M TpHHATH
TOYKY KacaHHA KPYTOB, @ MOAAPHYIO OCh NPOBECTH 9epe3 UeHTPHI Kpy-
roB (B Ha9aJIbHOM TOMOREHAH).

348. llocrpouts kpuesie: 1) r = 3 + 2c082¢p; 2) r = 3 — sin 3¢
3) r = acos2yp (cM. ykasaHHe k 3anaue 338).

349, llocTpours:

1) r=4(1+ cosp); 2) r = 2 — sin .

350. HanmcaThb B noAAPHEIX KOOPIMHATAX ypaBHeHHe NMPAMOoit, npo-
xonAllelt Yepes NaHHkle Touku A(a; a) 1 B(B; b).

YrazaHHe. PaccMoTpers 3aBUCHMOCTE MeRIY MIONTANAMH TPEYTOdb-
HHuKoB AOM, BOM u AOB, tne M(yp; r) — NpoH3BoIhHAA TOYKA MPAMOIA.

351. Hamncarh KaHOHMYeCKHEe YpaBHEHMsA KPHBRIX BTOpPOTO HO-

pAIKa: .
Dr= 2— \/3_.(:03(,0;
1
2) r= 2 — \/gcos(,o;
1
3 r= 2 —2cos¢p

352. lemuucrata Bepuyanu. Toura M(y; r) nBumerca
TaK, Y70 TpoOW3BeleHHe ee paccroaHuit or Tovek F(0; c) m Fy(7; c)

0CTaeICHA paBHBIM (72 . Hanucatp YPaBHeHHe TPaerKTOPHH IBHXAEeHHHA B
NOIAPHBIX H JEKAPTOBBIX KOOpPIHHATAX.

YrasaHHe. Ilo TeopeMe wocHHycoB FM? = r? 4+ ¢2 — 2rccosp W
FiM? = r? 4 ¢2 + 2rccos p, IpHYeM 1o yoaoBHIO FM?2 . FyM2 = ¢4,
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353. Yaurra Macrana. Ha npouspoasuoM nyue O A oT TouRH
A nepeceyeHHA ero ¢ OKPYRHOCTBIO 7 = @ COS @ 10 00€ CTOPOHEBI 0TI~
meHH oTpe3ku AM = AM; = b. CocraBuTh ypaBHeHUe reoMeTpHuye-
CKOTO MecTa TOYeK M B NOAAPHBIX KOOpPIHHATAX.

354, YernipexaenecTkoBad po3a. KoHowl orpeska AB =
= 2a CHOIb3AT MO OCAM JeKapTOBHIX koopauHaT. M3 Havana koop-
auHat onymeH Aa AB mepmennmryaap OM. Hanmcarp ypaBHeHHe
reoMeTpHIeCKOro Mecra Todek M (z; y) UpH BCEBOBMORHEIX TOJOMe-
HHAX oTpe3ka AD.

§ 17. AnreGpanvyeckHe KpHuBLIC TPeTLEer0 H BHICHIMX NOPAXIKOB

355. [loctpouts KpuBkie (cM. c. 332, puc. 66-69):

1) y=23/3 (kyOmuecran napabona);
2) y* = °
3) 8 = o? (momykybryeckaa mapabona);

4) y> = 2(z —4)? (nernesas napaboma).
358. llocTponTh KpHBLIE:

1) x2/3 4 4213 = g2/®  (acrpomna PaBHOCTOPOHHAA );

x\2/3 Y 2/3
2) (E) + (3) =1, b# a (acTponna HepaBHOCTOPOHHAA).

Yrasanue HaliTd TOUKH nepeceleHHA KPHBHIX ¢ ocAMH O B Oy 1
neppoif KpHBON ¢ MPAMEIMH ¥ = =z, a Bropoii — ¢ NpAMBIMH ¥ = :I:Ea*:
(puc. 78 Ha c. 334).

3857. llocTpouts Ha orpeske [—1; 1] kpusnie: 1) y = 22*+1; 2) y =
=22 3) 2> 4+ y™ =1apu n = 1,2,4. K raraM NoMaHBIM

NpHOANKAIOTCA 9TH KPUBHE, KOTAA 12 — 007

YrazaHUe. Haliti ToUrH nepeceUeHHA meproif KpHRoH ¢ mpAMott y =

= 2%, BTOpOH KpHBOH ¢ TpaAMoOll ¥ = on H Tperbell KpHBOH ¢ npaAMol y = z.
3a enuHHUNy MacmTaba TpHHATL 10 rAIeToR KaeryaToit GyMari.

358. Actpouna. KoHuw orpeska AB = ¢ CROIL3AT IO ocAM
meraprToBelX KoopaHHaT. llpamele AC w BC, mapanieabHbie 0CAM
KoOpOHMHAT, mepeceraiorcA B Touke C, Ha ' onymen ra AB nepnen-
murynap C'M. HanucaTh ypaBHeHMe reOMeTpHUeCKOr0 MecTa TOUeR
M (z; y) npw BCeBO3MORHEIX TONOREHAAX oTpe3ka AB.
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359. llocTpouTh KpHBLIE:

1) y2 =

prg (umcconna, puc. 85, ¢. 335);
3
2y y= E% (moxon, puc. 76, c. 333).

360. Kampnaa touka P(zg; yp) mapabomsr y? = 2px cMelleHa TIa-
panaennto ocH Oz Ha pacctroanne PM = +OP. Halttu reomerpn-
YecKoe MecTo ToueK M.

361. Crepmenn OA = a BpallaeTca BOKpYr Hauada koopauHat O.
B Touke A x HeMy NpHKpeINieH IapHAPOM cIepmeRb AB = 2q, KoHen
KoToporo ckoan3ut no Qz. HanucaTh ypaBHeHHe JAWHHH, KOTOPYIO
OyIer oMHCHEIBaTh IpH 9TOM cepennHa M orpeska AB.

362, Iucconna. llponspoapuuiit nys OA (puc. 85, c. 335) me-
pecekaeT OKPYRHOCTD 22 + ¥ = gz B ToUKe A H IPAMYIO T = & B
Touke B. Ha nyue orknanniBaerca orpesok OM = AB. (CocraBuTh
ypaBHEHHe TeoMeTpPHIeCKOro MecTa Touex M.

363. lpouzsoabHeiit 1y4y OB (puc. 85) mepeceKaeT NpAMY0 £ = ¢
B To0uke B, ' — mpoeruna Tourn B Ha ock Oy H M — npoeruna
TourH C Ha npaMyio OB. Tloka3aTh, YTo reoMeTpUYeCROE MECTO TOUER
M ecrtp unccomna.

364. Eciw 13 BepIIHHE Napaolsl y2 = —4ax 0NycKaTh TeplIeHIH-
KYIApPhI Ha KacaTedbHbIE K 5ToH KPHBOM, TO FeoMeTpHYECKUM MeCcTOM
OCHOBaHH NepneHEIHKYIApoB Oyxer uncconga. Joraszars.

365. Joron. IpousBonbunilt ayy OA mepeceraeT OKpPYRHOCTD
22 + y® = 2y u npaMyl ¥y = 2a B ToyKax A H B, H3 KOTOpHX
MpoBefleHkI MpPAMbIe, NapallelbHbe COOTBeTCTBeHHO ocH (O M OCH
Oy 10 nepeceveHHA B Touke M. OnpemennTh reoMerpHYeckoe MecTo
Tower M.

366. Terxapron auct z°+y® — 3azy = 0. Moraszars, uTo 9T0
ypaBHEHHe TMOBOPOTOM ocelf KoopOHHAT Ha 45° NPHBOOHICA K BHIY

Yg_X3(3b—X) e %o

= 36+ X) , THe b = \/5 OCTPOHTb KPHEYH), ONPENelHB B
HOBOH CHCTeMe KOOpPIHHAT 004acTh PacnOIOEeHHA KPHBOH H ee CHM-
MeTpHIO, TOUKM NlepeceyeHUA ¢ mpaAMo# ¥ = 2 (T. e. ¢ HOBOH oChlo
OX) u acumnrory. Iloxa3zarh, 4YTo ypaBHeHHe aCHMITOTH B HOBOH
cHcTeMe KoopauHat Oymer X = —b, aBcrapott t+y+a =10 (CM.
pHc. 79, c. 334).

§ 18, TpaHcueHIeHTHEIE KPHBEIC

367. lukaouna. Kpyr pannyca a xarnrcAa no mpaMoli OX Ges
cronbmenua. CocTaBUTh mapaMeTpUueckHe YpaBHeHHA KpUBoH, OmMH-
carHOMN Tourolt M OKpPYRHOCTH, IPHHAB 3a MapaMerp { Lo IOBOPOTA
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KaTAMIET0CA Kpyra ¥ ModomuB, uTo npd t = 0 Touka M Haxogutea B
Havaje KOOpPOWHAT,

368. PasBeprra kpyra. Hurh, HaMoraHHasA Ha OKPYRHOCTD
22 4 42 = a2, pasmarsIBaerca, ocrapasAch HaTAHyTol. CocTaBHTh Ta-
paMeTpHuecKHe YpaBHeHHA KPHBON, ONMCAHHON KOHNOM HHTH, eCJIH
BHavaJe KOHell HHTH HaXoXuTcA B Touke (a; 0). 3a mapamerp ¢ npn-
HATb NJIAHY CMOTaHHOA nyru (B pagmycax).

368. Kpanparpuca. [Ipousponsunitt ayy OM, cocraBasiomuit
¢ ocbio Oy yroa ¢ (B pagMaHaXx), IepeceKaeT NPAMYI0 & = at B TOYKe
M. Hamucath ypaBHeHHe TeoMeTpHUYECKROTO MecTa Touer M.

370. 3 nuuuraouna. Kpyr paguyca r kaTHTcA 6e3 cRONbKEeHUA
o Kpyry paguyca E cHapymu ero. CocTaBRTb TapaMeIpHYeCKHe YpaB-
HeHHA KpUBoH, onucaHHOR Touko#t M wrarameftca okpymuoctu. (IIpn
r = R onuuuraonna obpaitaerca B kapauouny. M. 3anauy 347.)

871.P'anonnkaonaa. Kpyr pamnyca r RaTHTCA 0e3 CKOIbHKe-
HUA WO KPYry panuyca B > r BHyTpH Hero. (OCTaBUTH MapaMeTpHYe-
CKHe ypaBHeHHA KPHBOi, omHcaHHOH Toukolt M warAmelicd OkpymHO-

cra. (Ilpu r = R/4 runounknonaa ofpaluaercAi B acTPOHIY 223 4
+ y2/3 = az{s')



I’'maBa 2
BEETOPHAA AITEBPA

§ 1. Cnomenne BERTOPOB. YMHOREHHE BEKTOpPA HA CRAIAP

1°. Onpeaenenua. Bexmopos HAZRIBAETCA HANPAGACHHBIY ompesdon

AB (puc. 13), B KoTOpoM TouRa A paccMaTpHBaeTCA KaR HA%GA0, 8 TOUKA
B — war xouey. Berrop ofo3HaYaeTCA HIH YKA3AHHMEM €ro HaJyajla H KOHLA

AB co cTpenkoif HaBepXy, HIH ONHOH Kakol-HHGY Ik 0YREOM, BEINEIcHHOH Mo~
JAYRUPHBIM IIpHGTOM, HampuMep a. Mody.ab (IAHHa) BekTopa 0bo3HauaeTCA

|AB|, ninn |a|, mim AB, uan a¢. BekTop, mapauieanbHble OZHON mpAMOH,
HAJBIBAIOTCA KOoAAuNeapHolMYy., BeKTOpH, mapaledbHEle OOHON INIOCKOCTH,
HA3LIBAIOTCA KoMnaarapruisy. JBa Berropa a m b (puc. 13) nHaswBarorca
pPeENBIMY, eCIlH OHH: 1) MMeT pashuie modyau; 2) xoasuneapwst; 3) Ha-
NPABIEHE] € 00HY CMOPONY.

2%, YMHOmeHHe BeRTOopa Ha cRaxnap. Ilpoussedenuesm eex-
MOpPa & KG tc4o (CRAJIAD) ™M HASHIBAETCH HOBHI BERTOD, MMEIOMHI IHHY
a|m| 1 nanpapaeHAEH oguHAaKOBO ¢ & (Npw M > () HAM TPOTHBONIMIORKHO &
(mpu m < 0).

3*. Cnomenne BekTopoB. Cymmod sexmopoe a+b-+c Hazneaerca
perTop R = % (pmc. 14), saMuikatomuit somanyio OABC, nocrpoeHHYI0

B
A
D
A b
C
Pnc. 13 Pnc. 14

H3 OaHHGEIX BeKTopoB. B 4acTHOCTH, B napamienorpaMme, NOCTPOEHAOM HA
maHHaEIX BerTopax A = a w OB = b, ogua perrop-mmaronans OO ecthb

cymMa a+ b, a apyraa B A ecTe pazHocTh & — b jaHHRIX BeRTOPOB.

4° lIpoeknuA BeRTOpa Ha och. IIlycTh BeKTOP A COCTABIAET ¥TOI
¢ c ochio Oz, Torma npoexyus eexmopa wa amy och onpenelaerca GopMy-
Jott

np,a = |a|cosp = acos (m)
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Hpoexyua cymmupt 6eKXmMopos Ha OCh PAGHA cyMMe npoexyutl cOCTaBIA-
OIAX BERTOPOB Ha TY ME OCh:

mp,(a+b) =np,a+ mp_b.

372. Ilo croponam O A u OB npamoyroasunka O AC'B ornomennl
eXnHAYHbIE BeKTOPH 1 m j (pmc. 15). BripasnTh wepes i m j BeKTOPHI

OA, AC, CB, BO, OC u BA, ectu OA = 3 u
i

3?3.‘1-[3(0]35 na puc. 15 M — cepennra BC'
1 u N — cepenuna AC. OnpeleauTh BeKTOphH
OM,ON u MN mpu OA=3 u OB = 4.

1 1~ 874. Ha naocrocrn pamsr Toukn A(0; —2),
B(4; 2) u C(4; —2). B nauane koopgnrar npn-

aomensl cuasl OA, OB u OC. lloctpouth ux

paBnopeftcrylomylo OM, nafiTn ee npoekuuu
o i ' A  H2 OCH ROO;HHHEIT H B&JIHUHHY. BBIpasnTh cH-

Puc. 15 KL O_fi, OB, O_d H o_zvf yepes eIHHHIHEE BEK-
TOpHI i U j KOOPAUHATHRIX OCel.
375, Hansl Tpr KOMNAamapHBIX €IHHHYHBIX BeKIOpa m, N # P,
npuvem (i, 1) = 30° u (i, p) = 60°. MocTpouts BekTOp U = M +
+ 2n — 3p w BEIMHCIATDL €r0 MOIYIb.

¥Yrazanue. B nomaHoif, mocTpoeHHo! u3 BerTopoB m, 2n m —3p,
TPOAOIAHTE MEPBOE 3BEHO A0 MEPECEYEHHA € TPETHHM.

B M C

376. llpoBepuTh aHATUTHYECKYU H MeOMETPUYECKH BEKTOPHEIE TOR-

mecTBa: b b b .
—a a a a—
1 = i 2)a-— = .
)a+ 5 ) a 5 5
377. Ha Tpex meroMmlIaHAPHBIX BEKTOPAX O;i = a, Og =bu
OC = ¢ nocTpoen napainenenune]. YKa3aTh Te €ro BeRTOD-IHAaCOHAIH,

KOTOpbIe coOTBeICTBerno paBael a+ b —c¢c,a—b+c¢c,a—b—-cn
b—-a-e.

878. C momomsi0o wepTeka 3amayn 377 HPOBEPHTh nepeMecTHTENdb-
HO€ CBOIICTEO BEKTOPHOH CYMMEL

atb-c=a-c+b=b+a-c=b-c+a.
379. llaun Bemome_A) = an(ﬁ =h. Bem:opO? = ¢ — MelH-

ana AOAB. Pasnomurs analnTuIeCKH 1 TeOMeTprueckn: 1) BeKTop
¢ mo BekTopam a u b; 2) BekTop & no Bexropam b u c.

380. B npamoyroasunke OACB (puc. 15) M u N — cepenunnl
cropon BC = 3 u AC = 4. PasnomuTh reoMeTpuyecky U aHATHTH-
yeckn Bekrop OC = ¢ no sekTopam OM =au ON = b.

Yrasaunme. B ycaoeue ¢ = ma + nb noncraeurts Beipamenna a, b u
C Yepe3 i H ] H CPaBHHTE K09 PHIUMEHTEI clleBa W cIIpaBa NpH 1 1 J.
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381. Jlan npaBuabubiit mectuyronbuuk OABCDE co cropounott
OA = 3. O6o3nauup eIHHHYHBIE BeKTOPH HanpaBienntt OA, AB,

BC' yepe3 m, n u p, yCTAaHOBUTH 3aBHCUMOCTb MEMJY HuMu (Hampu-
mep, paccmorpennem Tpanemuu OABC). BuipasuTh 3aTem uepes m

U N BEKTOPHI (ﬁ, m, ﬁ, @ u DA.

382. B paBrobenpennott Tpanennm O ACB (puc. 16) yron BOA =
=60° 0B =BC=CA =2, M uN— cepennnu croporn BC

u AC. BripasuTb BEeKTOpPH E, OM, B M C
ON n M}d yepes M H N — €IHHHYI-

HbIe BeKkTopH ranpasiaennit OA n OB, N
383. Jlaun BekTOpHI & u b, yroa 60°

MeRTy KoTopbimu 120°, llocTponth Bek- .

Top ¢ = 2a — 1,5b w onpenennTs ero © M A

Moaynb, eciu a = 3 u b=4. Pac. 16

384. Ha naockocTn HaHE TOUKH
A(3; 3), B(—3;3) u C(—3;0). B mavale KOOPIUHAT NPHIOMEHEI
CHIIBL O_fi, OB n O_d . Noctpouts paBmomeitcreylomyio OM, nailitm
€€ IPOEKNAA Ha OCH KOOPIHHAT W BeAudnHy. DripasnTh cuaul OA,
OB, OC n OM uepe3 etnHHUHEIE BEKTOPHI 1 1 J KOOPIMHATHBIX OCeif,

385. 1) B tpanenun QACB umeem BC = QA/3 u BC||OA. Pas-
JI0AHTD Fre0MeTPHIECKH 1 aHaJHTRYecKH BeKTop O A = a no BeKTOpam
OC=cuOB=h.

Yrazauue. Uz AQOBC momHo ¢ BhIpasuth Yepes b u a u satem
PEITHTE MONYYCHHOS YPABHCHHE OTHOCHTCIBHO A.

L

2) Toura B neamt nyry oxpymnoctu AC'= 90° B ornowmernwnn 1 : 2.

(O — uenTp oxkpyEurOocTH., PazinoxnTth BekTop OC' = ¢ no BeKTOpam
OA=auOB=b.

§ 2. lIpaMoyroabHLle KOOpAHHATHEI TOYKH H BeKTopa
B NpPOCTPAHCTBE

1°.Onpeaenenue. IllycTs NaHkl TpH B3AHMHO MEPIEHAURYIAPHKIE KO-
OpAWHATHRIE OCH ¢ 0bITHM HavanoM () H JaHa Toura M })puc. 17). Hpoexyuu

€e paduyc-eexmopa OM = r ma ocn roopauHatr OMy = ¢, OMs =y m
OM3 = 2z Ha3LIBAIOTCA NPAKOYZOALNIMY Koopdunamant TOIKH M mim

pekTopa r = ()
2°. PagnHyc-BeRTOp TOMHKM B NpocTpaHcThBe. Modyss umu

mimHa paduyc-eexmopa OM =1

r=+/a2+y?+ 22 (1)
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EauHnyHEe BERTOPE ROOPAHHATHEIX oceli 1, j u k HastIBatoTca opmastu.
Papnyc-BeRTOp BRIpamaeTCA Yepes OPThHL:

r=zxi+y +zk. (2)

3°. BerTop, 3amaHHHN KoOOp-
DIHAEATAMH Hadala W KoHua llycTe
maHel TOURE A(Z1; 11; 21) B B(x2; Ya; #2).

j Mpoerunu pekTopa 1 = AP Ha ocu roop-
? nuHaT 6yIyT:
npzlﬁ =X =2, — 2,
i
¢ mpAB=Y =y —u, (3)
Puc. 17 npz,ﬁ =Z=12— 2.

MomHo HamHcaTk GopMyiIhl, aHanorHyHEIe dhopmyraM (1), (2):

u=VX2+Y2+ 2= /(za—21)2 + (e —w)2 + (2 — 21)%,  (4)

u=AB=Xi+Yj+Zk (5)
Ecmn a, # u ¥ — yras Bekropa u = AB ¢ ocamn KOOPIMHAT, TO
X Y Z
coser = —, cosﬁ_:, cosy = —, (6)
mpuyeM
cos? o + cos? f +cos®y =1, (7)

T. €. CYMMA KEGIPATROE HGNPASARWVUUL KOCUNYCO8 6EKMOPG paena 1.

Hs dopmyn (4)—-(6) cnenyer, YTo BEKTOp U BIIONHE ONPElElACTCA TPEMA
auciraMi: X, Y 0 Z — ero IpoeRUAAMHA HIH ero xoopdunamany. llosromy
HHOTJA MUIIYT WIH FoBOPAT: daH Bertop ui{X;Y; Z}.

386. Moctpouts Toury M(5; —3; 4) u onpemeanTs IIHHY U Ha-
NpaBIeHHE €€ paguyc-BeKTOpa.

387. llocTtpouTh BekTOp I = (W = 2i + 3j + 6k u onpenenutn
ero ANHHY H Hanpapiaenwe (NpoBeputb M0 Gopmyae cos® o + cos? § +
+ cos?y =1).

388, Berrop cocrapader ¢ ocamu Oz 1 Oz yraul 40° u 80°. Halitw
ero yroa ¢ ocwio Oy.

389. Pamuyc-Bertop Touku M cocraBager ¢ ochlo Ox yron 45° u
¢ oceio Oy yroa 60°, Hamna ero r = 6. OnpenennTh KOOPIHHATH
Toukn M, ecliu ee KoopauHATA Z OTpUllaTeNLHA, U BEIPA3HTh BEKTOD

OW_ r uepes opTH i, j, k.
390. Jank ToukH A(l 2;3) m B(3; —4; 6). IlocTponTh BerTOp

A § = 1, ero NPoeKIuYE Ha OCH KOOPIAHHAT U ONPENeluTh NIUHY U Ha-
npaeilenne BekTopa. JloCTpOnTh YINEI BEKTIOpPA U ¢ 0CAMHA KOOpIHHAT.
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391, llocTpouTh NapaiaenorpaMM Ha BEKTOpax Cﬁ =i+ju Cﬁ =
=k — 3j u onpeneanth ero qnaro=ain.

392. B toure A(2; 1; —1) mpunomena cuma R = 7. 3maa ase
KOOPIHHATHL 9T0#t cuilbl X = 2 u Y = —3, onpenelnTh HalpaBleHHe
U KOHeIl BEKTOpa, u300pamalomero cuiay.

393. Ha mimockoctn Oy nansr Toukn A(4; 2), B(2; 3) u C(0; 5)

u mocTpoensl Bekrophl OA = a, OB = b u OC = c¢. Paznomurs
reoMerpHIeCKA W aHAAHTAYeCKH BEKTOP a IO BeKTopaM b m c.

394. Nansr Tourn A(2; 2; 0) u B(0; —2; 5). HocTpouTs BekTOp
AB=u u onpefeanTs ero JAMHY H HANpaBleHUeE.

395. Bexrop OM = r cocTaBaAer ¢ OCAMH KOOPIHHAT DPaBHLIE
ocTphle yrabl. QmpenenuTh 9Tu YLLK H HOCTPOUTH BEKTOP I, €CIU €0

IJIHHA PaBHA 2\/5.

398, Bertop cocraBnder ¢ ocamm Oy n Oz yooer 60° u 120°. Kaxoit
Yol 0H COCTaBAAET ¢ ochio Oz?

397, ansr Tpu moCHeNOBaTebHBIC BePIIHHBL IaPaillelorpaMMa
A(1; -2; 3), B(3;2;1) u C(6;4; 4). Hafttu ero uerBepIyio Bep-
muny D.

Yrasanne. Ha papencrea ﬁ = ﬁ cJleqyer, 9T0 PABHEI H HX KOOp-
oaHaTH: £ — 1=6—3 u T. 1.

398. Ha mnockocTu £Oy NOCTPOHTH BEKTOPKI (ﬁ =a=2i, @ =

=b=3i+3j u OC = ¢ = 2i + 6). Pagnomurh reomerpuyecku u
aHATATHIECKH BEKTOP € N0 BeKTOpaM a u b.

§ 3. CranapHoe mpoHaBelleHHe IBYX BEKTOPOB

1*. Onpenenenne. Crasspriis npouseedenues IBYX BEKTODOE Ha-
SHIBAETCA npouseedente ur Modyaet, YMHoICeH-
HOE HG KOCUHYC Y2aa Mexcdy Humy, B
CranapHoe MpouzReACcHNUE BEKTOPA A HA BER-
Top b obozHavaerca a - b. Hrax,

I
|
b I
a-b=abcosyp. (1) I
Ha puc. 18 puano, yro bcos ¢ = np,b. Ilearomy " I
E:}
a-b=abcosp=anp,b=>bnp,a. (2) ol bossp [ A

2%, CeolicTBEa CRAJNADHOIO NPOH3BeE-

e HH A Puc. 18
I. a-b=b-a— nepesecmumeavrnii 3aKom.
IlLa-(b+¢)=a-b+a-c— pacnpedesumesbuniil BaKroH.

2

I11. Ecsm a||b, o a-b = Zab. B wacthocTH, a® = a-a = aacos0° = a?;

ocTIona
a=al (3)
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IV.Eciua L b, o a-b =abcos90° = 0.
V. Cranapuoe MpousBeneHHE OPTOB:

i-j=0, j-k=0, i-k=0, i-i=1, j)-j=1, k-k=1.

YI. Ecm BeKTOPEI & H b 2380aHbl KOODOMHATaAMH a{ax, Gy, ag} H
b{bm bys bZ}: TO

a b =aghs + ayb, +a.b,. (4)
3%, ¥roa Memay BeKTOpaMH:
cos ¢ = a.bb _ aghy + ayby + a.b, ’ (5)
a \/a3+a§+a§\/b§+b§+b§
b _ by _ b _

Ycinobme napaasesvrocmy: b = ma mm — =
Oy ay £ P
Yenopue nepnenduxyasprocmu: a-b =0 unu azby + aydy, + a,b; = 0.

399, OnpenennTs yroa MemIy BeKTopamu a = —i+ju b =1 —
- 2j+2k.

400. Onpegenuts yran AABC ¢ Bepmunamu A(2;—1;3), B(1;1;1)
n C(0;0;5).

401. Jansr Toukn A(a; 0; 0), B(0; 0; 2a) n C(a; 0; @). locrponTh

BekTophl OC u AB u waliTu yrol Memny HuMu.

402. Ha naockoctm mam Tpeyroabnmk c¢ Bepmmuamm O(0; 0),
A(2a; 0) u B(a; —a). Hatitu yroa, obpasoBauuniit cToponoft OB u
menuanolt OM oToro TpeyrolibHuka.

403. Haiitn yroa memny omccekrpucamu yrios xOy n yOz.

404. U3 BepiiuHE KBaApaTa IPOBENEHE NpAMEIE, JeldllIne IPOTU-
BOTIONIOAHEIE CTOPOHH nonodaM. Hafitw yroa mexny sramu npAMEMH.

405. Hatttu yroa Memny IHATOHATAMH TapallelorpaMMa, TOCTpo-

eHHOTO Ha BeKTOopax a=2i+ju b= -2j+ k.
408. Janw BekTopel a =1+ j+ 2k u b = i — j + 4k. Onpeneants
np,a u np,b.

407. PackpriTh cko0KH B BHIpaReHHH
(2i—j§)-j+ (G- 2k)-k+ (i-2k)%
408. Beruucants: 1) (m+n)?, ecnu m u n — efuuuvHbE BEKTOPHI
¢ yraom memny mumu 30°% 2) (a—b)%, eciu @ = 24/2, b = 4 u
(a, b) = 135°.
409, PackpriTh cKOOKH B BHIpafeHHAX:
1) (a+b)%  2) (a+b)2+ (a—b)?

W BEIACHUTH T€OMETPHYECKHH CMBICH TOIYIeHHHX (POPMYIL.
410. [launl koMIIaHapHLIe BEKTOPHL &, buc, npuvema =3,b=

c=25, (a, b) = 60° u (b, ¢) = 60°. llocrponts BekTOp U =a+b—c¢
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U BRIVHCIUTH €ro MOAYIb o dopmyne

w=+/(a+b-c)2

411. Hatitu Beauyuny papuoleMCTRyOIMEd 4eTHIpeX KOMIIAaHAp-
HBIX Cnil, TPHIOKEHHHX K Touke (), eclim BeluuuHa Kamuoll Cmirbl
paBua 10H, a yron memay IByMA NOCTeNOBATEeJALHEIMU CUIAMH pa-
Ben 45°,

412. OnpenenuTs NAUHK AUArOHANEH HapallelorpaMMa, MOCTPO-
€HHOTO Ha BekTopax a = 2m+nu b =m—-2n, rre m u n —
eIMAAYHBIE BEKTOPHI, YIol MeRIY KoTopuiMu 60°,

413. llan BekTOp & = 2m —n, Tle M W N — eUHUYHEIE BEKTOPHI
¢ yraom 120° memny uumu. Hatitn cos (&, m) u cos (&, n).

414. OnpeneauTd yT0d MeKIY OHCCERTPHCAMH IBYX INIOCKAX YIVIOB
TIPaBHAIBHOIO TeTpajipa, NPOBeleHHBIMH B3 0IHOI ero BepIIHHEL

Yrasanne. Ecin m, n 1 p — eguHu4HEIe BeKTODH pelep, To m+n
H m -+ p — BeKTOPH!, HAaNpPaBlIeHHEIE N0 OHCCeRTPHCAM.

415. Ha ocax Oz, Oy n Oz OTN0KATE paBHEIE OTPe3Kn ¢ = 4 u
Ha HuX nocrpouth KY6. lycth M — nenTp Bepxmelt rpamu, a N —

IeHTp mpaBof GokoBolt rpanu Kyba. OQupenenuts Bextopul OM u O
A Yrodl MemIy HHMH.

418. Tanw BeKTOPBI Cﬁ =amn Cﬁ =h,upunema =2,b=4,a
(a, b) = 60°. Onpenennts yroa memny mexnanoit OM Tpeyroapnuka

AQOB u cropouott OA.

417. 3 Beplinnbl TPAMOYTOJIBHHKA €0 cTopomamu 6GcM m 4om
IPOBENeHbl NpAMbIe, FelAlllve NPpOTHBONONOAEHLIE CTOPOHET TONOJIAM.
Hatitu yroa ¢ mMemny numu.

418. lanu Tpn nocaenoBaTellbHEIE BEPIIHHEI Tapalliel0rpaMmMa;
A(-8; =2; 0), B(3; —3; 1) u C(5; 0; 2). Ha#itu ero ueTBepIyio Bep-

mary D n yroa memny sextopamu AC' u BD.

419. Jaum touwku A(3;3; -2), B(0; -3;4), C(0;-3;0) u
D(0; 2; —4). Toctpouth Bertopul AB = a u CD = b u nafttu
np,b.

“420. B papnobenpennofi Tpaneumn OACB (cm. pmc. 16) M u
N — cepenuntr ctopon BC = 2 u AC = 2. Qctpuift yroa Tpanenuu

60°. Onpeneanth yron memny sertopamu OM u ON.

421. Hatttu yronm memny pekTopamu a = 2m+ 4nu b =m — n,
rie M u N — efUHUYHkIE BeRTOPH, 0bpasylomue yroa 120°.

422, TlokasaTh, 9TO yTOA MeRIY OHATOHAJIAMH NPAMOYTOIbHAKA,
TOCTPOEHHOr0 HA Bekropax a m b (a L b), onpenensderca ¢popmyaoii
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423. lpoeruuu mepeMellleHHa S TBHRYIICHCA TOUKH HA 0CU HOOp-
AHHAT §; = 2M, 8y = 1M, 8, = —2m. llpoeknuu neficieyromeit
cunbl F wa ocu roopammar pasunl F; = 5H, F, =4H u F, = 3H.
Buiuncauts pabory A cunnl F (A = F.8) u yron memny cunott F u
TlepeMellieHneM S.

424, K Bepninse npaBulbHOTO TeTpadipa ¢ pedpoM & NPHIIOREHBI
Tpu CHJBI, n300pamaeMEle ero BekTop-pebpamm. OnpemennTe Beln-
YUHY paBHOAeiicTByIoMmIet.

YrazaHue. HcroMad BeluduHa papHa d+/(m +n+ p)2, roe m, n u
P — eNMUHUYHAIE BERTOPhI AAHHKIX CHI.

425, KpagpaT pa3mesien Ha TPH I00CH OXAHAKOBOH LIHPAHEI 1 3a-
TeM CBEPHYT B IPAaBUIBLHYIO TPeYTOALHYI0 mpu3my. HatiTk yron memmy
IByMA CMERHEIMHE 3BeHbAMH J0oManoll, o0pa3opammoll Ipu TOoM ODna-
roHaNbIo KBANPaTa.

§ 4. BexTopHoe npoH3BeNeHHE IBYX BEKTOPOB

1°. Onpenenenue. Bexmopuwin npoudsedenvues BEeKTOPA A HA BEK-
top b HaznBaercA Takroit mpemuil sexmop ¢ (puc. 19), KOTODBII:

1) uMeer Modyas, YHCIEHHO pasuditi niowady NAPAAIEAO2PAMMG, TO-
CTPOEHHOTO Ha BekTopaX a u b;

2) nepnenduryasper R IIOCKOCTH MapalicorpaMMa;

3) Hanpaeden 6 MaAKye CMOPOXY, ¢ KOTOpoif KpaTyaiimee epauenue om
a K b paccMaTprBaeTcA coBepIIAIOIIMMCA npomues yacosot cmpeaxu. Taroe

PAacnonoA&eHHe BEKTOPOB A, b H ¢ Ha3HBaeTcA

c=axh npaeoti ceazrot.

BerTtopHoe mnpoHaBeneHHe 0003HAYAETCA

b a x b. Hrag,
axb=e¢,
o eI
: 1) ¢ = |ax b| =absingy,
Prc. 19 2)elLanclb,

3) a, b, ¢ cocTaBaAAT npasyo CBAIRY.
2°. CBoficTBa BEeRTODHOLO HPOHBBENEeHHA!
lLLaxb=-bxa.

II.ax (b+¢) =ax b+ a x ¢ — pacnpedesumeavrviii 3aKoN.
III. Ecau a||b, To a X b = 0; B wacrHocTn, a x a=10.
3. BeRTOoOpHHE NpPOHZBENEeHHA OPTOE:

ixj=k jxk=i kxi=j (1)
Booﬁme NpoH3BeICHHC JHOORIX AB¥X CMEMHEIX HCKTOPOR B IIOCHCOOBa-
TelbhHOCTH

ot

_.-

ijk
HaeT CAeTYIOIMM BEKTOP CO BHAKOM +, & B 00paTHOI NOC/IeNoBaTeNbHOCTH —
CO 3HAKROM —.
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4°. BHpameHHe BERTODPHOTO MPOH3BEAeHHA Yeped Koop-
IUHATH COMHo®HTedeH a{a, ay, a:} H b{b;, by, b.}:

i j k
axb=|as a, a.l. 2
by by b, @)

5°. Tnomans mapallecdoTpaMMa, MOCTPOEHHOT0 HA BERTOPAX
aub:

S~ =|axb|, (3)
a Naomank TPeyroJbHHKA, TOCTPOCHHOrO Ha BeKTopax a H b:

Sa = %|a % b, (4)

428, OnpeneauTs © NOCTPOHTH BeKkTop ¢ = a X b, ecim: 1) a = 31,
b=2k;2)a=i+j,b=1i-j;3)a=2i+3j),b=3+2k.
Hafttu B ramaoM ciayyae mIOMAAb MAPANIENOrPaMMa, TOCTPOEHHOTO
Ha BeKTopax a u b.

427. BeluucanTh mI0Iah TPeyroabauKka ¢ Bepmunamu A(7; 3; 4),
B(1; 05 61% u C(4; 5; —2).

428. IlocTponTh napaaienorpaMm Ha BerTopax a=2j+km b=
=i+ 2k u BEIYUCAHTHL €0 MACIIAAbL U BRICOTY.

429, PackpriTh cCKOOKH W YIPOCTHTb BHIPAKEHHA;

ix(j+k)-jx(i+k)+kx(i+j+k);

2) (a+b+e)xe+(a+b+e)xb+(b-e¢)xa;

3) (2a+b) x (c—a) + (b+¢) x (a+b);

4)21-(Jxk)+3)-(ixk)+4k-(1xj).

430. Jorasare, uto (a — b) X (a+ b) = 2a X b, u BEACHETH
reoMeTpuyeckoe 3HAYEHUe ITOT0 TOMIECTRA.

431. Bertopst a mw b cocraBadwT yroa 45°. Hattta naowmans
'irpleynlmrnnna, MOCTPOEHHOTO HA BekTopax a — 2b u 3a + 2b, ecan
a|=|b|=5.

432, Haiitr miomans TapaniedorpaMma, IHACOHAAAMH KOTOPOLO
CAYMAT BeKTOPH 2m — 0 H 4m — 5n, I'le M U 0 — eJHHHYHLE
BEKTOpHL, 00pasyomue yroa 45°,

Yrasaunme. Hveema+b=2m-nua—-b=4m-5n,rreaub —

BEKTOPHI-CTOPOHH Napaiuesorpamma. Ilepemromue, Halinem sesrop 2b X a,
MOIY/IE KOTOPOro M paBeH YOBOEHHOoI MCKOMOM Nmiomanm.

433. llocrpours BekTopkl a = 3k—2j, b = 3i—2ju ¢ = axb. Bu-
YHCAHTH MOAYIb BEKTOpa € H INIOINAaNb TPEyrolbHAKA, IOCTPOEHHOTO
Ha BeKTopax a u b.

434. lloctponts Tpeyroabnuk ¢ Bepmunamu A(l; —2; 8), B(0; 0; 4)
n C(6; 2; 0). BeruncanTh ero nromans u Beicory BD.
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435. BrlyncauTh AuaroHalu u NIOIIANL NapalielorpamMma, HO-
CTpoeHHOTO Ha BekTopax a=k—jun b=1+j+ k.

436. JlorasaTs, uto (2a+b) X (a+2b)=3ax b.

437. Haltta naomwane mapanieqorpaMmMa, MOCTPOEHHOI0 HA BEKTO-
pixa=m+2nu b=2m+n, rie m u n — eITHHAYHEIE BEKTOPHI,
obpasyromeme yroa 30°.

§ 5. CMemmaHHOe NMpoHaBeleHHe TPeX BEKTOPOB

1*. Qupenenenme. Cuewannsis npoussedentes BeRTOPOE a, b i ¢
HasbIBaeTcA BeIpazkeHue puna (a X b) - ¢.
Eenu sertophl a, b u ¢ 3amaHbl CBOMMU KOOPAHHATAMU, TO

ds Gy O
(axb)-c=|bs b b.f. (1)
Cg CQ Cz

2°. CBo#icTBa CMEIMAHHOTO NPOUBBEeIEeHUA.
I. Or mepecraHoBKH HBYX JIOGEIX COMHOAHTENEl CMeNIanHoOe IpoHabe-
HDeHHe MEHAET BHaK:

(axb).-c=—(axc)-b=—(cxb)-a. (2)

I1. Eenu npa u3 Tpex NaHHKIX BEKTOPOB PABHEI MIH NMApPallelbHhl, TO
HX CMEIlaHHOe NPOU3BeneHHe parHo 0.

III. 3naku omepamuil +TOYKA® W ¢KPeCTd MOKHO IOMEHATL MECTAMH,
{a x b)-¢ = a- (b X c); nosroMy cMemaHHoe NPon3BeleHHE UPHHATO
BaNHCHEIBATE B Brje abc, T. e. 6e3 3HAKOB HelicTBHLl 1 6€3 cKoGOK.

3°.06beM napanneaenHneaa, IOCTPOCHHOTO HA BERTOpax &, bH ¢.

V = tabe (+ mpu npapof cRA3Ke, — IPH JeBoll CBASKE).

Ofbem IHpaMHIEL, NOCTPOSHHON HA BeKTOpax &, b, ¢:

Vimp = :I:%abc.

4°. ¥YcnosHe KoMnaaHapHocTH. Ecinu a, b u ¢ xosmnaanapum,
0 abe = (), u obparso. Ipm sTom Memny a, b u ¢ cymecTByeT aunetinvas
aaeucumocmy BHOa ¢ = ma + nb.

438. llocTponThk mapasyesenniern Ha BeKropax a = 3i+4j, b =
= —3j+k, ¢ = 2j+ 5k u Buruncauth ero obnhem. llpapo#t uan mepott
Oyumer cBaA3Ka BekTOpoB (a, b, ¢)?

439. Noctponrs mmpamuxny ¢ eepmmuamu O(0; 0; 0), A(5; 2; 0),
B(2; 5; 0) u C(1; 2; 4) u BEluMCAUTE €€ 06bem, NaoLans rpanu ABC
W BBICOTY IHPaMHIBI, ONYIIEHHYI) HA HTY [PaHb.

440. TlorasaTth, yto Touku A(2; —1; —-2), B(1;2; 1), C(2;3;0) u
D(5; 0; —6) nemat B OfHOH NIOCKOCTH.

441. lorazate, aTo BerTOps & = —i + 3j + 2k, b = 2i — 3j — 4k,
¢ = —3i+12j+ 6k roMnaanapubl, u PA3NOKUTEL BEKTOP € 10 BEKTOpaM
anb.
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442, llorazaTe, yTO!
1) (a+b) - [(a+ ¢) x b] = —abe;
2) (a+2b—c)- [(a—Db) x (a—b—c)] = 3abc.

443. Haittu obhem TeTpasipa, MOCTPOSHHOTO HA BEKTOpPAX cﬁ,

OB’) u 03, ecliy 9TU BeRTOPHI HANPABIEHH! N0 OHCCEKTpUCaM ROODIU-
HATHRIX YIJIOB U NJIUHA KaMJTOTO BEKTOpa paBHa 2.

444. NocTpouts mupamuny ¢ sepiiuuamu A(2; 0; 0), B(0; 3; 0),
C(0; 0; 6) u D(2; 3; 8), BRlynCIUTh ¢e 06beM u BHICOTY, ONYIIEHHYIO
Ha IpaHb

445. llocTpouTh BekTOpH & = i+j+4k, b = i—2j u ¢ = 3i—-3j+4k,
T0Ka3aTh, 4TO OHH KOMIUIAHAPHEI, H HAlTH IWHEHHYI) 3aBHCHMOCTH
MERIY HHUMH.

448. Tlokasarh, uro obbeM Napaiiesenuneia, NOCTPOEHHOTO HA
AHAroHaldAX Tpanell NAaHHOr0 Tapajilelelnlela, PaBeH YIBOSHHOMY
06beMy JaHHOrO Napajienenuuesna.

447. Jlaunl eluHuvHEIe BeKTOPH m, n u p. Yroa (i, n) =

= [m)] = o Jlokaszath, uTo Toria (m X n) X p = 2 sin 201,

448, Ilpn a106kX BekTOpax &, b u ¢ BekTopel a— b, b—cmc—a
Komnnauapusl. J0KasaTh 9T0 aHATMTUYECKH U FeOMeTpuuecKn {pac-
CMOTpeHHeM Napajulelienunena, NoCTpOeHHOr0 Ha BeKTopax a, b u ¢).

449, Briuncants 00bem mapanieinennnena OABCO1A(ByCh, B
KOTOPOM [aHBl TpH Bepliuubl Hmmuero ocuopauua O(0; 0; 0),
A(2; —-3; 0) n C(8; 2; 0) n Bepmura Bepxuero ocuoBanunda By (3; 0; 4),
Jemaman Ha GoxoBom pebpe BBy, nporueonoaomaom pedpy OO0;.



I’'masa 3
AHAITATHYECEAAd TEOMETPHA B ITPOCTPAHCTRBE

§ 1. YpaBHeHHe II0OCKOCTH

1°. YpaBHeHHe nA0CKOCT H, Tpoxoasmeti uepes Toury Mi (21;y1;21)

H IepleHanEyaApHoii & Berropy N{A4; B; C}.
Ilycte M (z; y; z) — npomsBoabHAA
21 Touka IockocTH (pue. 20). Torma MM L

1 N u mo yenoslino mepmeHIHRYIAPHOCTH
N{A4; B; C} BEKTOPOB

Az —21) + Bly— )+ Clz—2n) =0.
(1)

M]_(xl_; i Z]_)
2°., Obmee ypaBHeHUe MNAOC-
KOCTH:

Ae+By+Cx+D=0. (2)

Berrop N{A4; B; C'} naznisaerca sop-
MOAbHDLK  BEKTOPOM K ILTOcKocTH  (2)
Puc. 20 HIH (01)

3°.0cobnle cIyYam ypaBHEeHUA
Az +By+Cz+ D=0

1. D =90, Az + By + C2 = () — nnockocTe NPOXOAUT Yepes HAYAIO
KOOPIHHAT.

II. C =0, Az + By + D = 0 — nmaockocTh mapaamenkHa ocu 2.

M. C =D =10, Az + By = 0 — naockocTh MpoXoaHT Yepes ock (Jz.

o IV. B =C = (, Az + D = (} — naocrocTh napannearHa ILIOCKOCTH
yOz.

V. YpasHeHMA KOOPIMHATHRIX MIockocTed: ¢ =0, y =0, z = 0.

4° ¥YpaBHeHUe NAOCKOCTH B OTPe3KaX HA OCAX:

M(x, v, 2)

4 y 4
a + b + Pl 1. (3)

450. locTpouts maockoctu: 1) 52 — 2y + 32 — 10 = 0; 2) 32 +
+2y—2=0;3)3z+22=6;4) 22 -7=0.

451. IlocTponTk naockocTs 22 + 3y + 62 — 12 = 0 » matite yrau
HOPMANU K MIOCKOCTU € 0CAMU KOOPIUHAT.

452. aunl Tourn My (0; —1; 3) m M3(1; 3; 5). Hanncarsh ypaBue-
HEE IOCKOCTH, NPOX0NAINell wepes Touky M) n nepnenIrKyaAprolt K

pekTopy N = M Ms.
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453. Hanmucath ypaBHeHHE mAOCKOCTH, mMpOXOHAleld yepes TOUKRY

M/(@; a; 0) n nepnennuxynapuott k¥ Bekropy OM. Hoctpouts naoc-
KOCTh.

454. HanucaTh ypaBHEHHE TEOMETPHYECKOTO MECTa TOYEK, PABHO-
ymaaernsIx oT Touek A(e; —a/2; a) mw B(0; a/2; 0).

455, Hanncarh ypaBreHHe MIOCKOCTH, mapaiienbroit ocu O n
npoxogAme vepes Touku M;(0; 1; 3) u M2(2; 4; 5) u moctpouts ee.

458. HarrcaTh ypaBReHHe INIOCKOCTH, NMpoxonAmeil sepes och O
u 1ouky M;(0; —2; 3). llocTpouTh mAOCKOCTS.

457. HarrcaTh ypaBHeRHe IIOCKOCTH, NPOXONAIIeli wepes och Oz
u 1ouky M;(2; —4; 3). llocTpouTh nNAOCKOCTS.

458. Hanucarh ypaBHenue NIOCKOCTH, mapaddenbuo# ocu Oy u
orceratomelt ma ocAx Oz m Oz orpeskn ¢ w ¢. llocTponTs ee.

459. Hanucath ypaBHeHHe mAOCKOCTH, mMpOXoHAllel yepes TOUHY
M(2; —1; 3) n orceralomeii Ha 0CAX KOOPLWHAT DABHBIE OTPE3KH.

4680. Hanucath ypaBHeHHe mAOCKOCTH, mMpOXOHAlel yepes TOUHY
M;(—4; 0; 4) u orceralomeit na ocax Oz mw Oy orpeskn @ = 4 n

461. lloctpouts naockocrn: 1) 22+y—2+46 =0; 2) —y—2 = 03
y—224+8=0,4)22-5=0;5)z+2=1;,6)y+2=0.

462, llocrpouTs nnockocTh 2z — 2y + 2z — 6 = (0 w malfiTH YIIHI ee
HOPMANU C OCAMM KOODIHHAT.

463. Yepes Toury M(—1; 2; 3) npoBenerna mI0CKOCTh, NEPUEHLA-
kynsapuad kK OM. Hanucathb ee ypaBuenue.

464. HanucaTh ypaBHeHHe WIOCKOCTH, NpoXoadiel yepes och Oy
r ueped Toury (4; 0; 3). IlocTponTs MIOCKOCTH.

465. Hanucarh ypaBHenue NIOCKOCTH, mapandenbuo# ocu Oz u
npoxonAweit vepes Toukn M, (2; 2; 0) u M3(4; 0; 0). llocrponTs mi0C-
KOCTE.

466. HanucaTp ypaBHenHe NIAOCKOCTH, NPOXOOAINEl wepes TOUKY
M, (1; —3; 5) n orceraromwelt ra ocax Oy u Oz BrBoe 06abIIME OT-
pesku, uem Ha ocu O2.

§ 2. OcHoBHEIE 38I8YH HA ILIOCKOCTH
1*. ¥roa, o6pasoBaHHHY IEYyMA NMIOCKOCTAMH:
N-N; —:EAAI + BBy + CCY (1)
NN, NN, ’

rme N u Ny — HopMallbHEIE BeRTOphI K mA0ockocTAM Ax+By+Cz4+D =10
H Alz+Bly+Clz+D1 =0.
Yenonue napasdedbHocmu:

cosp =z

E=p = )
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Yenonue nepnenduxyasprocmu
AA 4+ BB, +CCy =0. (3)

2°. Paccroanue oT touRn Mo(wo;yo;20) Ko maockocTm Az +

+By+Cz4+D =10

d=|A$D+ByI}V+OZD+D|. (4)

3%, ¥pabHeHHe Ny4YKa BCeX NIOCKOCTell, IPOXONAMAX Yepes
JAHHHIO TlepeceyeHHA ABYX JAaHHHX INIOCKOCTelt:

o(Az+ By+Cz+ D)+ B(Ar12+ Biy+ Ciz+ Dy) = 0. (5)

Mosmmo nomomuTE @ = 1, HCKIIOYNB THM B3 nydka (5) BIOPYIO W3 ZAHHEIX
TNIOCKOCTEH .

4687. Hatttu yroa Memny NI0CKOCTAMH:
1)z —-2y+22—8=0 u z4+2—-6=10;
22 +22—-6=10 u z+2y—4=0.

468. HattTn naockocTb, IpoXomAmyio wepes Toury (2;2; —2) n
NapaniedbHYI0 MIoCKoCTH & — 2y — 32 = (.

469, Hanucars ypaBAenHe NMIOCKOCTH, NPOXOOAIIell wepes TOIKY
(—1; —1; 2) u nepnennuKyAApHOR K WIoCKOCTAM & — 2y +2—4 =10
anr+2y—2:4+4=0.

470. Hanucarh ypaBHeHHe WIOCKOCTH, MPOXONAIIelt yepes TOYRY
(0; 0; @) u nepnenpUKyNIApHON K WAOCKOCTAM & —Yy— 2 =0 u 2y = 2.

471. HanmrcaTh ypaBReHHe IIOCKOCTH, NPOXomAIIed wepe3 TOUKH
Mi(—1; =2; 0) u M2(1; 1; 2) u nepnenIuKkynApHO# K NIOCKOCTH & +
+2y+22—-4=0.

472. HanucaTh ypaBHeHHE NIOCKOCTH, NpoXouAllel yepes TOYKH
Mi(1; —15 2), Ma(2; 15 2) m M5(1; 15 4).

473, Yepes oce Oz mpoBecTn IIOCKOCTh, COCTABIAIIIYIO C TIOC-
KOCTBIO 2% + y — \/gz = 0 yrox 60°,

474. Ha#itu paccroanume or touku (5; 1; —1) no mmockoctu ¢ —
—2y—2z4+4=0.

475. Hatitu paccroanme ot Touku (4; 3; 0) mo naockoctu, npoxo-
aAmed wepes rouku M;(1; 3; 0), M2(4; —1; 2) u M3(3; 0; 1).

476. Haiitn paccrodrme MeRIY NapaiilelbHBIMH INIOCKOCTAMA

424+ 3y —5z—8=0 u 42 +3y—5z+12=0.

Yrazauue. Bzate Ha neppoif mIockocTH MI06YI0 TOYRY, HATpPHMEp
(2; 0; 0), m HaliTu ee paccTOAHHE OT APYToft IIOCKOCTH.

477. 1) Hanncary ypapmernA naockocreit, napamielbHEIX II0C-
koctu & — 2y + 2z — 5 = (0 W yIaleHHBEIX OT Hee HA PAcCTOAHUE,
paBHOe 2,
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2) HanucaTh ypaBHeHHA NIAOCKOCTEH, AeAluX NONOAaM ABYTpau-
HBIH yroa, o0pasopaHHbBIf TiocKocTAMH 2z + 2y = zm 2 =0, n
NOCTPOUTE NAHHLIE U HCKOMBIE TIOCKOCTH.

478. 1) Hamrcath ypaBmenme MIOCKOCTH, TpoXoaAiue wepes ju-
HUIO Nepeceyenud nnockoctelt 22 —y+32—6=0,24+2y—2+3=10
r ueped Toury (1; 2; 4).

2) HattTn npe B3amMHO MepNeHIHKYIAPHEE IIOCKOCTH, TPOXOLA-
1ue yepe3 NpAMYI0 NepeceyeHus NnockocTelt @ = y u 2z = 0, ecin
OIHA H3 MCKOMBIX NIOCKOCTelt mpoxomnT wepe3 touky (0; 4;2). Ilo-
CTPOUTh MPAMYIO H UCKOMBIE MIOCKOCTH.

479, Haiitn Touky nepecevennda maockocredt 22 —y+ 32— 9= 0,
z+2y+22—3=0mn8z+y—4z4+6=0.

480. Hamucath ypaBHeHHe NAOCKOCTH, MPOXOHAleld yepes TOUHY
(2; —1; 1) m nepnerauKyIApHOH K MiaockocTAM 32 + 2y —2+4=0n
z+y+ z—3=0. HocTpouth ee.

481. HanrcaTh ypaBReHHe IIIOCKOCTH, NPOXOAALIed wepes TOUKH
(0; —5; Oa u (0; 0; 2) u nepnermmKyIApHON K MaockocTm % + 5y +
+ 2z — 10 = 0. MocTpouth ee.

482. Hatttu yron naockocrn, npoxonsAmeit vepes rourn O(0; 0; 0),
M (a; —a; 0) u Ma(a; a; @), ¢ nnockocThio £0Y.

483. Haiitwm paccToAnHne 0T Havajla KOOPIFHAAT 10 NMIAOCKOCTH, IPO-
xonAmeli wepes Toukn Mj(e; 0; 0), M2(0; a; 0) m Mz(e; a; a).

484. HanucaTh ypaBHeHue IIOCKOCTH, TpoXofsAllel vepes ock Oz
u cocTaBaAmmett yroa 60° ¢ naockocIbO ¥ = .

485. HatiTu paccrodnue OT TOYRH (ba; b; ¢) Io IAOCKOCTH, OTCEKA-
el Ha OCAX KOOPAMHAT OTPE3KH &, b u ¢,

486. Hamucarh ypaBHenus NAOCKOCTeN, TapallelbHEIX NI0CKOCTH
2z + 2y + 2z — 8 = 0 m yaameHHLIX OT Hee HA paccToAnme d = 4.

487. Hamucarh ypaBHeHHE MIOCKOCTH, HIPOXOAAIIeH yepes TUHKIO
nepeceuennd miocKocTell 4z —y+ 32 —-6=0uzxz+6y—2z4+10=40
H NepnenIuKyIApHOi K naockoctn 22 — y+ 52— 5= 0.

§ 3. Ypapuenna mpamolt

1°. ¥Ypapuenna mpAMoii, npoxogameii yepes Toury A(e; b; ¢) u na-
pamnennHolt BekTopy P{m; n; p}. Oycte M(x; y; 2) — NpoHsBoILHAA TOYRA

mpAMoit (puc. 21), rorma AM || P 1 no ycaoBHio NapallelbHOCTH BERTODOB

r—a _y—b 2z-—c

(1)

m n P

YpapHernns (1) HABHBAIOTCA KGHORUNECKUMY YPABHEHHAMH NPAMOH. Ber-
top P{m; n; p} HasnBaerca Hanpa64foustis BERTOPOM IPAMOM.
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2°. apaMeTpUyYeCKHe YPABHCHHA IPAMON NOIyYHM, TPHpPaB-
HAB Kamoe H3 oTHomeHwit (1) napamerpy ¢:

e=mi+a, y=ni+b, z=pt-|-1(:.)
2

M : 2) 3°. ¥YpasHeHuA npAMoi, npoxo-
Ala b; o) nAme yepes dee mouxu:

P{r; n; p} T8 _¥Y—hm _F—a (3)
‘; Z2—%1 Ya—f1  w-—n
4°. 06mue ypaBHEeHHA NPAMOIL:
Az 4+ By+4+Cz4+D=0,
Puc. 21 At Biy+Cz+Dy=0. Y

5°. YpaBHeHHA NpAMON B MpPOCRIMAX MOIYIUM, HCKIIOUUE U3
obIIHX ypaBHeHHI (4) oIHH pag y, Ipyrol pas &:

z=mz+ta, y=nz+b (8)

YpapHeHuA (5) MOEHO 3aMUCATE B KaHoKUuecKol (opMe:

z—a _y—b 2-0
m on 1

488. HaiiTn ciiefbl NpAMBIX;

)z=2+5,y=4-2z u 2) 3«‘13:3};2:2;3

ma maockocTAX 20y u ®O2 n NOCTPOUTh TPAMELE.
YrazaHue. lomomHTE B ypaBHEHHAX mpAMott: 1) 2 =0; 2) y=0.

489, Ypaprenna npAamoli £ +2y+32—13=0,32+y+4z—-14=
= 0 manucars: 1) B npoeknuAx; 2) B Kanormueckoil ¢popme. Hairn
CllellbI MpAMOY Ha KOOPNUHATHRIX MIOCKOCTAX, MOCTPOUTh NPAMYIO H
ee NPOeKIHH,

490. Hamucarhs ypaBuenua npaAmol, mpoXofAlielt uepe3 TOUHY
A(4; 3; 0) u napanaensrolt pextopy P{—1; 1; 1}. Hatttu caex nps-
Mol Ha MIockocTH YOz u NOCTPOUTH NPAMYIO.

491. IlocTponThk npAMyo ¢ = 4, y = 3 n naliTu ee HaTPaBAAOIIHI
BERTOP.

492. lloctponuts mpamuie: 1) y =3,2=2; 2)y=2, z2=2+1;
3) x = 4, 2 = y u ONpeleINTh WX HANPABIAKIINEe BEKTODEL.

493. Hammcate ypaBmenmd NpAMOil, TpoxoaAamel uepe3 TOUKH
A(-1; 2; 3) u B(2; 6; —2), u naliTu ee HANPaBAAIOIINE KOCHHYCHL.

494. TllocTpouts NpAMYIO, TPOXONAILYI0 wepe3d Toukn A(2; —1; 3)
n B(2; 3; 3), m nanmucaTh ee ypaBHeHHHA.
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495. HanucaTh ypaBuenusa TpaerTopum Touku M(2; y; 2), koTo-
pad, BeILA 13 Toukn A(4; —3; 1), nBmmerca co ckopoctsio v{2; 3; 1}.

496. Hanucarp napamerpryeckne ypabHeRnd NpAMoil:

1) npoxogame# uepes Touky (—2; 1; —1) u napannens=ol BeKTOPY
P{1; -2; 3};

2) npoxonaweit wepes Toukn A(3; —1; 4) u B(1; 1; 2).

497. HanucaTh ypaBumemua NpAmoN, NpoXonAlllel uepes TOYRY
(a, b, ¢): 1) napannensno ocu Oz; 2) mepuenInKyAApHO K ocu Oz,

498. Hatitu yroa mpamott 2 = 2z — 1, y = —2z 4+ 1 ¢ npamoii,
npoxofAllel yepes HAUANO KOOPIUHAT u vepes Toury (1; —1; —1).

499, Hatttu yrom memay npAMeMA: 2 —y+2—-4=0,224+y —
—224+5=0uz+y+2—-4=0,22+3y—2—-6=0.

Yrazanue. Hanparnaomuit perTop Ramnol H3 NPAMEIX MOMHO ONMpe-

OeIHTh KAK BCETOPHO:e OpPOM3BCOcHHE HOPMAIBHBEIX BCETODPOBR naocrocTeit
(P =N x Ny).
x z

500. IlorazaTk, uTo IpAMas 3 = % =7 OepoeHIHRYIAPHA K
mpamoli c =2+ 1, y=1- =

501. Hamucarhs ypaBuenua npamolt, mpoXofAlielt uepe3 TOUKY
(—4; 3; 0) u mapamteapnoft npamolt ¢ — 2y +z=4,2x+y— 2= 0.

502. HanncaTh ypapnenud nepleHIAKYIAPE, ONYIIEHHOTO H3 TOIKH
(2; —3; 4) na ocs Oz.

Y rasanne. Heromana npamad mpoxomnt eme gepes Touky (0; 0; 4).

503. Ha#itu paccToauue or Toukn M (2; —1; 3) 1o mpamo# z ;— - =
¥+ 2 _z2-1
T4 5

Yrasanme. Toura A(—1; —2; 1) aemur na npsamoii; P{3; 4; 5} —
HanpaeIAwmuil eexTop npamoii. Torma

AM[P x AM| _ |P x M|
P-AM P )
504. Hatttu paccToAnue MemIy HapajiilelbHbIMH TPAMEIMH
z—2 y+1 =z+43 z—1 y-1 z+1
1 2 2 " T1 "2 T2

d=AMsina =

z—4 y-2 z
= Z—— = — Ha KOOPIUHAT-

505. HatiTu caeawst npsamott 3 7

HHIX MI0CKOCTAX U NOCTPOUTh NMPAMYIO.

508. Ypapnenna npamoii 2z +y+82—-16=0,z -2y — 2+ 2=
= 0 manucars: 1) B npoeknuAx; 2) B Kanormueckoil ¢popme. Hairn
CllellbI MpAMOY Ha KOOPNUHATHRIX MIOCKOCTAX, MOCTPOUTh NPAMYIO H
ee NPOeKIHH,
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807. HamucaTh ypaBueHusa NpAMol, HpoXOfAlllel uepe3 TOUKY
A(0; —4; 0) n napannensroft Bextopy P{l; 2; 3}, mafita caen nps-
Mot Ha naockocTH £0z U NOCTPOUTH NPAMYIO.

508, locTpoutsk npamylo ¢ = 3, z = 5 u HaltTH ee HaNpaBIAIONHMY
BEKTOD.

509. HaitTu nanpapafaiomutt sertop npamolt z+y—2=0, y==
U YLABI OPAMOH ¢ 0cAMu ROOpAUHAT (CM. YKazauue k 3agave 499).

510. HanmcaTh ypaBrenna nepnenInKyIApa, ONYIIEHHOTO H3 TOUKH
(2; —3; 4) na ocs Oy.

511. Hatttu yroa memny mpamuimMu 22 —y—7=0, 22 —2+4+5=10
ndzx—2y+8=0, = 3.

812. HamucaTh ypaBHeHusa NpAMol, HpoXOfAlllel uepe3 TOUKY
(—1; 2; —2) u napanneapnoft npamolt ¥ —y =2, y = 2z+ 1.

513. HatiTu paccroanue ot Tourku M (3; 0; 4) no npamott y = 22 +
+ 1, z = 2z (cm. 3amauy 503).

§ 4. lipaMaa U NMIOCKOCTH

z—a _y—b z-c¢

1°. ¥ronm Memny npaMoii - - H nnoc-
Koctew Ar4+By+Cz+ D=0
., _|N-P| _|Am4 Bn+Cp|
ginf = NP - NP . (1)
Yciore nx napaasessrocmu (N || P):
Am+Bn+Cp=10. (2)
Yenosue ux nepnenduxyasprocmu (N L P):
A B C
2=2=2 ®

m n p

2¢. Touka nepecevyeHHA nNpAMolli W naockoctu. Hammcae
napaMeTpAYecKHe ypapHeHHA npaMoli x = mi+a, y=nt+b, z = pt+ ¢,
NOLCTABAM B ypapHenwme miockoctH Az + By + Cz+ D = 0 smecto 2, v,
z WX polpameHHA depes t. Haiimem £y, a 3aTeM 2y, o, %0 — KOOPHIAHATH
TOURH NepeceleHns.

3°. ¥cnoBHe PACUOJOKEeHHA NBYX NPAMEX B OXHOMN Mioc-
KOCTH:

a—a; b=>b e—¢c;

m n p |[=0. (4)
Lila] m h
514. Hatttu yroa mpamo#t y = 3z — 1, 22 = —32 42 ¢ naocrocThio

2e4+y+2—-4=0.
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z+1 _ v+1 _ z—3

515. lloxazarh, yTo OpAMan s =1 =3 napallelbHa
1
nnockoctn 22 +y — 2 = 0, a npAman a:-2|-1 =y+1 = z-;-3 nemuT

B 9T0H IJIOCKOCTH.
516. Hamucarh ypaBHenHe WIOCKOCTM, MPOXONAIIelt yepes TOYKY
(—1; 2; —3) u nepuengmkyaApuolt kK npAamolt x =2,y — 2= 1.
517. Hamucarh ypaBueHHue NIOCKOCTH, NPOXoNAllielt vepes NpAMYio
x—2 y-3 =z4+1
2 3
518. Hamucarh ypaBueHHue NIOCKOCTH, NPOXoNAllelt vepes NpAMYio
z—1 y+1 242
2 2 2
—z=4,
519. Hanncarh ypaBuenme IIOCKOCTH, POXoIALIelt yepes mapal-
lelbHEIEe MpAMAIE 2-3_y_z-1 H rrl_y-1_z
P 2 1 2 2 1 2
520. Hanucars ypaBmenna npAmofi, npoxoaAiiell wepes mawamo
KOOPAHHAT M COCTABIAIOIIEN! paBHBIEe YIIL ¢ MOockocTAMH 4y = 3z,
y=0mn z=0. Hatitu 510 yram.
521. Haiitn To4Ry nepecevennd npAamolt ¢ = 2t — 1, y = + 2,
z=1-t ¢ maocrocthio 3z — 2y + 2= 3.

n toury (3; 4; 0).

H NepnenIHKyIApHoll K mIocKocTH 22 4+ 3y —

$22, Hafttu TOUKy mnepeceuenwmd TPAMOMN % =¥ T ! =2 -; !
¢ IJIOCKOCTEI0 £ + 2y + 32 — 29 =0,

523. Hatttu npoexnuto touku (3; 1; —1) Ha naockocTh & + 2y +
+3z-30=0.

$24. Haittr npoerunio Toukn (2; 3; 4) na npaAvyo ¢ = y = 2.

525. Hatttu rpaTuaitiiiee paccToAHHE MERIY HeNAPANLNedbHBIMU
TIPAMBIMHA:

r—a y—-b z-—c¢ z—ay y—-b z—q
1) = = H = = ;
m n P m 7 "
x+1 y z-1 r y+1 z-2
2 = = = _—= — = .
)T =1T T Y 1T 3 4

Yraszanne. llpegnonaraa npAMHe B ofIIeM cayyae CEPeIIHBAIOIIH-
MHCA, HAPHACYeM Napaliie/bHEE IIOCKOCTH, B KOTOPEIX OHH DACIOIOAEHE.

Hs touer A(a; b; c) H Aj(ay; by; ¢y) mpobeneM BerToprl AB = A1 B) =

= P{m;n;p} u AC = Ay = Py{m;n;p} Buicora mpusmMu
ABC Ay B1C) n paBHa ACKOMOMY PacCTOAHHAID.

526. llorazaTk, yTO mpAMEIE

z—2
r=z-2 =241 u = =
v Y + 3 1 1
nepecekaloTcd, H HAMKMCATh YpaBHEHUe I0CKOCTH, B KOTOPOi OHH pac-

NIOJIOMREHDI.
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527. HanucaTh ypaBHeHuA NepleHIuKyAApa, ONYIIEHHOr0 H3 TOYKH
(2; 1; 0) ma npamyo ¢ = 3z — 1, y = 22.

528. llocrpouts mnockocTh = + y — 2 = 0 @ npAMyo, Tpoxoma-
1yio vepes Touku A(0; 0; 4) u B(2; 2; 0). Ha#itu TouKry mepecevenns
TPAMOIL € TJIOCKOCTBIO H YOI MEKIY HHMH,

529, IlocTponTh MIOCKOCTh i = 2z, NpAMYIO 2 = —2+ 1, y =2 n
HaltTu: 1) TOUKY uX mepecedeHud; 2) Lol MEMILY HHMH.

530. Hatitu npoexnunio toukm (3; 1; —1) ma mmockocts 3z + y +
+2-20=0. -1

$31. Hafitn npoexnuio tourn (1;2;8) ra npamyo 5 =%=z.

532, Hanmcarh ypaBuenme ILUIOCKOCTH, POXoIALIelt vepes mapal-

z—1 y+1 2z-2 r y+1 =z2z-1

NelbHbIEe MpAMEIe T = 3 ~ 3 H 1= =3 = 3
1 1
533. [lorazaTh, yTo NPAMBIE g 1_ 3 = y-;- =2 1_ " ¢ = 3z—4,

¥ = z + 2 nepecekawTcA, HallTH TOYKY HX NepeceyeHHd.
534. HanmcaTh ypaBrenna nepnenInKyIApa, ONYIIEHHOTO H3 TOUKH
z+1 y-1 -1
1;0; —1) wa npAMYI0 —— = ¥— = —,
( ) Ha npAMylo — 5= 3
535, Halttu rpaTwalimee paccToArne MeEIY NPAMEIME & = —2y =
=zuzr=y=2.

§ 5. Chepryeckne H UHIMHAPHYECKHE NOBEPXHOCTH

1°. ¥pasuenue chepHyYecKol NOBEPXHOCTH ¢ HECHTPOM
Cfa, b, ¢) u panuycom R:

(#—a) +(y— 8+ (2 —¢c)® = R%. (1)

2°. YpasHeHnne Fz,y 6) = 0, He cojep/Ramee Zz, OUPENeNfAeT YuAtH-
JpuuecKyio NOBEPXHOCTE € O paaywweii napad.ue.ubuoﬁ ocu Oz, Anao-
TUYHO Kampoe Uz ypasHeHwin: 1) F(y, z) = 0 u 2) F(z, z) = 0 ompene-
AAeT NUIMHIAPUYECRYIO nonepmocrb ¢ obpazywomet, napanneasroli: 1) Oz;
2) Oy.

3°. YpapHeHHe NHAMHApUYECRON HMOBePXHOCTH ¢ Hampa-
Buawomel F(z,y) = 0, z = 0 u ¢ ofpasylomeif, NapaLIeNLHONH BEKTOPY
P{m; n; p}. ¥YpaBHeHue npouszroaLHON obpasywmedi 6yaer 7% _

m
_¥-w
n

Onpenemus oTciofa o U g H NOICTABME HX B yPABHEHME HANPABJIAOITIEH,

NOAYYUM YpaBHEHHE MUIMHAPUYECKoH MOBCPXHOCTH:

m n
Flz—22, y—=z) =0. 9
(z p Y pz) ®

z
= =, rme (zo; yo; 0) — ToUKA Ha HanmpaBaAMme.
p
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536. Hatttu nentp u pamuyc chepbr:
1) 2% + y? + 2% — 3z + 5y — 42 = 0;
2) 22+ y? + 2% = 2az

U NOCTPOHThL u3obpamenune Bropolt cdepnl.

537. Hanucars ypaBnenme cepuueckoil mopepxirocTH, BuncannoH
B TeTpasap, 06pa30BaHHEIH MACCKOCTAMU

3z —-2y+62-18=0, 2=0, y=0, =z=0.

538. Hanucarh ypaBHeHHe reoMeTpPHUYECKOr0 MECTa TOYEK, paclo-
nomeHHKIX BIBoe Gaume K Touke A(2; 0; 0), uem k Toure B(—4; 0; 0).

539, Hanncarh ypaBrenme cdepuuecKoll NOBepXHOCTH, TPOXOIA-
meH yepes OKPYMHOCTh 22 4 y2 + 22 = ag, z+y+ 2z = a u vyepes
Touky (a; @; a).

Yrasaunne. HeroMoe YpaBHEeHHE JOJURHO HMETE BHI

24P+ 22— M +y+2—a)=0.

540. llocTpouthb B JeBOH CHCTeME KOOPAHHAT MOBEPXHOCTH:

y2+22=4; 2)y?=azx; 8)z2=4; 4)22+y*=az.

841, Hanncarh ypaBnenne reOMETPHYECKOTO MECTa TOUEK, ONHHA-
KOBO yIANeHHEIX OT npAMol & = a, y = 0 u mrockoctu yOz. Mocrpo-
ATh MOBEPXHOCTD.

842. HanucaTh ypaBuenuA TpeX UWIHHIPHYECKUX NOBEPXHOCTEH,
ONHCAaHHBIX 0Koio cdephl 22 + y2 + 22 — 2az = 0 ¢ obpasyomnamn,
NapalleldbHbIMU cOOTBeTCTBeHHO: 1) ocu Oz; 2) ocu Oy; 3) ocu Oz.

543, Hapncoparh B mepBoM OKTanTe jeBoll CHCTeMBI KOOpIHHAT
kpupyo BuBuanu:

2 +y?+2=16, 2?+y? =4z,

noctpons ee Touku npn £ = 0; 2 u 4. Tlokasark, yTo TpoeRunA KprBoi
Ha MIockocTh 2z ecTh mapabona.
544, HaliTn uenTp m paguyc OKpyAHOCTH

m2+y2+z2=10y, 2+ 2y+22-19=0.

Yrasanue. LlenTp ORpyMHOCTH eCTh NPOEKIMA DEHTPA MApPa HA INIOC-
KocTh (cM. samauy 530).

548. HanucaTh ypaBHenue UMAHHApPHYECKON MOBEPXHOCTU C Ha-
npaenstomett ¥ = 4z, z = 0 u c o6pa3yomell, NapalIeIbHOM BEKTOPY
P{1; 2; 3}.

5486. llocTponTh B TEpBOM OKTAHTE NOBEPXHOCTH (T +y)2+az = a?
Mo cevenuAM IockoctAMuE ¢ = 0, y = 0, 2 = 0, 2 = h € a n
NMoKa3aTh, YTO HTa MOBEPXHOCTh UHIAHHAPHYECKAA ¢ obpasywoliumu,
napalNeAbHEIME npAMolt x +y =@, 2 = 0.
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547. IMap 22 + y® + 2% = 42 ocBemen Nyuamu, NapallelbHEIMU
npamoii ¥ = 0, y = z. Hallrm popmy Tenwm mapa ma mnockoctn zOy.
Yrasaune. HyRuao panmcaTs ypaEHeHHe TAMAHAPAYECKEOH MOBEPXHO-
CTH, 06pasoBaHHOM AyYaMHA, KACATEIEHEIMHE K IIAPY. 38 €e HaNPaBIAOIIYIO

NPAHATE JIHHHIO Ce9eHAA MAapa IN0CKOCTEIO0, TpoXonAmell yepes ueHTp mapa
H TepNeHAURYIAPHON K aydaM.

548, HanncaTh ypaBrenne IJI0CKOCTH, TPOXOIAINEH weped LeHTP
C nosepxrocta #2 4 y2 + 22 — 22+ y — 32 = 0 u nNepneRIUKYIApHON
K npamott OC,

549. HanucaTh ypaBHeHHE MeOMETPUYECKOTO MECTA TOUEK, YIAJNEH-
HBIX BIBOE JabIle 0T HAYala KOOpAmHAT, yem 0T Toukm (0; —3; 0).

550. Haittu mpoerunio wa naockocts 2z = () cewenusa mMapoBoi
noBepxrocTH 24 y2 4+ 22 = 4(z — 2y — 27) MI0CKOCTBIO, TPOXOAALIelt
uepe3 MeHTP LIapa u HephmeHTuRYIApHO K npamolt x =0, y+ z = 0.

551. B aepolt cucreme KOOPAMHAT NOCTPOHTH MOBEPXHOCTH:

1) z=4—22%2) 4% + 2% = 42; 3) y? = 2°.

552, [locTpouTh B IepBoM OKTaHTe JIeBol CHCTeMBI KOOPIWHAT KPH-
BYIO Iepeceyenud IMIUHTPOB 22422 =a®ua2?+ y2 = a?.

Yrazanue. lloctpons B nmockoctax #(z U #(y YeTBepTH HANpPABIA-
IOIHX ORPYKHOCTEH, Pa3lelUTh HX MPHOAHMEHUO Ha PaBHKIE YACTH (HaNpH-

Mep, Ha 4) 1 Yepe3 TOUKH HeldeHHA NPOBECTH 00pazyoie IMIHHIPOB 10 HX
nepecesennd (cM. puc. 60, c. 320).

553. Hamucarh ypaBHeHHe UHAHHIPHYECKOH TOBEPXHOCTH € 06pa-
aylomefi, Tapayensuofi Bekropy P{1; 1; 1}, u ¢ manpasaaomet 2 +
+y?2=dz, 2=0.

554, [locTpouTs Tel0, OrpaHAYeHHOEe NOBEPXHOCTAMH Y2 = &,

z=0, z =4, x = 4, u manucarh ypaBHeHHA ImarcHajefl rpamu,
nemallell B IAOCKOCTH & = 4.

§ 6. KoHHueckHe MOBepPXHOCTH H MOBEPXHOCTH BpallleHHA

1°. KoHuueckue noesepxHocTH. [lycTh Konuueckas noseprrocms
HMeeT BEpINUHY B Hayale ROOPHNUHAT, a Hanpascaswwyio F(z,y) = 0 Ha

IIOCKOCTH z = h. YpaeHeHwme obpasywuwet Gymer: zi =L - %, THe
0

Yo
(z0; yo; h) — Toura Hanpasnawometi. Onperenus oTcOIa Xy H Yp U NOACTA-
BHE HX B YpaBHeHUe F' (a:, y) = (, monyYHM ypasHeHue KoHuueckod noeepr-
HOoCMmU ¢ eepwuuoﬁ 6 Hauadae noop&uuam:

P (ﬂ, ﬁ) —0. (1)

Z Z
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Ecnu mepmuna wrouyca 6ymer B Toure (a; b; ¢}, TO ypaBHeHMe mpuMeT
BHJ

[(z—a)(h—c P Ul [ U3l Y Y (2)

z—c ’ z—¢

YpapHeHue (1) oduopodno OTHOCUTENLHO &, Y, Z, a ypaBHeHue (2) o0-
HOPOOHO OTHOCUTENRHO & —a, y—b u z —e. Io oéﬂopoanocmu ypaBHeHHA
MOMHO Y3HATE YpaBHeHUE KoHuueccxkoti noseprHocmu,

2°. lloBepXHOCTH BpalleHUA:

Vparnenusa rpunoit Ocy spamerma VYparHenue nopepXHOCTH
BpaIIeHAA
Flz,y) =0, Oz Flz,\/y¥?+22) =0
z=10 Oy F(V32+zzxy)=

0, Oz Flz, Vy? +22) =0
y=10 Oz F(y/22+ 42, 2) =

Fly, z)=0, Oy Fly, Va2 +2%) =0
z=0 Oz F(y /22 4+ 42, 2)=0

555. Hamucarh ypaBHeHue KOHUYECKOH MOBEPXHOCTH € BepllluHOH
B Hauale KOOPIHHAT H Hanpabaawmeii z2 + y? = a2, z = ¢. lloctpo-
ATh u300pamenne NOBEPXHOCTH.

558, Hanucars ypaBHenne KORMYECKOH MOBEPXHOCTH ¢ BepIIrAOH
B Touke A(0; —a; 0) u wanpasnawmett 22 = 2py, 2 = h. MocTpouts
n300pamenne NOBEPXHOCTH.

557. Onpeneauts Bepuiuny kouyca z? + (y — a)2 — 22 = 0, ero
HaNPaBIAKIIYI B IVOCKOCTH 7 = @ W NOCTPOHTDH KOHYC.

558. Onpenenuth BeplIMHY KOHyca &2 = 2y2, eT0 HAIPABIAIOMIYIO
B INIOCKOCTH Z = h u TOCTPORTE KOHYC.

559. HccnenosaTh noBepxuocTh xonoudal) unu xauna (a% — 22)x
xy? = h?2% 1o cevennam naockocrAavn 2 =0,y = h, 2 = £c (¢ < a)
U MOCTPOMTHL KoHOud B obaactu z 2 0.

560. Hanmmcark ypaBmeHme NOBEPXHOCTH, 00pa30BanHOll Bpame-
uueM KpuBot z = 22, y = 0: 1) Bokpyr ocu Oz; 2) BORPYr ocu
Oz. llocTporTh 06e TOBEPXHOCTH.

1) Konoudos HasbIBaeTcA TOBEPXHOCTD, 06pasOBAHHAA IBHMEHHEM WpAMOR, Ta-
PalIeTEHOM JaHHOH NIOCROCTH H TlepeceRaIell JaHAYH RPHEYIO H TaHHYK NPAMYTD.
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5681. HamucaTh ypaBHeHHe NOBEPXHOCTH, 00pa3oBaHHON Bpallle-

4
ﬁ,y=0;2)npmmﬁz=§,

mwmem BOKPYT ocu Oz: 1) kpusoft z = e~
y = 0. llocrponts 06e noBepxuocTn (B AeBolt cucTeme KOOPIHHAT).

562, Hanucars ypaBHeRne KORMYECKOH MOBEPXHOCTH ¢ BepIIrHoH
O(0; 0; 0), manpasasomett 224(y—6)2+2% = 25, y = 3 u mapuconath
TOBEePXHOCT.

583. HamucaTh ypaBHeHue HOHUYECKON MOBEPXHOCTH € BepllluHOH
C(0; —a; 0), nanpaenawmelt 2 + y? 4 22 = 25, y = 3 n wapucosaTs
MOBEPXHOCTD.

564. Hammcark ypaBmeHme NOBEPXHOCTH, 00pa30BanHONl Bpame-
HueM mpamoft z = y, £ = 0: 1) Bokpyr ocu Oy; 2) Boxpyr Oz, n
HaprCoBaTh 00e NMOBEePXHOCTH.

565. Iloka3aTh, YTo ceyeHue Kouyca 22
= 2a ecTb MIIANC, H HAllTH €T TNOIYOCH.

= 2y WIAOCKOCThIO & + Y =

§ 7. naunconn, runepdoroHALI H MApaboIOHILI

1°. KaHoHHYecKkHe YpaBHeHHA. HKpoMe IUIUHApPMYECKUX, CY-
HIECTBYIOT IMECTh OCHOBHBIX BUJOB MOBEPXHOCTEH BTOPOTO MOPAdKa, ONMpe-
IENAEMBIX CIeAYIOMUMY RaHOHHYECKRHMH (IPOCTeHMNUMU) ypanHeHHAMH:

2 2 2
1. Sasuncoud: :—2 1;—2 + z—z =1
2 2 2

%2. + %2. — % = 1 — omHONOMOCTHEII,
11. Nunepboaoudst: 2 2 L2

;2.4. %2._ z= —1 — IByTIONIOCTHETIA,

22yt 2

III. Konye emopozo nopadxa: -+ v o=z

IV. Hapabosoudw (upu pg > 0):
= 2% — runepGoaHYecKHii.

2°. IpaMoanHelinee obpasymwmue. Yepes RamIym TOURY 00-
HONOADCIHOZO 2UNepOOA0U0e TIPOXONAT J06e ero npRMosunetinnie odpasy-

st )l
TR A

ol
& |t



§ 7. Sumicony, rENEpGOAOEAL A IAPAGOAORAD 75

Yepez Ramaylo TOYRY 2unepboiuveckozo napabodouda Tome MPOXOTAT
dse ero npamosunetinsie obpasyouue (npa p > 0n ¢ > 0):

(k)= (k)=

()= (%)

3°. Kpyrosnie cevennda. Ha Bcex moBepXHOCTAX, HMEWITHY F44Un-
MuUYECKYE CeUeHHA, HMEIOTCA TaKme H Kpyeosdie cedeHnda. Hambonbmme

KDJTOBHIe CEUeHUA HILIHICOHNA z—z + !;2—,‘; + ;j =1 (npu ¢ > b > ¢) ma-
xoaATcaA Ha cepe £2 + y° + 22 = 2. KpyroBrle ceyeHUA BILIUNTHYECKOTO
napabotonna — + 2 = 22, npoxonAmMe Mepes BEpIIHHY, HAXONATCA HA
cepe z2 + y? {;i- 22 =§' 2pz (upu p > g).

586. HamucaTh ypaBHeHHe NOBEPXHOCTH, 00pa3oBaHHON Bpallle-

z? 22
HUeM HUIMICA + = 1, y = 0 Borpyr ocu Oz.
g2 y? 22
587. llocTpouThs MOBEPXHOCTH ?+ T + 25 = 1 u maltTu naolanu

ee cevernnil mIockocTAmu: 1) 2=3; 2) y=1.

588. HamucaTh ypaBHeHHe NOBEPXHOCTH, 00pa3oBaHHON Bpalle-

2 L2

HueM KpubBolt — — —
P a? 2

ocu Oz; 2) Bokpyr ocu Oz. locTponts obe
NoBepXHOCTH (B A€BOH CHCTeMe KOOPIHHAT).
569, IlocrpouTs MOBEPXHOCTH:

1) 22+ y2 — 22 = 4,
2) 22 —y?+224+4=0.

=1, y = 0: 1) Boxpyr

2?42
570. llocTpouth rumepbonoun T + i
2
— ;—6 = 1 u waiiTu ero obpazywliue, Ipoxo-

aAmue yepe3 Touky (4; 1; —3).

571, HurAnaa Moneap DHIHHIDA €3aKPY-
yena® TOBOPOTOM BEpPXHEr0 Kpyra ma o°
(puc. 22). Onpenenuts ypaBHeHue NONYYEH-
HOH «annefivaTofly NOBePXHOCTH, €CH OK-
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PYHHOCTHU €€ OCHOBaHMM NemaT B MIOCKOCTAX z = t¢, uX UEHTPH —
ma ocm Oz, a X pagmycH paBeH 2¢. PaccmoTperh wacTrBIE® cayuan
opu a = 90°, 120°, 180°.
YrazaHue. Toura M(z; y; 2) neIuT paccToAHUe MEETY TOYRAMU
A(2acost; 2asint; —c), B(2acos(t+ a); 2asin(t + a); ¢)
B oTHomeHHH AM : MB = (c+ z) : (¢ — 2).

572. HanucaTh ypaBHeHme NOBEpPXHOCTH, 0OpazoBaHHON Bpallie-
mreM Tapaboanl ¢z = z2, y = 0 Borpyr ocu Oz. IlocTponTh Mo-
BEPXHOCTD 110 CeYeHHAM NIOcKocTAMT: 2 =a, x =0, y=0.

573. llocrpouTs MOBEPXHOCTH:

2 2 2

— 24 9. — ¥y
1)22—3} +?, 2)2—6(1—?—5—2)
2

874. Tloctponts (B 7eBolt crcTemMe KOODIWHAT) NOBEPXHOCTD &° —
— y? = 4z u naittu ee obpasyionue, NpoxonAlue yepes Touky (3;1;2).

575. Hanmncarh ypaBHerme reoMeTPHYECKOTO MECTa TOYeK, OTHO-
lIeHHe PACcCTOAHMNM OT HamAol u3 ROTOPHIX M0 MIOCKOCTU & = 2¢
Kk paccroanuam go Touku F(a; 0; 0) pasmo /2. IocTpouTh noeepx-
HOCTb.

576. Hanucarh ypapHenue reoMeTpuUYeCKOT0 MECTa TOYEH, OTHO-
MmeHne paccToAnnli OT KamIol n3 Koropsix mo Toukn F(0; 0; 2¢) m mo
IIOCKOCTH 2 = ¢ paBHO +/2. IlocTpouTh MOBepXHOCTD.

577. Hanmcarh ypaBHeRne reOMeTPpRYECKOTO MeCTa TO4eK, ONHHAa-
KOBO yIaleHHHX 0T Touku F(—a; 0; 0) u or naockoctn ¢ = ¢. Ilo-
CTPOHTH NIOBEPXHOCTD.

22

578. HaliTu nauGonblliue KpYToBhle CeyeHUA DILTHICOMAA 169 +

2 2

Y z
—4+—=1
+ 25 + 9
879. Onpeneaurs KpyroBble ceyeHusA HANUNTHIECKOTO NTapaboaouna

2 2
z
2% + % = Z, IPOXOJAIIHE YepPe3 HAYAN0 KOOPIUHAT.

580. Ha3paTh u MOCTpPOMTH KRARAYIO U3 MOBEpXHOCTEl:
1) 22+ y? + 22 = 2az;  6) 2% = 2az;

2) 22 + y? = 2az; 7) 2% = 2yz;
3) 22 + 2% = 2az; 8) =24+ 22 4y
4) 22 — y? = 2az; 9) (z — a)? = zy;

5) 22 — y? = 22, 10) (2 — 22)2 + 4(z — 22) = y°.
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581. HamucaTh ypapHeHuf NpAMOMHHEHHRIX 0Opa3yIOMHX Tunep-
foaouna z2 — y? + 2® = 4, npoxorAmux uepes Touky (2; 4; 4).

582. HanucaTh ypaBHeHuUE TeOMETPUYECKOT0 MECTA TOMER, OUHA-
KoBO ynamennux or Toukm F(0; 0; ¢/2) u or maockoctn z = —af2.
locTpouth NoBepXHOCTE.

583. Hanncarh ypaBHeRne reOMeTPHYECKOTO MeCTa TO4eK, ONHHAa-
KoBo yoamennbix oT Toukn F(0; 0; ¢/2) m or maockoctm z = 3a/2.
locTpouth NoBepXHOCTE.

584, HaliTn nanmenbIIne KPyrophle ceyennd Tunepdolonia

22 y? 327

25 9 25

585. Hanucars ypapmermA npAMoinnelABIX 00pasyoIuX TAlep-
2

z
foauueckoro napaboionia 69 = 2z, IPOXOIAIIHX Yepe3 TOUKY
(4; 3; 0).



I’'maBa4
BBICIITAA AJITEBPA

§1. Onpeneanrenn
1°. Onpeneautenn. Onpedesumedcs smopozo nopadxka HA3HIBA-

a; b
eTcA 4HCI0, 0003HauaeM0e CHMBOJIOM | a; b;| F ONpenelifieMoe PAaBeHCTBOM

b
|z; b;| = 0152 - agbl. (1)

Onpeaedumede.n mpemuseao nopaaﬁ:a Ha3BRBAETCH THCIIO, ofosHagaeMoe

g h a
CHUMBOJOM |ig bg ta| H onpegcaAeMoc PaBcHCTROM
a3 b3 c3
&1 b oo b
_ 2 C2 az cC2 az b
73] bg Ca2| =g | - bl | + . (2)
a £
a3 bs ¢ bs cs 3 €3 az b3

Onpeneantenu BTOporo mMOpAMKa, BXOAANINE B MPABYI YacTh paBeHCTHA
(2), momyuatoTcA U3 MAHHOIO ONpPENENUTENA TPETHETO NOPAIKA BEIMEPKHBA-
HHEM OJHOH CTPOKHM H OfIHOTO CTOJABLA H HA3LIBAKICA ero Munopasu. Dop-
Myna (2) HaseIBaeTcA ¢OPMYION PasNoXeHHA ONPENENHTENA TPEThero Mo
PAIKA N0 3MEMEHTAM MepHOif CTPOKRH.

2° CeolicTeBa ompeneauTeNCi:

I. BenrmumnAa onpenennTenda He H3MEHHTCA 0T 3aMeHH CTPOK CTOI0maMH.

II. Beanmunua onpemeanTeNd 0T NePeCTAHOBKHA IEYX MIOORIX Mapaliient-
HEIX €ro PANOB MeHAeT 3HAK Ha o0paTHHIA.

Hz cpoiicte I m II cuemyer, 4T0 OnpemelHTeNbt MOMHO PAIJOMHTL IO
SJleMeHTaM J00oro pAma, Tak KAk 9T0T PAL MOKHO CHENATh Nepeoif cCTpokoii.

III. Oupenenmrens ¢ TByMA OXHHAKOBEIMH NAPAIILHEIMA PAJAMHA Pa-
BEH HyIHW.

IV. O6muit MHORHTENR 3AEMEHTOB 0JHOTO PAJA MOEHO BEIHECTH 38 SHAK
OmpeneNTHTENA.

V. BeanunHa ompefeMMTendA He U3MEHHTCA, €ellM K 3JAEMEHTAM ONHOTO
pAda TpUGABHTE HIEeMeHTH WAPANICIhHOTO PANaA, YMHOEEHHEIE HA TMPOU3-
BOJIbHOE OfMHAaRoBOe uucao. Hanprmep:

a b o g1+mey h+na a
ag bg ca| = |ag 4+ mey bg + nes eaf.
as bs c3 az+meca batnca ca
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C moMomIeio 9TOro cROMCTBA MOMHO B JH0GOM DALY ONpENedHMTENA TPEThero
MOpAAKA CACHATE NBA HYIA, YeM YOPOCTHTCA pazlomeHVe ONpeAeIHTEIA Mo
JIEMEHTAM ITOTO PAIA.

3°*. Maomans rpeyroabHUKa c Bepmmaama A(z1; 1), B(zs; yo),

C(xs; ys):

1|#1 1
S==x—|22 ¥ 1. (3)
2|es w3 1
Bruiyncnute onpereluTedaH:
3 -2 2 3 3 -2
586. [ l?,|. s, |5 _ 0. sss.|_d 5|.

sinex cosa
—cosq sinel

Ve -1
589, [V val-

sinfo cos?o

sin? cos?f

BeruucinTh onpeneanTen, PasioRkHB HX 10 BIIEMEHTAM NEPBOTO
cT0aOma:

590. |

591.

2 3 4 a l a
592. (6 -2 1], 583, |—1 a 1),
1 2 3 a -1 a

BeruucinTe onpenenautenn, pa3foknB HX 10 JIeMEHTAM TOT'O pAla,
KOTOPHIN cofepmuT HauboAbIIee yuciao Hydeit:

1 & 1 -z 1 x
594. |10 & 0f. 6595.| 0 —z -—1}.

b 0 -=b x 1 —=2
YOpocTuTh U BHIYUCAMTH ONpefeluTenu:

a —a a 1 2 5
596. |a a —al. 597.| 3 —4 7.

a —a —da -3 12 =15

12 6 —4 2?2 2 1
598.| 6 4 4], 599, |2 y 1.

32 8 2 z 1

l+cosex 1+sine 1
600. |1 —sina 1l+4+cosa 1

1 1 1
2 cos? % sina 1
601. 2 cos? g sinf 1

1 0 1
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602. HatttTu nnomians TpeyrodbHHKA € BepIIMHAMHA
A(2; 3), B(4; -1) n C(6;5).
603. Jlemar au uwa onuo#t mpAMo#t TouKU
A(1; 3), B(2;4) u C(3;5)7

604. HanncaTe ¢ noMOIOBI0 OnpeNelnTelA TPETLero nopAIKa ypas-
HeHHe npAMOt, npoxXofAllleit yepe3 ToOYKM:

1) (z1; 1) u (22; y2); 2) (2;3) u (-1; 5).

yﬂpOCTHTB 4 BBEIYHUCJHHTL ONpeneHTeNnn:

2 -3 1 m+a m-—a @
605.(6 —6 2|. 608.|n+¢ 2n—a al.
2 -1 2 a —-—a a

sin3a cos3a 1
sin 200 cos2a 1
sine cosa 1

azx aZ+z22 1
607. lay a2+ y® 1. 608,
az a*+2%2 1
Yrazanme. B 3agaue 607 BEIHecTH ¢ 3a 3HAE ONpemelHTENA, 3aTeM

H3 OepBoll H BTOPOI CTPOK BRIYECTh TPEThI0 U BHIHECTH (2 — 2) U (y — z) 3a
3HAK OMpeNeTHTENA.

609. lorazath, uToO

Tit+Ts ity 1
2 2 1

1 W
r1—% N—Y =—| |
3 2 17 2122 4
3} % 1
610. Haitttu z u3 ypabHenuft:
22 4 9 2 3 2
Lz 2 3=0 2)|z -1 1/=0
1 11 0 1 4

U mpoOBEepHTH NMOJCTAHOBRON KOpHEH B ompeleluTedb.

§ 2. CucreMul aHHefHLIX ypaBHeHHH
1°.CHcTeMa ABYX AuHefiHR X ypabBHeHUN ¢ ABYyMA HeH3-
BECTHRIMH
Mz + by =c,
(1)
asx + bay = c2
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HMEET pellleHHe

|61 bl| |01 c1

ez by az C2

p=ic2 %l 102 G @)
a b a1 b
az b az b2

OpU YCIOBHH, YTO ONPENEIHTENE CUCTEMRBl A = |g; g;| #0.

2°.CncrTeMa OIBYX OONHOPOAHHIX AHHeHHEIX ypaBHeHHN ¢
TPpeMA HeH3BECTHEIMH

a2z +hy+e2=0,

asx + byt coz =0 (3)
HMeeT pellleHHA, onpenedAcMEle GopMyTaMn
_ilh @ _ a1 o _nle &
z_kbz 62|’ y_—k|02 62|’ z_k|az 52|’ (4)

rie k¥ — MpOHSBONRHOE YHCIO.
3°.CucTeMa Tpex OAHOPOAHEIX JUHeHHHX YpaBHeHHH
TPpEeMA HEHIBECTHH MH
sz +hyt+az=0,
az22 + bay + c22 = 0, (8)
age +bay+c32 =10

HMeeT OTIHYHEIE oT peIeHEA, eelH oNpeJecdUTeIE CHCTEMEL

a b o
A= an bg Ca| = D,
ag b3 c3

H 0bpaTHo.
4°. CncremMa TpexX IAHeWHEIX YPaBHeHHN ¢ OIBYMA HeH3-
BECTHEIMHA

mz + by = o,
azz + bay = ca, (6)
age + bgy =3
a1 b o
coemecmua, Korma A = |[az b2 2| = 0 H cHcTeMa He COmEpPRHT NONAPHO
ag b3 c3

IpPOTHROPEYHBEIX YPaBHeHMU1,
5°.(McTeMa TpeX IHHeHHEXY YypaBHeHMN ¢ TPpeMA HeH3-
BECTHRIMHU
e+ biy+ ez = dy,
as® + bay + c2z = dy, (7)
a3z + by + caz = ds
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opH YCIOBHH, 9YTO OONPENeTHTCIR CHCTEMEL

a9 bl (=]
A=lag by ca|#0,
as bs c3

HMEET CAeIYInce cITHHCTBEHHOE DellleHHe:

r= A ¥ y - A ¥ = A ¥ (8)
e
di hh e di a a b dy
A,,. = dg bg cal, Ayz an dg ca|, Az = |32 bg dg .
dz b3 c3 a3 dz c3 ag b3 ds

6°. HecopMecTHH e H HeonpemendeHHEle cucreMu. (fo3na-
4uM Jieprle acTH ypapreHuil (7) gepes X3, X» u X3. Ilycrs onpenesmreins

cacremsl (7) A = 0. Jlpu 5ToM BOBMORHEL ABA NPENIIOIOMREHHA.

1. DneMeHTRI IBYX CTPOR OMpENETHTENA A NPonopYtoNaLbHbE, HATIPHMED
a—2=&—2=6—2=m. Torna Xo = mX; u:
a1 b

1) eenu dy # mdy, To cucmema necosamecmua (NepBhle NBa ypaBHEHHA
npomMUsOPENUBL);

2) eenu dy = mdy, To cucmena Heonpedeaenna (eCIH MepBoe H TPEThe
YDABHEHHA HE MPOTHROPEYMBEI).

II. B onpenennrene A Her CTPOR ¢ MPONOPIHOHAILHEIMH HJIeMEHTAMH.
Torma cymecTByOT OTIH9HEe 0T  9HCIIa ™ H 1 TAKHE, IpH KOTOPHX mX) +
+ nXs = X3, m:

1) eenu mdy + ndy # da, To cucmena Hecosmecmua;

2) e mdy + ndp = ds, T0 cucmena neonpedesenna.

HCIa M U 1 MOMEHO HogobpaTh UIU Mme HallTH UX U3 ypaBHeHHH a1m +
+ aan = ag, b1m+bgn = bs, C1m+62ﬂ = C3.

Pemnte ¢ moMombio onpenenuTesneli cucTeMHE ypaBHeHull:
3a4+2y=7 ar—3y=1
611. {4:c —5y=4b. 612. {am —2y= 2

bz + 2y =4, mz — ny = (m — n)?,
613. {7x+4y=8. 614. {2w—y=n (npm m # 2n).

Pemuth cucTeMbl ypaBuenut:
2¢—-3y+ z2—-2=10, 20 —4y+ 32 =1,
615. x+5y—4z2+5=10, 616. x—2y+4z =23,
dz4+ y—324+4=0. 32— y+5z=2.

Jz4+2y— z=0,

20 —5y+2:=0 =
617. { w_|_4y_3z=0: 618. {2$;3gi—2§:8,
i |
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3z+4+2y— z=0, x4+ 2y+ 3z =4,
619. 620.

20— y+3z=0, 22+ 4dy+62=3,
x4+ y— z=0. 34+ y— z=1.

r4+2y+32=1, z4+2y+3z= 4,
621. <22+ y— 2z=3, 622.{2x+ y— z= 3,
3a+3y+22="1. 32+ 3y + 22 =10.

623. [lepecerawTcA au B oqHOH TOYKe MpAMEBIE:

1)2¢—3y=6, 3z+y=9, c+4y=3;

2)2z—-3y=6,2+2y=4,z—5y=>57
Brinonuuth B 000uX cIyyasX MoCTpoeHue.

Petiiuth cucTeMBl nuueltHEIX ypaBueHuii:
20 — y+ z= 2, z+2y—32=23,
624, { 32 +2y+22=-2, 626.{2x— y— z=1,
r—2y+ 2= 1. z+3y+4z==6.

_ 32— y+2z=0,
626. {3"'+2y+2§;gj 627. {2x+3y—5z=0,

S¢+2y+3 z+ y+ z=0.
20— y+3z=0, x—2y+z= 4,
628. 242y —52=0, 629. {224+ 3y—z= 3,
Jz+ y—2z=0 4z — y+ z=11.

§ 3. KomniercHble 9ncia

1°. Onpeaenenna. KomndexcHvis 1tcaos HAZLIBACTCA BRIDAKEHHE
BHMIA I + g1, B ROTOPOM & H Y — BEIECTRCHHRIE YUCAA, A § — HEROTOphIt
CUMBOJI, €CJIM TIPH 3TOM TPUHATH YCAOBHA:

Det+0i=z0tyi=yinli=i (-1)i=—3

2) # + yi = @y + Y11 TOrNA M TONbKO TOLNA, KOTHA & = &y H Y = ¥1;

3) (z+vi) + (21 +wni) = (z+21) + (¥ + 0

4) (z +yi)(z1 + 1) = (221 — yn) + (e + 219)i.
W3 ycnoputt 1) u 4) nonyyaloTcaA cTeNEHU YHCA i

2 5

=1, #=—i, i'=1, *=inr 1 (1)

HKommiercrnoe umemo & + yi, B KoTropoM ¥ # 0, HASEIBAETCHA MHUMLIK
yucaos. YACHO § HaZEIBAeTCA MHumol edunuyed.

2°. NeticTBHA Hal ROMOIeKCHRIMU vYucaaMH. (aomeHHe,
BHIYHTAHUE, YMHOEECHHE U BOSBENCHHE B CTEMEHB KOMILTEKCHBIX YUCET MOMHO
BHINOAHATE WO NPABMHIAM STHX JeticTBUE HAN MHOTOYIEHAMH ¢ 3aMeHOM CTe-
meHelt uucaa ¢ mo dopmyram (1).

HemeHne ROMINIEKCHHIX YACEN H W3BJIeYeHAe KOPHA W3 KOMINIEKCHOTO UH-
cila ONpeNeNAIOTCA Kak HelicTEuA o0paTHEIE.
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3°. TpuroHoMeTpudecrad GopMa ROMONIEKCHOTO YHCIA.
KoMnuekcHoe yHcoo £+ yi ompenendeTcA Napoll BellleCTBEHHRIX duced (&, y)

H mosToMy maobpamaercd Touroli M (2 y) IIOCKOCTH HIM ee pagHyCc-BeRTO-

poM r = oM (cm. puc. 12). Tuuna srore ekropa r = +/z2 + y? HagHBa-
eTcA MoOyseM KOMIUIEKCHOTO YHCHA, & YTOMI €ro ¢ ¢ ocklo O Ha3LIBaeTcA
apeyMenmoM KOMIUIEKCHOTO Yncaa. Tak Kak 2 = rcosyp, ¥y = rsing, 10

z + yi = r(cos @ +isin ). (2)
4° NTeticTRHA HAal KOMNONACKCHEIMH YMUCIAMH B TPHILOHO-
MeTpH4Yeckoll dopme:
r(cos @ +isinp)ri(cos ey + isingy) =
= (rr1)[cos (¢ +¢1) +isin (e +¢1)], (3)

r(cospt+ising) _ v _ L. _
?'l(COS’pl-l-iSill’pl) - ™ [COS ((p (,01)-'-33111 ((p (pl)]s (4)
[r(cosp +ising)]” = r"(cos np + isin ny), (5)

¥Yr(cos ¢ + isinp) = Yr (cos 4 +n2kﬂ +isin 2 +n2kﬂ) , (6)

e k=0,1,2 - 1.
(Dopmym (5) H 6) HaznBatoTea gopayramu Myaspa.
opMyaa dilinepa:

e = cosp +ising. (7)
6% Jlorapud™M KOMNAEKCHOrO YHCIA
Inz = Inr 4 ipy + 2k, (8)

rie o — SHaYeHHe apr¥YMeHTAa (¢, FHOBJIETBODAIOIIeE HEPABEHCTBAM — <
<@ < . Bmpameﬂne Il?’+$(,00 HA3LIBAETCA 2AQGGHWM IHGUEHUCMH JIOTA-

pHCl)Ma

630. Bomoanurs neficreaa: 1) (24 34)(3 —24); 2) (a+bi)(a—bi);
B (3-20% 4 (4% ) 125 6) 1o

631. Pemuth ypaBuenus: 1) 3:2 +25=0; 2) 22 -22+5=0;
3) 22+ 42+ 13 = 0 m TpoBepHTH MOICTAHOBKOH KopHell B ypaBHeHue.

Crenywmne KOMIIEKCHEE THCNIA H300DA3UTh BEKIOpammu, ONpene-
IuTh WX MOJYIU U APIYMEHTHl U 3aMHCaTh B TPUTOHOMETPHYECKOH
dopme:

632.1) 2=3; 2) 2=-2; 3) 2=3¢; 4) 2= —-21.

633.1) 2=2-2i; 2) z=14+14/3; 3) 2= —/3 — 4.
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634. 1) V24 i/2; 2) sina + #(1 — cos @). _

635. YUncna, naunnle B 3amavax 632-634, sanucath B popme re¥
(npm —7% < @ £ 7).

636. llocTpouts 06IacTH Touek z MO YCAOBHAM:

1) |2)] < 3; 2) 2] <2 m /2 < p < 7}

3)2<|z|<dn -7 << —7f2

637. llorasarp, uTo |23 — 23| ecTh paccToAHHE MERIY TOYKaMH
2 U Zy.

638. Hana Toura zp = —2 + 34¢. llocTponTh 00MacTe ToWEK z, WA
KOTOPRIX |z — 29| < 1.

639. Yucno, conpamentoe ¢ z, obozuavaerca uepe3 Z. lokazarsh,
uto 2z -3 = |z|2.

640. Brivucnuth no popmyme Myaspa:

1) (148 2) (1 iv3)%; 3) (~1+1)5;

4

4) (1+cos%+£sin%) ; 5) (\/§+ z’)a.

841. BripasnTh sin 3o m cos 3o wepes PyHKIHH YIVIa &, HCIONB3YA
TomnecTBo (cos @+ isin a)® = cos3a + isin 3e.

642. Hafitm Bce Bmavenma z = 1 n u300pasuIpb WX pammyc-
BEeKTOpaMH, MOCTPOUB KPYT pajauyca, paBuoro 1.

643. Hatrm: 1) V/1; 2) ¥/3; 8) ¥/—1; 4) =2+ 2:.
844. Hatite: 1) v/3; 2) /=1 +73; 3) ¥/ -8 +8iv/3.

645, PemnTh aByunenntie ypapuerna: 1) z248 = 0; 2) z44+4 = 0.
646. Hafttu raaBroe 3navenne gorapadma: 1) In (—2); 2) In (1 4 7);
3) In¢; 4) In (2 + yi); 5) In (2 — 2¢).
647. Hatttu cymmy sin & + sin 22 + sin 3z + .. . + sin nz.
em’ _ e—m’

¥Yrazanue. lo dopmyne diinepa 3aMeHHTh sinx = —; MTL

848. Haiitn cymmy cos & + cos 2z + cos 3z + ...+ cos nz.
649. JlorasaTh TomIecTBO

z° — 1 = (z — 1)(2? — 22c0s72° + 1)(2° — 27 cos 144° + 1).

650. BruiyncnuTh:
) -3 2) (a + b4)® — (a — bi)2.
443
Crenyomue KOMIUIEKCHETE YHCIA H306pa3UTh BERTOpaMu, onpee-
IuTh WX MOJYIU U APIYMEHTH U 3aHCaTh B TPUTOHOMETPHYECKOH
¢opme u B dopme re¥ (mpn —7 < @ £ T):
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651.1) 2 =4+44i; 2) z=—-1+iy/3; 3} 2=1— 4.
652.1) 2=5; 2) 2= —i; 8) 2 = —/2 —/=2.

653. HocTpouts 061aCTH TOYER Zz MO FCAOBUAM
1<|2|<8 n #w/4< ¢ <3n/4.

654. lana Touka zg = 3 — 4¢. llocTpouth obnacTh TOuER z, A
KOTOpHIX |2 — 2o < 5.

855, Beruucinte no popmyae Myaspa:

6

) (1-9% 2) 2+V1D% 8) (1+cosT+isinZ) .

656. BoipasuTh sin 4o n cos 4o wepe3 HYHRIHE YITIa &, HCIOIL3YA
TomnecTBo (cosa + isina)? = cosda + isinda.

657. Hatitn Bee anauenns kopmeit: 1) &/—1; 2) /1 n n3obpasnts
uX pajHyCc-BeKTOPaMU.

658. Pemiuth ypapuenus:

1)2>—8=0; 2) 2®+64=0; 3) z* - 81=0.
659. Hatttu cymmy (cm. 3anmauy 647)

cosx + cos3z +cosbr+ ...+ cos(2n — 1)z.

§ 4. YpaBHeHna BLICIMX cTemeHell H NpHOIHReHHOE
pellicHHe YpaBHeHHI

1°. Ky6uyeckoe ypaBHeHHe:

3 tar?+bz+e=0. (1)

Ecin 1, 22, 5 — KopHE ypaBHeHud (1), To ypaBHeHHe MOKHO BaIHCATE

B Buge (¢ — z1)(z — z2)(z — #3) = 0. Ozcioma ¢ = —(z1 + =2 + 23),
b= 2122+ 2173 + 2923, ¢ = —2122%3.

Ypapnerne % + az? + bz + ¢ = 0 npuBonwTea ® Buny 2 +pzr+¢ =10
NOACTAHOBEOH & = 7 — 3 Ypaprenue 22+ pz + ¢ = 0 pemaerca mo dpopMye
Rapmano:

S I RN S iy B S £ i s
z‘\/z"' 4+27+\/2 gt =ute
2

q pa ©1 + 01
L Eciu A = T T > 0, 10 2y = 4y +v1, 23,3 = —— %
+ ud | ; ! /3, rle 4y M v; — BelllecTBeHHBIe 3HAYEHUA KODHel 4 H v.

2 3
LEmA=L 42 c0m0n =4 spoz=-sto_2
4 "7 >

_%_ 5
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II1. Ecou A = —+£<0 TO 2y —21/—2008%, 22,3=2‘/—§x
° -
xcos(3:|:120) Lae cosp = /\/

2°. 0rnencHUe BEeMECTREHHOTO ROpHFl ypapuenua f(x)=
= 0. Memny a u b conepmuTca eNUHCTREHHRY RopeHn YpaBHeHuaA f(x) =0
ecti f(a) u f(b) umelorT pasHnle 3HaKH, 8 f(#) HelmpephIBHa Ha OTPE3Ke
[a, 8] u BHYTPH Hero umeer npomsBomay f'(2) # 0. Bymem cauTath eme,

410 Ha 9ToM orpeske u f(x) #£ 0.
3°. Cnocof Xopm npHOGIHMEeHEHOr0 pelleHHA YPABHEHHA
f(z) = 0. Ilycte ap — TOT U3 KOHLOB OTpe3Ka [a, b], oTHenAIOmero KopeHs,

yh

Ha KoTopoM f{ag)f* (OQ < 0. Ttlrna npubiaReHHEM K KopHIO & Gyfier TU'-l'Pﬁl ﬁo

ay nepeceueHud ¢ Ox zopdn AR (pmc. 23):
|
Y

S UES 0} |
4°. Coocod RacaTEJIbHBl pioToHa). Ilycte Sy — ToT M3
KOHIOB OTPe3Ka [a, b], Ha K o)/ (Bo) > 0. Torma npuGaumenmeM

K KOpHIO x OyIer ‘I‘U'-I'Ra f? ceverma ¢ O Kacamesbuoll K RpABoOl §y =
puc. 23)

f(x) B TOYKe [ﬁo, (Bo)]

61 = fo— (ﬁio)

rae ky = f'(Bo).
ﬂpHMeHﬂﬂ HOBTOPHO CﬂOCOﬁ XOPH, H RaC&Te.TlBHHX, MOEHO COCTABUTE Taﬁ-
aHuIy
o181 F(@) | F(B) | k |y | Aa| AB]
T Tl T @)
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rie k ¥ ky — HaRIOHKI XOpH M KacaTelbHRIX, &

__fa) __I®
AO.’——T H Aﬁ——T

NocnenoBaTennHOCTH Mony4yacMbIX B Tabamue (2) sHaueHH#t o u 5 cxo-
NATCA K MCROMOMY KODHIO.
5°. Cnoco6 urepanuii. Ecau ypapnenue f{x) = 0 MomHo npueectn

K BHLY # = (), OpuYeM B HeKOTOPOH OKPeCTHOCTU KopHA |¢'(2)| < 0K 1u
2o — JI060€ THCIO B TOH OKPECTHOCTH, TO CXOMAIAACH IOCIeIOBATENEHOCTE
NpAMIAAREHHEIX pemennii Oymer

z1 = p(20), 22a=p(x1), 2z3=¢p(22),...

B ypaBuenmAx 3amay 660, 661 cpenm mensIx MuomnATeNeH cBoGOI-
HOT0 4lleHa NoJ0GPaTh OIHH KOPeHb, PA3NENHTh JEBYI0 YacTh Ha & — &
¥ 3aTeM HaiTH OCTAIbHEIE KODHH:

660. 1) 22— 4224+ 24+6=0; 2) 2® — 422 — 42 — 5 = 0. Pemenue
TIPOBEPHTh COCTABICHHEM BhIpameHmit

1+ 22+ 23, T2+ x2r3+ ri23, 122s.

661. 1) 22 — 522 — 2z + 24 = 0;

)zt +23+22-4=0;

3) 923+ 1822 -2 —-2=0; 4) 423 - 422 +2-1=0.

Pemnte 10 dropmyte Rapmano cienymwinue ypapnennd:

662.1) 2°—62-9=0; 2) 2*-122-16=0.

663.1) 2 —12:-8=10; 2) 22 +62—-7=0.

664. 2> + 922 + 182+ 9=10.

665. Jlano ypasuenne f(z) = 2% — 2z — 10 = 0. CocraBup Tabamuy
snaroB f(x) upu z =0, 1, 2, ..., ONpeNeNnTh IPAHHOLL NOAOKATEND-

HOT'0 KOPHA H BEIMHCIATE €ro ¢ TouaocTbio 10 0,01 no coocoby xopa u

RacaTeqbHBIX.
333

868. IlocTponte rpadmk ¢pyrRUAl y = 3 onpefednTh rpadgmue-

CKH PPAHUIL KopHelt ypaBuenus z° — 6z +3 = 0 u BHYUCANTL KOPHH
¢ TOYHOCTBIO 0 €IHHHIEL TPeTbero 3HaKa.
667. Ilo cnocoby mrTepaumit (moclenoBaTeAbHBIX Hpubiumennit)

HaliTu BellleCTBeHHBIe Kopuu ypaBemuit: 1) z° + 60z — 80 = 0
2)2°=4z; ) 22+ P2+ P=0; 4) 2t -2z -2=0.

668. IlonGopom ommoro KOpHA cpeln HENBIX MHORHTeNel cBoGOI-
HOI'0 /€HA PEIIATh YPABHEHHA:

1) 22+ 822 + 152 +18=10; 2) 2® — 322 +4=0.
JlaA NpoBepKH COCTABUTH BEIDAREHAA » &4, »  &iT; H T)1TaT3.
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689. Ilo dopuyne Kapnano peuiuTh ypaBHeHUA:
1) 22 +182-19=0; 2)22-6z—-4=0;
3)2°—324+2=0; 4)23+622+92+4=0.
4
870. Ilocrpous rpapnk PyRRUEE y = m—, ONpelelnTh IPAHHIEL

5

ropueft ypapnenus 24+ 3z — 15 = 0 u BLIYHCAUTL KOPHH C TOMHOCTLIO
a0 0,01.

871. Hatttu ¢ Tounocreio no 0,01 monoAuTeNbABE KOPHH ypaBHe-
uutt: 1) 22 +502 - 60=0; 2) 2>+ 2 — 32 =0.

672, Ilo cnocoby mTepannit naltTu BelIecTBeHHEI} KOpenb ypaBHe-
Husa 2° 4+ 22 — 8 = 0, BLIYMCIAA NocIeNoBaTedbHbe TPHOTHMEHYS N0

dbopmyie x = /8 — 2z.



I’'maBsab
BBEIEHHE B AHAIIA3

§ 1. llepeMenHbIe BeAHIHHEI H PYHRIHH

1°. Orpesku U HHTepBaah. MHomecTBO ulicen &, YNOBIETBOPAID-
IHX HEPABEHCTBAM ¢ < # < b, HA3RIBAETCA uUHMEPSAIOM H 0B03HAYAETCA
(a, b). MHomecTBO yMceld ¥, YNOBACTROPAIOIIUX HepapeHCTBaM a < & < &,

HA3LIBaeTcA ompedxos H 0bosHadaercd [a, b).
JdxBHBaNeHTHEIE HepaBeHcTBa (Ipu @ > 0)

#?<a®, wm |z|]<a, wm —a<z<a

ONpENeNAINT HHTEPBAN, CHMMETPHYHEIN OTHOCHTENEHO HYIIA.

2°. MepemMenHsle BeANYHHH A $yHEOAH. BEum kamaoMy 3Ha-
YeHUID MepeMEeHUOH # MOCTARAEHO B COOTBETCTBUE OJHO YUCAO, TO MEPEMEH-
HoA Y, onpefelAeMan COBOKYITHOCTRIO STUX YUCe/], HA3RIBAETCA OTHOZIHAYHON
Pynxtueti ¢, llepeMeHUaA & HABHIBAETCA MPU BTOM ap2yMeHinoM, 8 TaHHAA
COBORYNHOCTE SHAYCHHH aprYMeHTa — ofiacmbio onpededentis GyHRIUY,

To, YTO g €CTh PYHRIUA &, CHMBONUYECKU BAMHCKIBAIT B BHIE § =
= f(2), umu y = Fz), nan y = p(z) n 1. 0. Cumsos f(¢) unu F(z) u
T. M. 0603HAYAET 3AKOH COOTBETCTBUA NMEPEMEHHBIX & M §f, B YACTHOCTH, OH
MOZKRET 03HAYATE COBOKYNHOCMY deticmeuti HIIH oNepalwii, KOTOpEe HY/RHO
BHINOIHHATE HAJ &, YTO0H MOAYYATEH COOTEETCTEYIOMEE 3IHAUCHNE Y.

873. llocTpouTs 0GNACTH HAMEHEeHHA TEPeMeHHOH %, YIOBIeTBOPA-
lomeit HepaBeHCTBaM:

1zl <4 2)22<9; 3) [e—4] <1

4) -1l<z—-3<2 5)22>9; 6) (z—-2)2< 4

874. 3anucaTh HEpPABEHCTBAMH H NOCTPOHTh HHTEPBAILL H3MEHe-
uusa mepemenunix: [—1, 3]; (0, 4); [-2, 1].

675. Onpegenuth obnacTh n3MeneHua nepeMenuoll ¢ = 1 — %, roe
{ nprmanmaer awboe 3navenne § 1.

B zagauax 676-678 mocTpouTh mo Toukam Ha oTpeske |¢| € 3
rpadukn YKa3anHBIX QYHKUMI:

676. 1) y=2z; 2Jy=2z+2; 3)y=2z-2.
677. ) y=22% 2Jy=22+1; 3y=22-1

3 3 3
678. 1)y=%; 2)y=%+1; 3)y=%—1.
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679. llocrpouts rpapuru Ppyurnutt: 1) y = %; Qy=2%3)y=

= logy . Karymw ocobernocTs B pacnolomennn TAX KPUBEIX OTHO-
CHTENBHO OCell KOOPIHHAT MORHO 3aMETUThH’

680. IlocTpouts Ha onHoM uepreme rpadpunu dynrmouit: 1) y =
= sinz; 2) y = cos® no TOuKam, B KOTOPRIX Y uMmeeT HamGoibliee,
HauMeHbIIee u HylleBoe 3nasennd. (JIomenneM OpIMHAT 3THX KPHEBIX
NOCTPOUTH HA TOM Me yepreme rpaduk dyHKkoun y = sin 2 4+ cos 2.

681. HatiTu xopuu 2, n 2o Gynkoun y = 42 — 22 u nocTpouts ee
rpaduk ma orpeske [xy — 1, z2 + 1].
682, llocTpours rpapukn PyaEumii;

Dy=lz; 2Jy=—|z—2; 3) y=[z] —=.

B zapauax 683 686 natitn obmactu ompeleleHHA BellleCTBEHHBIX
3HaveHuit GyHKoult H NOCTPOUThH MX rpadHuKn.

683. 1) y=+v2+2; 2)y=+v9—2z% 3)y—v4w—x2
684. 1) y=+/—z++/4+2; 2)y=arcsin r- 5
685. 1) y= ﬂ%; 2) y= :|:3:y4 - X.

/16 — 22
686. 1) y = —/2sinz; 2 y= _#.

687. 1) f(z) = 22 — & + 1; Berumcnnts F(0), F(1), F(-1), F(2),
fla+1); 2) p(z) = %; Beiyncantsb (0), ¢(-1), cp(g),
1 1
o(2) 7

688. F(z) = z?%; BulyncauTs:

1) M; 2)F(“+h) F(“_h).

— 2

1(8) = 1)

#(b) — ¢(a)

690. F(z, y) = z° — 3zy — y?; Berumcants F(4, 3) n F(3, 4).
691. Oyrruna f(zr) naswBaerca wemmod, ecan f(—z) = f(z);

689. f(z) = 22, ¢(z) = =%; BEluncanTH

nenemnot, ecim f(—2) = —f(r). VYrasarh, Kakme M3 CACAYIOIIAX
¢yuRuul yeTHEIe U KaKHe HEYeTHLIE:
8in & a®
1) f@) = 25 9) ple) = 55 8) Flo) = a* +

4) &(z) = a” —i 5) ¥(z) = zrsin®z — 2% 6) fi(z) =z + 22
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692. Cepennna n1060# Xopanl rpaduka meroropolt dyukmuu f(z)
JeKAT BBIINE IpaduKka 510l QyAKIEHA. 3anmcaTh 5T CBOHCTBO QYHE-

uuu HepaBeHCTBOM. I[poBepHTh, uTo 9TuM cBoltcTBOM o6ramaeT QyHK-

una f(z) = z2.

693. Karan u3 »nemenTapnblx (yukumii obmamaer cpoficTBamMm
f1)=0, fle) =1, fley) = f(z) + f)?
694, Karan u3 »memenTapublx (yukumii obmamaer cpoficTBamMm

fO)=171)=qa, fz+y) = f(=)fy)?

695, llocTpouTs 0bMacTU U3MEHEHUA NepeMeHHON &, YIOBIETBOPA-
oLIeii HepaBenCTBaM:

Dz <3; 2)22<4; 3)|=—-2|<2; 4) (z-1)2<4

1
896, Onpenenrnth 0671aCcTh HAMEReHHA Nepemennolt © = 2+ e rue

t mpunumaeT dioboe 3Havenue g 1.
697. HocTpouts rpadukn dyaroui:
3
x
y=4- 5 T oTpeske |z] € 25
2
z
2)y =3, 5+3w—? MeRIY TOUKaMnA NepecedyeHHd ¢ 0chblo abeunce.
698. llocTpours rpapukn PyaEumii;
1) y= 2 — 4 + |z — 2| na orpeske [-2, 5];
2) y =1 — cosz na orpeske || £ 27.
699. llocTpouts rpadukn dyarouil:

4
Dy=-—; Yy=27"
700. Haiitu 0bnacTu onpenerenusa BellleCTBEHHEIY 3HaYeHUl GYHR-
nwii:
1) y=+v4—2% y=+vr+1-+/3-z;

3) y=1-+/2cos2z; 4)y=;
1+ V22 -4

M NOCTPOHTh UX TpaduKu.
701. 1) Jna dyarunn f(z) = % eeruncants f(0), f(-2),
f(_1/2)= f(:‘E - 1): f(1/2);

2) ana pynkunn ¢(z) = ¢* BEIuncANTH plzth) ; ez h)§

3) mna gynkuun f(z) = 4z — 22 Berumcnnts fa + 1) — fla —1).
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§ 2. llpepennt mocleJoBaTeALHOCTH H (YHRIHH.
Becroneuno mMannle H GecRoHeYHO GoablmHe

1°. Yucaopaa mochaenoBaTeaAbHOCTE. IlycIb KammoMy HATy-

padeHOMY uucay n = 1, 2, 3,... N0 HEKOTOPOMY BaKOHY MOCTARIEHO B CO-
OTBETCTBUE YMCIAO Xy,. TOTNA TOBOPAT, YTO STHM ONpENeleHa NOCAedoas-
MEALHOCTRD YUCET &1, £3, &3, . . . HIH, ROPOYE, HOCAENOBATEMLHOCTE {2, } =

= {2y, z3, 23, ...}. OTOeALHEIE YHCIA HOCHENOBATETLHOCTH {#,} HaBHIBa-
10TCA ee ddemenmany. TOBODAT ellle, YTo MepeMeHHAA &, NpoberaeT 3Haue-
HHE TOC/IeN0BATeNLHOCTH {Zy }.

2°. llpemsen mocaemoBaTeNbHOCTH (IpeZea mepeMeHHOMN).
YHCII0 ¢ Ha3HBAETCH npedesos nocsedosamesvrocmy {Ty,}, HaH npegenoM
IepeMeHHOM &, (06o3HauaeTcA 2, — &), €CIH 1JA BeAkoro £ >  HaltmeTea
BaBHCAINEE OT £ YUCIO g TaKRoe, YTO |&, — a| < £ A4 BeeX HATYPATLHEIX
n > ny. HHTeppan (a — €, @ + €) HA3RIBAETCA £-0KPECMHOCTLIO YUCHE &
(uau Toukn a). Takum obpasom, z,, — @ oGo3HaTaer, ITO WIA BeAKoro £ > 0
HalizeTca TaKoe THCJO fg, YTO IJIA BCEX 1 2> fig THCHA &y, OFOYyT HAXOOHTHCH
B £-ORPECTHOCTH THCIIA G.
3°. Nlpemen pyurumu. llycre pyHroua f(z) onpenenena B HEKOTO-
Olf £-OKPECTHOCTH TOYRH @, 38 HCKIICUeHHeM OBITH MOMKeT caMoii TOURH &.
Fonopa‘r, YTO yHcao b ABAAeTCA npededos Gyuxyuu fx) npu ¢ — a (mumyr

f(z) = bnpr ¢ — ¢ nan lim f(z) = b), ecnu naa moboro € > 0 cymecTyer
*—ra

saBHCALIlee 0T € yucio § > 0 Taroe, uto |f(2) — b <z mpu 0 < |z —a| < 4.
AwuanoruyHo, ]J_J_;ﬂ f(z) = b, ecnu nna ecawroro £ > 0 cymecrsyer zamuca-
r—+a

mee oT £ uucao N taroe, uro |f(2) — b < ¢ npu |z| > N. Ymorpebaaerca
Tarme 3amuck lim f(z) = oo, koTopaa o603HayaeT, 4T0 AAA BCAKOTO YHCIA
r—a

A > 0 cymectByer sapHcAmee or A uucio § Taroe, uro |f(z)| > A mpu
0<|e—a|<d.

Ecnu 2 — a u npu gToM & < @, TO TUMYT ¢ — o — (; aHaJorHyHo,
eCIH & — ¢ U IIPH 3TOM & > @, To mumyT ¢ — ¢ + 0. Yncna fle — 0) =
= lim f(z)u f(e +0) = lim f(x) Ha3BIBAIOTCA COOTBEICTBEHHO nNpeE-

—a—0 =+ a0

dedon caesa byuruuu f(x) B Toure a U npededos enpasa byuruuu fz)
B Toure ¢. HuA cymecTBoBaHuA npemeaa ¢pyHrouu f(x) npn z — a HeobXxo-
IAMO M JOCTAaTOIHO, YT00l Griao f(a — 0) = f(a+0). Bmecroz - 0—0m
z = 0+ 0 mumyr & = —0 w £ — +0 coorBeTCTBEHHO.

4°, BeckoreuHno manne Ecum li_lp a(z) =0,T. e. ecim |a(z)| < &
L=t

npn 0 < |z — ¢| < 8(¢), T0 pyHRIMA a(z) HaSBIBAETCA HECKOHEURO MAAOL
NpH £ — ¢. AHAJOTMYHO OIIpelesserca feckoHerHo Maas a(z) Ipu z — co.

5°. BecroHeuyHo Goarmue. Ecau ana moboro croae yrogHo Gonb-
moro uucia N cymectsyer taroe J(N), aro mpu 0 < |z — a| < §(N) ver-
modHeHo paBeHeTBo |f(2)| > N, 10 dyHKUMA f() HABKIBAETCA HecKoneuso
foavwod NpA £ — ¢. AHaNOTHIHO oNpelenderca GeckoHeuro Gonsman f(x)
npu 2 — co.
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702, llogaraa » = 0, 1, 2, 3, ..., HaIucaTk NMOCIENOBATEABHOCTU
3HavyeHnii NepeMenHbIX:

1 1 1\"
O.’=2—n, a=—2—n, o= _§ .

Hayuuaa ¢ kakoro n Monyiab kammnofl u3 mepemennot cienaerca u 0y-
mer ocrapaTbcA menbme (0,001, Merblle TaRAOr0 NOJOEATEIABHOTO £7
703. Hamucath mocnefoBaTelbHOCTh 3HAueHUB NepemeHHolt r =

n

=1+ %. Hauuuana ¢ Rakoro # MOAYIL pa3HoCcTU & —1 cHedaeTcd u
6ymer ocTaBaTheA menbine 0,01, MeHbIIle JAHHOTO NOMORUTEABHONO £7

704. Nprbasanana k 3 (winm BelumTad w3 3) cmavana 1, sarem 0,1,
norom 0,01 u T. 1., 3aMHCATh ¢AECATHYHBIMUS NOCIEN0BATEIBHOCTAMU
npubanmkenna nepemennoff K npegeay: ¢, -+ 3+ 0, 2, = 3 —0.

705. 3amncaTh ¢JeCATHYHBIMUY NOCHENOBATENLHOCTAMH Mpubdiu-
ReHHA IepeMeHHHX K npegenam: z, = H+0, 2z, 2 5-0, 2, —
-+ 2402, -2-0,2,=2314+0,2, 5>1-0,2, —+ 1,240,
T —1,2-0.

708. JorazaTh, 9TO lim2 z2 = 4. IloAcunTh Tabaunamu 3maseHnit
r—¥
2

zu .
707. JlorazaTh, uTo ]i_r:13 (22 — 1) = 5. llo nannomy uucay € > 0
€T

malitn mauboapmee amcio & > (0 Takoe, wToOHI npm dwboM = w3
d-OoRpecTHOCTH yucia 3 3uavenue Pyuknuu y = 22 — 1 okasamoch B
e-oKpectnocTn ynciaa 5. lloAcunTs rpadmueckn.

708. [loxazaTh, 4TO ]im1 (3 — 22 — 2?) = 4. U3 rarot nanboanL-
T——

1reft §-OKPECTHOCTH yHClIa —1 HYMHO B3ATH 3HAYEHHE &, YTOOHI 3HAa-

venne PYHRIEE ¥ = 3 — 22 — 22 oWImyanoch OT ee Tpenela MEHBIIE
vem Ha £ = 0,00017
709. Horasathk, uro sin & ecTh Deckonevno mamad npr « — 0,

Yrasaunwe. Coenats wepresx M morasath, 970 |sina| < |af.

710. loraszaTh, yto lim sin 2 = sin a.
=+

Yrasaune. llonomns ¢ = ¢ + «, COCTABHTE PAaZHOCTE SIn & — SIng H
3aTEM IOIOEHATE o — (.

711. Joxasath, yTo lim M = 3. loAcuuTh TabnunamMu 3Ha-
3 4 T=b0O T
yeHHl 2 H % opu & = 1, 10, 100, 1000, ...
-3

712. lokasarh, aro lim = 2. Ilpm kakux z 3HavennA

z—oo 22 + 1
(yEKLEA GYOYT OTIAYATECH OT CBOEr0 Npeleia merbme vem ma 0,0017
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1 — 222
713. Hoxrasarb, 9T0 xll}ngo Sy dzt —0,5. Ilpu vakux & 3pavennA
¢yrKIER OYOYT OTAHIATBCA OT CBOEr0 Ipeneia menblie wem ma 0,017
. 1 1
714. Hoxrasarb, uTo0 Jl}ngo 0,333..3= 3 COCT@aBHB Pa3HOCTH 3~
7t JHAKOB
—03°l—033‘1—0333‘ ‘1—0333 3
=y 3 1 1 3 Y LI | 3 ?\ .. ,r'
1 3HAKOR
715. HanucaTp nociieqoBaTeIbHOCTH:
n n (—1)"n
1 — .9 S . — .
)mn n+1’ )xn n+1’ 3)3711 n+1’
8 cosn(m/2 2n+ (-1)*
4)3711: ‘n+(4/); 5) &p = ?E,_)‘

6) 2, = 2" "a cosnm.

CYH.[BCTByeT aum lim Typ B RAMIOM OpUMEpEe U YeMY OH paBeH?
—+ 400

716. Hattitu lim u lim
=240 — 2  o=2-0% —

H NOACHHUThL TADIUIAMH.

717. Hatttu  lim 2Y% u lim 2% u noscuuTs Tabaunamu.
=040 £=0-0

718. BriAcHuTH TOYHRIN CMBICA «YCIOBHEIX» 3amuceft:
2 2

1) £=O; 2) a=:|:oo; 3) 3% =o00; 4) 3™ =10

5) 1g0 = —o0; 6) tg90° = Fo0.

719. llorasatk, ato lim sin # me cymiecTByeT, COCTABHB IOCIENO-
i Jesad

BaTeJbLHOCTY 3HaveHuil sin z:
1) npu ¢ = nr; 2) npu z = %+21rn; 3) npu z = _%4_27”,,
(n=0,1,2,3,4,...).

.1
720. llora3aTh, yto lim sin — ue cymecTByer.
=40 T

. .1

721. llorasath, yto lim z sin — = 0 mpu n6om cmocobe mpubdnu-
&=+0 &

menud ¥ K 0.

722. B wpyr paauyca R Bnucan NpaBHABHEIN MHO[OYTONBHAK C
YAC/IOM CTOPOH Nt B CTOpoHO a,. OnucaB oxomo Kpyra KBampar, Nmo-
Ka3aTh, 410 4y, < €, Kak Toabko n > 8R/e, 1. e. an, — 0, vorna
1 — 00,

728. Ilycts r, — amodrema TpaBAIBHOIO, BIACARHONO0 B KPYyI .-
yroabunka. /lokazaTh, uto li_En r, = R, rme R — pamuyc upyra.

Lo el
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724. Bepmiuna B Tpeyronsunka ABC mepemelaerca no mpamoft
BE || AC, meorpannuenno ylanAdck Bupaso. Hak 6ynyr mpm sTom
U3MEHATHCA CTOPOHKI TPEYTOILHUKA, €T0 MJIO0IIANb, BHYTPEHHHE YTIKI
w Bremuuii yroa BC' D?

725. Hanmucath «IecATHYHBIE? MOCIETOBATENLHOCTH NPpUbIMmenuit
IepeMeHHHX K Tpemeinam: &, + 4+ 0 2, -4 -0, 2, — -1,564+0;
Ty —+—1,5-0.

726. llora3aTh, uTo:

i w3 — o : 2 =
1)3181411139: = 27T; 2)}31_}1111(& +2z)=3.

z+2
2z

727. lokasarh, a0 lim
=00
524+ 2

= 2,5, noka3ap, 1T0 pa3HOCTh

— 2,5 ecTh GeckoneuHO Mallad NpH & OecKoHevHO OOABIOOM.

lloacanTh Tabaunett, noaaraa ¢ = 1, 10, 100, 1000, ...

728. MokasaTk, aTO li_r}n cosz = cosa (cm. 3amauy 709).
r—ra

729. HamucaTh mocaefoBaTelbHOCTH 3HAYEHHN NepeMeHHBIX:

1) mn=1+(—%)ﬂ; 2) 2y = (— 1)“+2m

2n sin !nﬁ'ﬂ!
3) z2n=(-1)"(2n+1); 4) 2, ey | .
Karaa n3 nmocrmenopaTenbnocTell mmeeT npemes upu 72 — +007

730. Hatttu: 1) lim 2Y/(==1) . 9) lim 2/(=-D),

x=+1-0 x=+140
2
3 li 3te2e. 4y | 3tg2e. 5 1 _—
), Jim 3% 4) Jim 3% 5) lm owe
2
6) lm ————7 7)

1m .
z=nf2-0 1 + 2"8“" z—r4c0 1 4+ a®

. 2 2
731. lloxasaTh, uTo n]ﬁ}ngo 0,666..6= 3 COCTABHB Pa3HOCTH 3~

2 2 Ti 3HAKOB
~0,6; 3~ 0,66;..; 2 —0,666.. 6,

1 3HaKOB

732, Ilycte @, — BHYTPERHWil yrod IpaBHIBHOLO N-YrOIbHAKA.

loraszath, uto lim o, = 7.
Te=b OO

733. Ha npomommennn orpesxa AB = ¢ cupaBa B3ATa Touka M

ua paccroauuu BM = 2. Hatttu wlingo B
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§ 3. Crofterpa mpepelnos.

8

PGCRPHTHG Heonpenenennoci'eﬁ BHIA a H —
o0

1°, llpemea mocToAHHON paBeH camoii TOCTOAHHOIL.
2°, lim{u+ v) =limu + limw,
3°. lim(wv) =limu - limw,
v limu
4°, lim— = ——, eomwm limu w limv cymecreyor 1 limv # 0.
v lime’ y y a
5°, Ecam mia Bcex 3HaveHmii ¥ B HEROTOPOH ORPeCTHOCTH TOYRH d,
RpoMe, OHITE Momer, & = , pyawumn f(x) # p(x) PaBHE W ODHA M3 HHX
HMeeT Ipenel NpH & — ¢, TO H BIOpPasg HMeeT TOT Ke Npemedl.
9To cBOMCTBO MPHMEHAETCA NMPH PACKPHITUM HeompeneleHHocTelt BHAa

Ouoo Hanpume 2?
0 m‘ p p)
22 _ o?

cTey 5° lim
r—a X —a

} ectd limu u limv cylnecTByOT.

= ¢+ npu mobrix x, kpoMe & = ¢. Ilo cRoii-

= lim (2 + a) = 2a.
r—+a

Hatttu npeneas::

o2 —dz 41 1+ sin 22
734.1) alcl—% 260 +1 °’ 2) a:—}r;lfli 1— cosda’
2 _
735. lim 2 (mofacunTh Tabnumeit).
T=2 T —
. z—-2 ) z2-9
ey Mooy

YrazaHue. Pemuts agauy 736 neymAa cmocobamu: 1) momaraa x =
= 2+ a; 2) pasuaras 3HaMEHATENb HA MHORATENH.

t H —
738. lim —oo . 789. lim ¥ T COS%
z— gin 22 zxfa  COS2Z

740. lim z 741. Iim Y%*~°

L Syien e TR L R
3/ _ 3 _
742, lim Y21 743, lim Y2 ™2~ L

o=+ 4z — 1" =40 z

Yrasanme. B zamaue 742 momomurs ¢ = 1%, a B samave 743 1 +
+ mz =5

744. lim \/1+:r:—\/1—:r:.
&=+0 T
745. lim \/1—tg:r:—\/1+tga:'

E—br sin 27
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. 221 . bat -T2
7486. 1) xllync}o m, 2) zll}rrgo W.

YrazaHUue. MomHO pelnTh ABYMA crnocobaMH: 1) pazmenun yHcIu-
TeJb U BHAMEHATelb Ha ¥ B BHICIIEl cTeneHn; 2) momomue ¢ = 1/a.

— 3—
747, Lim =1 748, lim 2.
B=$00 $2+ 1 x=boo 2 +1
. VT —62 , 3n
T Pt T
VIEF 1 1+2
751, Lim Y2t 1 gy g LE2H34+--F2

oo On—1 n—+00 Voni+1

Hatttu npeneas::

a2
753, lim 19 754. lim ——° .
s+-2 234+ 8 =43 /32 — 3
2_p_9 Vi
755, lim 22 7. lim YLTo08%
e—=—1 a341 x40  sinz
. b5x?—_32+2 ) 3n+1
787, lim 22— "2 qgg lim ——
200 222 + 4z + 1 n00 /30§ 1
. 5x? 1
759. lim =+ 21/,
T=00 el

. 14+345+...+(2n-1)
L VI Wi NI
2—+/2-3
7681, lim ——88—.
o1 22— 49
762. lim 31112:«:—(:03.2:3—1.
z—mf4  COST —ginz

+

s1n

§ 4. llpenen oTHOMIEHHA mpu — 0
Ecim yron o BeIpameH B pagHaHaX, To
lim e _ 1; lim =1.

a=0 @ a=0 Sin o
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Hatttu npeneas::

51114:1:. 764. fim S0 (;1:/3).

=0

763. lim
2—0

Yrazaunme. B 3amaue 763 yMHAOBMHTE 9HCANTENE H 3HAMEHATENE Ha 4
(uan monomuTs 42 = o).

2
765. lim 8% yge. lim 20 \5/2) (f D 67, tim 1252
=+0 X z=0 T z=0 zsinzx
768. lim ——0” 769, lim S @+ H) —sin(@ — k)

20 /2 + 2 — /2 h—0 h
t in (1 —2
770. 1) lim are ga‘:; 2) lim —arcsmﬁ( 2)
=0 X a,-n;‘z 4zt -1
YrazaHue. Homomute B mpuMepe 1) arctgz = o, a B npaMepe 2)
arcsin (1 — 22) = o

1—-cosz tgx —sina
771, lim ————.  772. lim g—.
230 22 £—0 3

Hatttu npeneas::

773. lim —° 774. lim sin 4z

z—=+0sin 3z~ =04/ 2+ 1—
/1 —cos 2z 2esina

775, lim 776. lim
£—+—0 x z30secr — 1

777, lim 2 SSMT g iy 1708 2 + tg’
20 T x40 zsine

779. li_}n;‘1 [sm (z—-2) 4 2-1/(z—-2) ] (monomurs = = 2 + ).
o _

) cos(m+h)—cos(a:— h) arcsin (z + 2)
780'1)}131-2}3 h ! 2)xl—>2 #2+22

s .2
781. lim i

z=0 /1 + xsinz —cosz

§ 5. HeonpeneaenHocTH BHAA 00 — o0 H 0+ 00

Hatttu npeneas::

782, lim (v22+3z—=2).  T83. llm( 1 __2 )
£ 00

x—1 22-1
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784. lim (Va2+z+1-— 22— z).
£ 00

was. i (25— 20,

s42\z—2 3-8

1 1
7886. li - .
250 (sinzx 4 sin? (a:/2))
14+3+...+(@2n-1)
n+3 )

787. lim [

N=+CO

788. lim (1 — 2)tg e (monomuts 2 =1-— a).
=1 2

789. Em (Ve2+1— 22 — 4z).

\ 1 4
790. lim, (:c+2 +m)°

Hatttu npeneas::

791, lim (x—+v2?-2+1). 792, lim (z—v2?-a?).
Tt 0O &=++00

793. lim (Smf —tg%).
z3wf2 \ COS“ X

794. lim

N3O0

1+24+3+...+4n2 =n
n+ 2 2

7 T
795, li (1 - —)t =Tt
w_rl;lr} \ 5 )tee (monomuth = 5 +a)

§ 6. CMeIuaHHBIe NMpHMEphI HA BEITHC/ICHHE NpEIeIoB
Haiitr npenens:

ve+4-—-2

1+ zsinz — cos2z

796.1) sl,-lfpﬂo sin Az P 2) sl:lfrﬂo sin? 2
fr-1

797. 1) lim
&x*

i
VeZ S 9) fim
Y1 N

798. lim (v2%+ az — /22 — az).
B —00
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799. 1) lim (i+2—32); 2) lim :B—sm:c.

F—boo m z—oo 1 — Bz
800. 1) zl—iprgl sinic—-i_:l); 2) xl_i}r%%
801. 1) lim %; 2) lim w
soz. 1)t ==, ) B i
N e R
804.1) Lim YITooS%e, 2) lim cos "D

{240 /T — /22 ! z——1 Jz+1°

§ 7. CpapHeHHe ecKOHETHO MANBIX

1°.Onpenenenun. Ilycrs npu ¢ — ¢ pyrsurnm a(z) n F(x) apaaorea
OecroHeurno MankiMH. Torma:

1. Ecau a]ﬂﬂg = (), To  HAa3HIBAETCA GECKOHENHO MAAOU ebvicwezo
nOpA0KA OTHOCHTEIBHO (.

I1. Ecau 311_1;11 aﬁ" = A (roHeueH M oTaudeH oT (), To § HaskIBaeTcA
HEeCKOHENNO MAA0T N-T0 NOPROKAE OTHOCHTENBHO .

III. Ecmm lim — = 1, T0 8 ¥ @ HaZHBAIOTCA SKEUCAAENMNBIMY 6ECKO-
Tera Y

HEYNO MaAbLMY, JREHBAJNCHTHOCTL B3AIIACEIBAETCA Tak: F R o,

2°. CeolicTEa YKBHBAJEHTHH X 0ECKOHeYIHO MAJNHIX:

1) PasnocTs HBYyX SKBHBaJEHTHEIX §€CKOHETHO MAJIBIX €CTh GeCKOHEYHo
MaJiad BHICIIEro NMOPAKA OTHOCHTENLHO KamIoll M3 HHUX.

2) Eciim M3 cyMMBI HeCKOABKHX 0eCKOHeYHO MalHX PA3HEIX TOPANKOB
oT6pocHTE fecKOHedHO MaJIEle BEICIIHX HOPANKOB, TO OCTABINAACA YacTb, Ha-
BEIBAEMarn 24GeHot, SRBHBANIEHTHA Beell cymme.

W3z neproro ceoficTBa clemyer, YTO SKBHBAJCHTHEIE GECKOHEYHO MAaJkle
MOTYT CAENATHCA TPHOIHMEHHO PABHEIMH CO CHOJNIL YTOJHO Mauofi OTHOCH-
TenbHOM morpemHocThio. llosToMy SHaKR &5 MEI MPUMEHAEM Hak JAA 0603HA-
YeHUA IRBUBANEHTHOCTH HeCROHEYHO MAdERIX, TAR U IJIA 3aMHCH NPHBIHMEH-
HOTO PABEHCTHA HX JOCTATOMHO MANBIX 3HAYEHHIH.

805. Onpeneauth mopaiku Geckomeyno manwpix: 1) 1 — cosz;
2) tgz — sin ¢ orrocuTenbHO Geckoreyrno manolt z. [lokasaTe ma wep-
Tee, ITO NP YMEHbIIEHHH YIJa ¥ BIBOE BellHYNHA 1 — COS T yMeHb-
1iaerca mpubIuzuTeALHO B 4eTHIpe pa3a, a BeIHYHHA tgx —sinz —
TpubAH3HTENEHO B BOCEME Pas.
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806. Onpenenutsh NopAnku OECKOHEYHO MANKIX:

1) 2sin*z — 2% 2) Vsinz+2Y 3)VI+23-1
OTHOCUTENBHO BECKOHEUHO MATOH 2.
807. OmpenenuTh DOPATOK MAMOCTY ¢CTPENLly KPYTOBOTO CETMEHTA

OTHOCUTENbHO GECROHEYHO MAOH JYIu CerMEeHTA.
808. Morasathk, aro npm & — 0:

1) sinmae & ma; 2)tgmesme; 3) 1+ -1 %m.

809. Kosdrdunuent ofbeMAOro paclOHpPeHHA Teld NMPHHAMAETCA
npubIMMeHHO PABHAIM YTPOSHHOMY K09 GUIUueHTY TuuelftHOTO pac-
mrapennd. Ha skEnBaenTHOCTH KakuX GeCKOHEUHO MAJBIX BTO OCHO-
pano?

810. Ilo Teopeme lim E = lim ﬁ—l, ecnu @ &% o, 8 &2 By u ONUH u3

o (241
TIpeneios CyIeCTBYer, HAfiTH IpPeneilk:
. sin bz . sinaz + z? . 3z+sin?z
1) lim ——; 2) lim ————; 3} lim ———;
z—0 sin 2z z=0  tgbx =0 8in 2z — «

811. HanaAa Boabl mcmapAercA TaK, 9T0 €€ PAIHYC CTPEMHTCA K
uymo. OnperenuTh NOPAIKH 6eCKOHEYHO MATBIX MOBEPXHOCTH H 00bH-
eMa Kalllln OTHOCHTEIbHO €€ pajuyca.

812, OnpeneauTh MOPATKA DECKOHETHO MATBIX:

1) V1 +2% —1; 2) sin2z — 2sinz; 3) 1 — 2cos (a:+ %)

OTHOCHTEAbHO 0ecKoHevH0 Manol .
813, Torasars, uro npm ¢ — 0: 1) arctg mz = maz;

2 Vitz—1= %m; 3) 1 —cos®z ~ 1,5sin 2.

§ 8. HenpepriBHOCTE PYHRIHH

1°. Oupenenenne. Oyurmua f(z) HasbBaeTcA Henpepuiérot NpH
Z = @, eclIH OHA ONpelelieHa B HEKOTOPOH OKPECTHOCTH @ H

lim £(2) = (@)

970 ompeneneHHe CONEPMHT TaKHE YETHIPE YCIOBHA HENpPEPHIBHOCTH:
1) f(») mommma OHTH OUpexeseHa B HEKOTOPOH OKPECTHOCTH ;
2) HONARHEI CYMIECTBOBATL KoHeuHble npegeasnl lim  f(z) m lim  f(z);
—a—0 a0

3) s1n npemean (cieBa H CUPaBa) HOJRHGI OHITE ONMHAKOBEIME;
4) 5TH Npegeiasl XOARHE 65T paBHH f(a).
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dyHRUUA HABEIBAETCA Henpepuienotl Ha ompeare [¢1, 23], ecu oHa He-
NpepLIBHA B KaEI0N TOURE BHYTPH OTPE3KA, a HA €ro IPAHHIAX lim+0 flz)=
T—+ 2y

=f@)w lim (=) = f(za)

JuemenTapHble (YHEUAA: CTeNeHHAA &", NORA3aTeNGHAA a”, JorapHd-
MHYeCKafd, TPATOHOMETPHYECKHE H HM O0pDaTHELIE, A TAKKEe HX CYMMAa, IIPO-
HABeNeHHe, YACTHOe HelPepPHBHH IPH BCAROM &, NPH KOTOPOM OHH HMEIDT
oNpefedeHHOe 3HAYCHHE,

2°. Paspumen $ynrnuu DyHROHA AMeeT padpuis IPH & = @, eCIH
OHA OUpeleIeHa CJIEBa H CNPABAa OT @, HO B TOYKE ¢ HE CONIONEHO XOTA OhI
O[IHO H3 YcIIOBHH HelpepHBHOCTH. PasnuialoT 1Ba OCHOBHEIX BHIA Pa3pEIBa.

1) Paspuie 1 poda — Korna CYIIECTRBYIOT KOHEUHRIE Openehl _l:m 0 F(2)

Fol 2 g

H x_l&ﬂ o f(2), T. e. ROrma BEIIOIHEHO BTOPOE YCAOBHE HENPEpPHIBHOCTH U He
BHINOJIHEHE! OCTalAbHEe (MM X0TA OB 0ZHO U3 HHX).

Hanpumep, pyHRIMA § = ﬁ, paBHaA —1 npu ® < ¢ H +1 mpu
£ > @, HMeeT IpH & = g pagphis I poma (pHe. 24), Tar Rak CYIIECTBYIOT

mpenensl lim y=—1u lim % =41, Ho 9TH Mpedelkl He PABHEL
Teb g} F=tati)

2) Paspus II pode — korza li_lp f(2) caepa uau cnpaea paBen +o0.
E 4 a

HanpuMep, dynruma y = f(z) = ﬁ (puc. 25) uMeer mpu z = a

paaperie II pona. Bce mpofHEle PpyRRLUAA, 3HAMEHATENb KOTOPHX NPH £ = @

yh

|

[

yA _ X |
Y | x - I
|

[

|

0 .

1+ ——
I
|
|

la

c. 24
pagen ), a qﬂ(vﬁ:‘ezm: He pz:}a‘gﬂ 0, uMewT IpH = we Il pona.
Oyrrumna f(z) ¢ 2V/* (samada 819, puc. 38 ma c. 2 wmper npu
z=ﬂ.pupﬁﬁram lim f(z)=0,m0 li 1
2——0 22—
4 |
814. YrazaTh TO4RY pa3pbiBa GYHRUHH Y = o Y HaHT a:,!}-]i;ﬂ- o Y,

lim lim H MOCTPOATH KPHBYIO IO TOIKAM
s:—>2+0y’ oo ? P pHBy

z=-2,0,1,3 4u6.



104 I'n.5. Beegenne B aHadH3

815. Hatttu ToyKu pa3phiBa M DOCTPOUTH rpaduru QpyHKRIui:
4

6
1 = ——+ 92 =1t . = —_—
Jy=-=; y=tgz; y=_——73

816. locrpouts rpadur dynrUHH
z/2 npu z #2,
ye 0 mpuz=2

¥ YKa3aTh TOUKY €€ pa3pheiBa. Hakme m3 weTHIpeX YCI0Buil HEIDEepHIB-
HOCTH B 9TOH TOYKe BRIMOAHEHL U KAKHE HE BRINOJIHEHKI?

817. lloctponTs rpadmen Qymkumit: 1) y = % nl2)y=
z+1
=z+ P HKakne u3 ycnopull HempepLIBHOCTH B TOMKAX Pa3phiBa

9THX QYHKIUN BEINOIHEHE! U KAKUE HE BRIMONHEHKI?
818. llocrpouTs rpapuk HyHKIHH

sin
—— npuz+10
y= f(IB) — T p ‘_/: )
2 nprz =10
¥ YKa3aTh TOYKY ee pasphiBa. Hakue m3 YCIOBHH HENPEPHIBHOCTH B

Hel BLIMONHEHBI H Kakue Her?
819. Ykasarb Touky paspeiBa pymKumm y = 2V/%, maiitm ximo ¥,

lim lim u nocTpoutTh rpaduk dyuruun. Karwme ycnoBua me-
$_|_+Oyax_&ooy p paduxr dy y

NPephIBHOCTH B TOYKE PASPhIBA He BHIMOJHEHHI!
820. llocrpouTs rpapuk HyHKIHH
0,522 mpu |z] < 2,
y=f(z)=<25 npule|=2,
3 npn |z| > 2
U yKa3aTh TOYKU ee Pa3phiBa.
821. Haiitn Toukn pa3pbiBa H MOCTponTh Tpadmkn GyRKIUAH
1) y= 1 2) y=arctgL° y= ﬂ.
14 oLfe’ r—a’ 2|z — 1|
822. Cronnko ONHO3HAYHKIX (DYHKUHM 3amaHo ypaBHeHmeM 2 —
— y% = 07 Oupeneants B3 nux: 1) wernyio QyRRUNIO; 2) HEUeTHYIO

¢ynKUmi0 Tak, 4ToOBI OHW mMeNn KOHewnble pa3peiesl (I poma) mpm
=41, £2, 43, ..., u nocTpouTh uX rpadukrmu.
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z .
823, Yka3aTh TOYKY pa3phliBa QyHKIUY Y= parapy HalTH :.\:—PE%-O Y,
x_ll_ll2l+0y, xlirilooy ¥ NMOCTPOHTH Tpadrk Mo Toukam z = —6, —4, —3,
-1,0,2.
824. llocrpouTs rpapuk HyHKIHH
2 npu 2 =0 u 2 =12,
y=fle)=<4—-2% mpu0 < |z| < 2,
4 npu |z| > 2

¥ YKa3aTb TOYKH pasphiBa. Iakme YCI0BHA HENpEePHIBHOCTH BEINO-
HEHBI B TOYKAX pa3phlBa W KaKue HeT!
825, Haiitn Touku pa3pbiBa H TOCTPORTh rpadmKn QyARUmil:

Yy=2- J%l; 2) y=2""D, 3)y=1-2'/%

a:3+a:.

4) y= By=2=%
2z [42 — 27|

826. Cronbko ONHO3HAYHEIX GYHKUMM 3aNaHO ypaBHenmeMm 2 +
+ y? = 47 Onpemennth w3 AEX: 1) IBe HeIpepHIBHEIC HA OTPe3Ke
|2| € 2; 2) 1y us Hux, KoTOpad oTpulaTelbua Ha OTpeske (2| <
% 1 u nosokATeNAbHA 1A BCeX OCTATBHBIX HONYCIMMEBIX 3HauyeHHH .
[locTpouTs rpabuk m yKa3arTh pasphiBHL Mociennell QyARUAM.

§ 9. AcuMmnToThI

AcuMnToTol HpuBON Ha3KIBAETCA NpAMaA, R RoTopoli HeorpaHu-
yeHHo mpufnumaercA TOYKa RpHBON OpH ee yoameHUH No KpHBoit B Gecko-
HEYHOCTh.

I. Ecan .-rl:l-IrI}x f(2) = xoo, To mpAMaA ¥ = @ ecTh ACAMIITOTA RPHBOH

a

y = f(»). Hanprmep, KpuBaa y = rAMeeT acHMNTOTY z = a (puc. 25).

II. Ecnu B nparoll yacTH ypapHeHuA KpHBoH ¥ = f(x) MOMHO BRLICAUTE
auneifHyo vacts § = f(x) = kx + b+ o(x) Tak, uT0 OcTaBmAsCA YacTb
«(z) = 0, Korma £ — =00, To IpAManA ¥ = kz + b ecTs acHMMITOTAa KPHBO.
22+ 41

22

y =2z +1 (u acumnrory & = 0); 2) xpupaa y = 2 -0+
r—a r—a

Mlpameper: 1) wprbas y = =z+1+4+ % AMeeT ACHMIITOTY

HMeeT
acmmurory ¥ = 0 (pmc. 25).
III. Ecan cymecIBYIOT KOHEUHEIE NMPemeasl lim =) =kn

T=>400 HAR =00 2

x_’+£1;1m_w [f(2) — kz] = k, 10 npamaa y = kz + b ecTe acmmuToTa.

4
827. OmpenenuTh acuMNTOTHL KpuBoft ¥ = 1 — — M HOCTPOHTh
z

KPHEYIO 0 Toukam & = X1, £2, 44,
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B zapauax 828-830 naltTu acCHMIOTOTHL KPHBRIX, BHIIEIUB U3 IpobH
TrHAEHHYI0 eJAYI0 JacTh; NOCTPOHTH ACHMITOTEI W KPHBEIE:

2 2 2
_ @41, 5, _ =
828.1) y= == 2)y= o1 3)y—m-
_ 2 . 2tz —1 _azx+bd
829, l)y—m—l, 2)y—T, 3)y—m.
_1—-dz, oz 4z —2®
83“'1)?}—1_’_—%: 2)y—ma 3)y—m.
HattTu acuMITOTHI KPUBLIX H NOCTPOUTH KPHBHIE:
831. 1) 22 — y? = a% 2) 2° 4+ y° = 3azy;
3) y==2z —2arctgz; 4) y=a.rctgaf$.
832. ) y=+z2+1—+z2-1;
1
= 2 2 _1: =3 - —,
Qy=vai+1+4/22-1; 3y== 7
4 3 2 _
833. lloctpourh kpupke: 1) y = x3—:1; 2y = % H

apaboibl, K KOTOPHIM ATH KPHBEI€ aCHMNTOTHIECKH IpHOIHMAIOTCd.

2
834. HattTu acuMnToTH KpmBHIX: 1) y = (1 - %) i 2y=—-x+

1 1
+ Sz TOCTPORTH KPHEBIE N0 TOUKAM & = :I:§, +1, £2.
835. HattTu acuMITOTHI KPUBLIX W MOCTPOUTH KPHBHIE:

x—4 z2 z2 z°
lyy=——: 2)y= 3y =———; Jy=———.
VV=geqs DV= 35 Iv=g—7 V=15
§10. Yncao
YucaoM e Ha3HBAETCA NMpemed
. 1 » . 1 n . 1!0‘
lim {1+4=} = lim [14+=] =lim(l+ea)*=e.
N=p 0D n 13 = =00 n a—0
910 4HCIO HppaUHOHAJLHOE H npubiraeHHo papmo e = 2,71828... Jlo-

rapuMEl ¢ OCHOBAHHEM € HAJEIBAIOTCH HAMYpPAAbHuiMy W 0003HATAIOTCA
log, 2z =Inz.

Hecarmunsnit morapudm: lgz = M Inz, tne M = 0,43429. ..
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Hatttu npeneas::

836. lim (1 - E) (monomuth —% =a).

n—o0 Tt

837.1) lim (1 - —) 3 2) lim (1 + —) .
n=+00 3n Tomb =00 n

838.1) lim (1+22)/%  2) lim (1 — 42)(=5)/".

. n \" . o — 1\ ¥
839.1) lim (n+1) P2 Jim (2m+1) '

. _ ] . 2. \ctgie
840. 1) Jl}rréo alln (n+3) —In=n]; 2) ll_r}no (1+ 3tgiz)cts’=,

841. lim (cos )8’ (momomurs sin?z = o).
r—0
- _ 2z _
842. 1) lim M; 2) lim £ 1; 3) lim g 1.
ar=) o &=+0 T &=+0 T

Yrasanue. B npavepe 2) noaomnars ™% — 1 = w.

8438, HaiiTn nocaenoBaTesbHbIE NeMbIe THCIA, MEKLY KOTODPHIMH
collepmuTcs Bhipamenue 6(1 — 1,017100).

Haiitr npenens:

3n _ nf2
844.1) lim (1+%) i 2) lim (n 3) .

RO =400 n
) 3z -2\ % . e _ 1
845.1) lim (3x+1) 3 2) Jim ——

846. lim (sin 2:::')"gz * (nonomuTh cos? 2 = @).
z—rf4

847. 1) 11_1210 2) ﬂ!L_rr‘_.l’o‘n[lnn—11'1 (n+2)].

t
In (14 «t)’



I'maBa 6
TMPOU3BOTHAA H THOOEPEHIHA

§ 1. IlpouspoaHkle aaredpangecKHX
H TPHTOHOMEIPHYECKHX (yHROuH

1°. Onpenenernua. Hpouseoduoil pyrrunm y = f(x) B TouRe & Ha-
SEIBAETCH TIPenen

L f@4As) - f(z) _ Ay
T Ae T asoAs .

Ecim sTor npenen soneuwwnid, To dyHrnua f(z) nasneaerca dudidepen-
yupyesnoti B TOURe &; IPH BTOM OHA OKA3LIBaeTCA 00ARATENLHO H Henpepbie-
ot B 9TOH TOURe.

Ecau me mpepen (1) paseH +oco (mam —oo), To 6yneM TOBOPUTH, YT
dyuruuA f{x) uMmeer B TouKe T GecRoHeuMYI0 NPoudeodNyo, OIHAKO mpPU
NOMONHUTEILHOM YCIOBHM, YTO (GYHRIMA B gTolt ‘I‘O'-I_Re Henpephmua

m 4
d 1

MOCHHe NPOU3BONHON HARKIBACTCA 8ug§g§epeuuuposauue.u qjymm,km
AN Ocnonﬂme dopMyan mudpdepeHUHUpPOBAHHA:

() =05 2) (2") =na""";  3) (cu) = et
)(u+v) = +v" 5) (uv) = v'v + ud/;

( ) 2‘03‘ 7)(\/5)1=$;

NMpousronuas ofoznavaerca ¥ wmm f'(x), umu . Haxo-

8) (sinz)’ = cosx; 9) (cosz)’ = —sina;
1 1
' — . r—_
10) (tgz) = p e 11) (ctgz) = prm ol
848. B lim 2 natirn npous i
- Bermmcnrenmen lim —=— malitn npoussonnsie dyrRunit:
y=2% 2)y=2zt 3)y=+  4)y=sing;
1 1 1
5 y=; 6)y=ﬁ; Ny= 3 8) y=tgz;

1 1
12) y =+ 1+ 22,
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Hatttu no ¢popmynam npon3BonHLe PyHKuit:

3
849.1) y= 5 — 202+ 40 - 5; 2)y=b"‘":°.

5 3 2\ 2
850.1)y=%—2%+m; 2)y=(1—%) :
851.1) y = z + 2/=; 2) y = (vVa—vz)*.

10 1,1 1
852. 1) y = —; Dy=s+5+5

1 1
353.1)y=m+§—5w5, 2) y = 3z — 6/z.
1 2
854.1) y = 67 — 4/z; 2)y=(1—3—\/5) :
1 1 8 6
866. 1) y=— — —; Ny=—-—=—- —.
Yy 222 323’ )y Yz Yz
856. 1) y = & —sinz; y=z—tge.
857.1) y = % cos z; 2) y = 2ctga.
2
cos e T
_ _ tez
859.1)y_1_4x, 2)y_\/a_:.
cCOS T \/9_:
860.1) f(z) = 1.7 2) @(x)=ﬁ+1-

2
861.1) s= %; 2) ¢ = a(t —sint).

3
862. f(z) = % — 22 + z; puumcants f'(0), £/(1), f(-1).
863. f(2) = 2? ! ; Barwmeauts f(2) — f/(=2).

222

864. f(z) = WET_IP; Beramcants 0,01 - (0, 01).

Haiirr nponsBoanbie GyHEUHI;
865. 1) y= (e — 522)%; 2)y= (1+ ¥=)%
1 2

1 3
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867. 1) y =« +sinz; 2) y =z + ctge.
868. 1) y = z2%sin z; 2) y=zltgz.
869. 1) y = /z cosz; 2)3:%—%

2 1 22 —1
870.1)3}—3}—5—@, 2)y—w2+1.

1)° CoST
871.1)y—(1+%) ) 2)y—m.

872. f(2) = V2?; natitu f'(—8).
T

873. f(2) = 3, 1) Haltta f(0), f(2) u f'(-2).

§ 2, lipousBognaa caomuHoll PyHKUHH

Ecum y = f(u), a u = ¢(z), To y HasuBaerca dynryuetd om Pynxyuu
HIH caoxcrotd dynxyued or . Torma

dy _dy du

—_— = 4 . I’
MopMyIkl NpeALIAYINero naparpada TPUMYT Teneph obIIHH BUI:
1) (u") = nu"y/; 2) (sinu) =cosu - o
u.f
b e o R r— .
3) (cosu) = —sinu-u'; 4) () N
’ ’
f_ . r___U
5 gy = = 6) (ctga) ==
Hatttu npousBogubie GyHKnui:
874. 1) y = sin 6z; 2} y = cos (¢ — bz).

.2 z x
875. 1) y=sm§+cos > 2) y=6cos§.

876. 1) y = (1 — 52)% 2) y= /(4 + 32)2.

877.1) y= ﬁ; 2)y=+v1-22% 3)y=+cosda.
878. y = /22 — sin 2z. 879, y = sin?z = (sinz)%.

880. 1) y=sin®z; 2) y =cos’z; 3) y=sec’a.

881. y =sin®z + cos®z. 882. y = tglx — 3tgx + 3.

883. y= v 1+cos2z. 884,y =sin+/z.
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885. y = /1 +sin 22 — /1 — sin 2z.

1 x
886. y= m. 887. y= Ctg3§.
- 2
888, y = Si(‘;s;’ 889, y = o/22 — L.
20 —1 t
890. y = +. 891. s = acos? =

892. 1) r = av/cos2¢p; 2)r= \/2t,o+ cos? (230 + %)
893. f(f) = Va2 + b? — 2ab cost; BEIUnCANTD

s, ra, 1 ().
804. f(z) = v/z + 2\/z; matitu f'(1).

Haiirr nponsBoanbie GyHROHI;

895. y = VAz +sindz.  896. y = x2/1 — z2.
897. y =sinfz + costz. 898.y= ¥1+ cosbz.
899. 1) y=tgz + gtg% + %tgf’m; 2) y = sin? 23,

_ 1+4sin22 Y L
900. = m 901. s = E — 81n E.

Viz 1
902. r = cos? (% - 4;—’) 903, y = ;’—:

904. f(t) = V1 + cos?t?; natitn f' (%) .
§ 3. KacaTearsnaa M HOpMaab K IUIOCHONM KpHBol

Yraoeoit rospdbunueHT KacaTedbHoH & KpuBod y = f(z)
B TOURe KPHEBOH (%0; Yo) poeen anauenuio npoussodnot Pynxyuu f(z) B

TOIRE Xg:
k=tgp= ff(xo) = y’ls:‘so- (1)

Yucio k HASEIBAIOT HHOITA HAXAOHOM KPHEOH B T0ure (Zo; Yo).
YpapHenne xacamesbroti B TouRe M (20; yo) Ha wpmBoil (puc. 26):

¥ —yo = k(z — z0). (2)
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YpaBHeHUE HOPMAIU:

y—y0=—7(z — 20), 3)

rae k onpegeaserca dopmyioit (1).
Orpesru TA = yoctge, AN = yotgy (puc. 26) HaznBaloTcA coor-
BETCTREHUO nodKacameabyotl W nodMopsasbio, a TAMHH orpeskos MT u
MN — nnudaMu racaTelbHON U HOpP-

905. Hatitu narmonsr napaboas:

= 22 B Tourax ¥ = +2.
908. Hanucars ypaBrenne Kaca-
Tenbuoﬁ U HOPMATH K Napabone y =
- w B TOUKe IepeceyeHHd ee ¢
(mpu 2 > 0) u mocTpouth
napaﬁony, KacaTelbHYI0 H HOPMAalb.

B zapavax 907-910 manucath

3
-
(908. K fPusoni 32 = z}{B Toukax v1=0n 2o N 1. x

B Toyke & = 2.

909. K aorony y = 172

910. K curyconge ¥y = sinz B Touke ¢ = 7,
911. llon kakuM yriaom KpuBad Y = sin & nepeceraer och Oz?
912. [lon KakuM YoM NepecekaloICA KPHBBIE

23,.'=.:c2 u 2y=8—a:2?

913. Haiitn nauny moakacaTenbroll, MOTAOpPMANH, KacaTelbuol H
uopmanu kpusoit: 1) y = 2?%; 2) y? = 23 B Toure z = 1.

914. Jlorazath, 4To MofkacaTedbHad Napaboanl y? = 2pz paBHa
yOBOeHHO} abclucce TOYKH KacaHusd, a NOJHOPMAIb DABHA P.

915. B ypapuernn napa6onst ¥ = z2 + bz + ¢ onpenennts b u c,
eciu napaGoa KacaercA npaAmolt y = & B TOuKe & = 2.

916. Hanncarh ypaBHeRnd KacaTebHHX K runepbone zy = 4 B
ToykaX 23 = 1 u 29 = —4 u HaliTH Yrod MeWIy HKacaTelbHhIMH.
[locTpouTs KprRBYI0 H KacaTelbHEIE.
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B 3apauax 917-919 manucaTh ypaBHeHHA KacaTeMAbHBIX K KPUBLIM
A NOCTPOHTH KPWBHE W KacaTelbHBIe K HHM:

917. y = 4x — % B Tourax mepecesennd ¢ ocsio O,
918. 4> = 4 — = B TouKax mepecewennd ¢ ocbio Oy.
919. 42 = (4 + z)® B Tourax nepecevenns ¢ ocamu Oz n Oy.

920. Haittu paccToArme BepIIHHEEI Napaborsl ¥ = 22 — 4z + 5 or
KacaTelbHON K Hell B TOYKe NMepeceveHud Mapabolnl ¢ ochio Oy.

921. llon wrakum yriom npamasa y = 0,5 mepecekaeT KpuBYIO
y=cosz?

922. B rawolt Touke KacaTelbHad K mapaboiae y = 22 4+ 4z mapan-
neapna ocn Oz?

923. B naroit Toure mapabonn y = 22 — 2z + 5 HymmHo IpoBe-
CTH KAcaTeNbHYIO, YTOOH oA OblNa mepleHIMEYIApHA K GuccekTpuce
TepBOro KOOPIHHATHOTO yriaa?l

924. Haiitn nauny moakacaTenbroll, MOTAOpPMANH, KacaTelbuol H

HODMalu KpubBoft y = B Touke & = 1.

1422 \
x
925. Rarkme yraer oGpasyer mapaGosa y = 7T ¢ ee Xopmoii, a6

COHCCHI KOHLOB KOTOpoit paBuul 2 w 47

§ 4. Cayuan HenudepeHuHpyeMocTH
HenpepsiBHOR GyHREHH

1°. ¥raopaa toura. Toura A(zy; y1) xpusoit y = f(z) (puc. 27)
HA3RIBAECTCA Y24080tl, eCTH B 9TON TOYKe MPOM3BOAMAA Y HE CYIIECTBYET,
HO CYIIECTEYIOT 4€648 H 71PAGAS PasiIHY-

HEIE TpPOH3BoAHEE:  lim oY ki m

aAzr—+—0 Az y‘

lim =¥ _ ka. Hz yrmoBol! TOURH BHI-
Ar=++0 Az
XOIAT JBa KACATEIBHHX JIyYa ¢ HARIOHAMH
1 H k2.
2°. Toura BO3BpaTa C BEpPTH-
KalbHONH HRacaTelbHOMH. Toura
B(zz; y2) (pme. 27) HagrBaeTea mouxod
6036pama ¢ BEPTHHRANbHOH KacaTelbHOH, -
ecau B 9Tolf TOURe MPOM3BOAHAA Y He cy-
MeCTByeT, HO CYIIECTBYIOT ACEGR U NHpd-
€48 GECKONECUNBIE NPOUIGOOHLE PASHOIO
3Haka (+oo 1 —o0). Tarad ToURa ABIAETCA YaC cygaem praosoit, H3
Hee BHIXOIHT OJHH BepPTHRAJBHEIN KacaTelabHEIH HIIH, MO?P‘HO CYHTATE,
9T0 B3 Hee BHIXOIAT HBA CAMBIOAXCA KacATeNBHBIX|ayJa.
3°. Toura meperuta ¢ BepTukanbHol kacaTeapHoti. Tou-

Puc. 2'7

ka C(z3; ys) (puc. 27) naseiBaerca moukot ne,

xacameabuoﬁ, ecqii B Hell cymecTeyeT 6 OHEeTHaA xfo%BOJIHaﬂ
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Ay . A

¥y = ml-i-lyn-oﬂ = Aal-1-1>n+n A_: = +oo (uau —oo). B raroit Toure cymect-

BY€T BePTHKAJILHAA KacaTelbHaf.

B tourax A m B dpyrmumA y = f(x) He uMeeT IpOHIBOIHON; B TOUKe
C oma HMeeT GecKoH POM3EONHYI. Bo Bcex Tpex Toumax (yHROHA
HEPepHEHA, HO ue&ugﬁgepeuuupyexa.

926. llocrponTh rpaduk dynknnu y = ve? (nanm y = [2|) n rafiTn
neBylo y_ u MpaBylo Y/, NPOM3BONHEIC B YIIOBOM Touke I'padmka.

927. Ha orpesre [0, 4] nocrpours rpaduk dynkmun y = 0,5%
X4/ (z — 2)? m nattTa neByio Y. m UpaByio Y|, NPOH3BONHEIE B YITIOBOH
TOouEKe rpaduka QOyHKOHH.

928. Ha orpeske [—, 7] nocTpouTh rpaduk pyurium y = Vsin? gz
W HAACATh YPABHEHWA KacaTeIbHBIX B YIVIOBOH TOUKEe KPHBOIL.

929. Ha orpeske [0, 27] nocTpouts rpaduk dynkunu y=+/1+cos z,
HaNuCaTh YPAaBHEHHA KacaTeJbHBIX B YIVIOBOH TOYKe KPHBOH H HANTH
Yroa MemIy HUMH.

930. Ha orpeske [—2, 2] mocTponTh rpadmk GpyHKumm § = V22 1
HaNuCaTh ypaBHeHHE KacaTelbrol B Touke T = 0.

931. Ha otpeske [0, 4] mocrpouts rpapur ¢yuriuu y =1 —
— {/(z — 2)® n naumcaTh ypapHeHme KacaTeAbHOH K meli B TOuKe
r=2.

932. Ha orpeske [—2, 2] nocTpouts KpuBy®o y°> = 42 w HaImCaTh
ypaBHeHuE HacaTedbHON K Helt B Touke & = (.

933. Ha orpesxe [0, 4] nocrpouts kpusyio y° = 4(2 — z) u wanu-
caTh ypaBHEeHWe KacaTelbHOH K Heli B Touke T = 2.

934. Ha orpesre [0, ] mocrpomTh rpadmk ¢yukomum y = 1 —
— v/cos? 2 u HallMcaTh YPABHEHHA KacaTelIbLHLIX K KPpHBOM B yIioBoH
TOIKe.

935. Ha orpesre [—2, 0] nocrpours rpadmk ¢ymERUEE y =
= {/(x+1)? — 1 n nanucaTs ypaBHeHWe KacaTelbHOH K KPmBOll B
Touke & = —1.

936. Ha orpeske [—1, 5] nocrpouts rpaduk pyurnuu y = |4z —z?|
7 HAIACATh YPABHEHHA KacaTelbHKIX B YIVI0OBoM Touke * = () n maliTn
YTOal MEemIY HUMH.

§ 5. IpousBogHele JoTapHPMHYECKHX
H NOKA38TeAbHEIX (YHROHHA

OcHoBHHE hOpPMYAEL

'
(Inw) = %; (e*Y=e*-v'; (%) =a%Ina-vo'.
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Hatttu npousBogubie HyHRUHIH:

937. 1) y==zlnz; 2)y= 1+xlna:; 3) y=1lg(52).
2 1
938. 1) y=lnm—;—m; 2) y = In (22 + 22).

1
839. 1) y=In(1+4cosz); 2)y=Insinz— §sin2w.

940.y=In (2 + 2 +1).
a? + 72 z?
o 942.y=ln1_$2.

T ooz /1+2a:
943.y=1ntg(z+§). 9‘44y=l]] 1—227.

945. y = In (= + Va2 + 22).
948. y = 2,/7 — 4In (2 + /7).

COSZ z
947. 1) y = m+lntg§; 2)y=1In

941. y=1In

2

z
V1 - gzt
948. HanucaTh ypaBHeHHe KacaTeldbHON k KpuBol y = In z B Touke
nepecesennd ee ¢ ocsio Oz. [locTpours KpHBYIO U KacaTeAbHYIO.
22
949. llorasaTh, yTo mapabona y = — KacaeTca Kpubo#l y = In z,
2e
u HafiTH Touky macamudA. llocTpouTh KpuBHIE.
Hatttu npousBogubie HyHRUHIH:

950. 1) y =22+ 3% 2) y=22.2%; 3)y=z2e".
951. 1) y = ¢*"%; 2y = e 3) y = z2e 2",
952, y = 2(e%/2 — e=%/2), 983, y = /TeV",

14 €%
1—e®’
956. 1) y= ¢ “(sinz + cosz); 2)y=In(e™* +ze™").

954, y =

x
955. y = ¢*/% cos =

957.y=1In 958, y = (% — %)%,

_¢
2241
959. 7(¢) = In (1 + a~2%); naitu f'(0).

2x

960. [lon kakuM yriom KpuBad ¥ = e°® nepecekaer ock Oy?

961. Hoxrasarb, 9T0 MiHHA M0AKacaTeNbHOMN B M1000i TOUKe KprBOi
y= e*le paBHa 4.
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962. llpenBaputenbubim JorapudMupoBannem HaHTH MPOUIBON-
uhle Gynruutt: 1) y = ¢%; 2) y = «™"7.

Haiirr npomsBoanbie GyHROHI;

963. y =Incosz — %cosz

z.
2
964.y=In(yz2—v2—-1). 965.y=In H'w—x"'l
966. y = In (sinz + /1 +sin? 2).
1
987.y=1In L. 968. y = —Intgz +Incosz.
1—a2 2

{ sin2z
969. ¥ = In m. 970. ¥= In (1 + sec :C).

971. y = aln (v/2 + a + /2) — V22 + az.

972. y = ae~*/* 4+ ge~=/e, 973, y= g(ewf'a + e—w!a)_

974.y—e+—::x 975. y = In (% + V¥ + 1).
Y 1fe,
976. y=In AT MT.y==2
+ gt '
978. f(t) =In uatttu f'(x/3).

gt

979. HanucaTh ypaBHeHue KacaTedbHO# K Kpubolt y = 1 — /2 B
TouKe nepeceyenud ee ¢ ocblo Oy. [locTpouTs KpuByI0O, KacaTeAbHYIO
U acCHMITOTY KpuBoii.

§ 6. IlpouspogHble 06paTHEIX TPHIOHOMETPHYECKHX (YHROHH

u»"

(arcsinw)’ = =; (arccos u) = — ;
v1-— V1 —u?
f u»" “
(arctgu)’ = e (arcctgu) = — T et

Haiirr npomsBoanbie GyHROHI;

980. y = /1 — 22 + arcsin .
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981. y = & — arctgz. 982, y = arcsin /1 — 4.
983. y = arcsin %. 984. y = arctg E.
985. y = arccos (1 — 2z). 986. y = arcctg 1 + i.

987.1) y = 21 — 22+ arcsinz;  2) y = arcsin (€>°).

988. y = arctgz +ln1/ 11_3 989. y = arccos %

990, y = wa,rctg% - %ln (z2 4 a?).

Haiirr npomsBoanbie GyHROHI;
991. y = arcsin/z. 992, y = arctg+/62 — 1.

1
993. 1) y = arccos (1 — 2?%);  2) y = arcctgz — =
994. y = /1 — €2* + arcsin e”.
9958, y = v arccosz — /1 — 2,

e 41

996. y = arctge?® + 1 .
y = arctge**+In T

997. s = /4t — t2 + 4 arcsin g

998, y = arccos+/1 — 2z + /22 — 4x2,
999. f(2) = (z+ 1) arctge~2%; matitn f(0).

§ 7. IpouasBognbie runepboaHYecKHX GyHRUH

e —e”? 4%
2 , 2 U HX OTHOIIE-

HHA HAZBIBAKOTCA COOTBETCTBEHHO eunepﬁo.mtcecm.uu CUHYCOM, KOCUHYCOM,
MAHZEHCOM U KoOMaHzeHcoM H 0003HAYAIOTCA

1°. Onpeaenenua. Bripamenua

ea-'_e-$ ea‘+e-s
9.ha‘:=—2 , che=—"+

shz chz
5 y th.’b’—a, ctha:_a

2°. CeoficTea runepboanvyecKuX PYHRUHINA:
1) ch?z —sh?z =1; 4) sh0 =0, ch0=1;
2) ch®z+sh?z =ch2z; 5) (shz) =chz, (chz) =shsz;

3) sh2z =2shzche; 6) (tha) = 2’ (cthe) = —
x

sh?z
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Hatttu npousBogubie HyHRUHIH:

1000. 1) y =sh?z; 2)y=2—thz; 3)y=2v/chz—-1.
1001. f(z) = sh % +ch %; natitn f'(0) + f(0).

1002, 1) y = In [ch z]; 2) y=thz +ctha.

1008. 1) y =2 —ctha;  2) y=1In[thz].

1004. 1) y = arcsin [thz]; 2) y=+/1+sh?4z.
1005. JInrnda y = %(e"‘f' ¢ 4 o=/ %) = ach% Ha3HIBAaeTCH yenHod.

Hanucars ypaBrenune nHopmainu K 310l TnHun B Touke & = . [locTpo-
UTh KPHBYIO U HOPMAJb.

1006. HanucaTh ypaBHeHue KacaTelbHOH K KpuBo# y — sha B
Touke £ = —2. llocTpouTh KPUBYI0 M KacaTedbHYIO K Hell.

1007. ,I[onaaa%:b, 4TO NpOeRNud OPOIHHATH NI0boll Toukn IemHOH

Inann Y = ¢ch — na ee mopManb eCTh BelmynHA IOCTOAHHAA, PAaB-
a
Had a.

§ 8. CMelIaHHBIe MPHMepPEI H 3aTATH
Ha nuddepeHUnpOBAHHE
Haiirr npomsBoanbie GyHROHI;

vaz-1 1 tgle
Dyv="g

1008. 1) y = — + arcsin -
1009. y = v/4z — 1 + arcctg /4z — 1.
1010. z = In (e** + 1) — 2arctg (¢*).
1011. y = 41n (v/z — 4) + /22 — 4z.

+ In cos z.

1012. s = itg“t - %tgzt — In (cost).

1018. f(z) = (2% + a?%) arctg% — az; natttu f'(a).

2
1014, 1) y=In [w - %]; 2) y = z(coslnz +sinlnz).

1015. f(z) = arcsin z ; matttu f'(5).

1016. o(u) = e %/ cos E; noka3ars, a0 ¢(0) + ay’(0) = 0.
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1017, f(y) = a,rctg% —In {/y* — a?; malitn f'(2a).

2

cos® z s T
1018. F(z) = —= 2 1okas F(3)-3r(3) =3
(2) Trein?s TOKa3aTh, 4TO 2 1
1019. lloxazath, uTo GYHRUHA § = it yIoBnersopaeT audde-
n
PeHIHANBHOMY YPaBHEHHIO td—': + 5= —ts2,
t— e_‘z
1020. Ilorasarh, 4To PyHKIAA & = o YHOBIAETBOpAET Ird-
dz
¢epennHalbHOMY YPaBHEeHAIO {— + 22 = et

dt

§ 9. lipousBogHEie BHICIINX NOPATKOB

Tlycrs Mer Hamau gad oyaxomau y = f(z) ee npomssomayo ¥ = f/(z).
llpomaBomran oT 9TOi NPOA3BOTHON HABLIBAETCA npouaeo&uzoﬁ 8MOpo20 NO-

padxa pyrrunn f(x) n oGosnavaerca ¥’ wim f"(x) mm Eg' Aunanormyno

OOpeneIAKTCA H obosHAavaTCA

npouseoduas mpembveeo nopadra ¥y = f(2) = —

npougeodnas wemeepmozo nopadxa y¥ = fIV(z) = —
H Boobme

_ Py

npouseodnas n-zo nopadra y™ = f(z) = Zan

1021. HaitTa npou3BOIAYH BTOPOTO NMOpAIKa QyHKIAH:
1) y=sinz; 2)y=tgz; 3)y=+v1+z2
1022. HatiTH mpoH3BONHYIO TPEThEro NopAnka GYHRUHH:

1) y = cos?

1 .

T 2)y=§; 3)y=zsinz.
1023. HaitTn npou3BOIAYI TPeTbero MopAIKa BYHKIHH;
Vy=zlnz; 2)s=te?; 3)y=a.rctg%.
1024, 5 = E\/2 — #2 4 arcsin L HaltTu ﬁ

T2 V2’ des’
Halitr npon3BoanyI0 n-ro TOpALKA PYHEOHH:
1025. 1) e=%/%; 2) Inz; 3) V.
1026. 1) z™; 2) sinz; 3) cos’a.
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1027, NocaenoBaTeabubiM AuddepennupobanueM BHIBECTH Gop-
MYIH JefiGauna;

(uv)” = w'v + 2u'v’ + wo”;

(uv)fﬂ' — uf.f.fv + 3,“!!”! + 31{;’”” + uva"ﬂ';

(wv)V = «Vo + 40"V + 600" + 4u'v™ + wo' u 1. 1.

1028, Ilo dopmymne JlefiOrnua nalfiTh IpPOR3BOIHYK BTIOPOTO MO~
pAnka PyHRUHHK:

1) y=e€"cosz; 2)y=a®z% 3)y=zlsinz.

1029. Ilo gopmyme Jletibuuna maliTu NPOU3BONHYIO TpPEThero mo-
pALKa OYHKOHH:

1) y=esinz; 2)y=2%lnz; 3)y==zcosz.

1030. f(z) = ze®/%; matttn f*(z), fO)(z), F™)(0).

1081. f(z) = (1 + #)™; matize f(0), f'(0), f(0), f"(0), ...
<o FON0).

2

1032. f(z) = ﬁ; NoKa3aTh, 4TO IpH 1 2 2
n ne11l1:3:5....-(2n -3
f) = (a8 B m Y,

1
1033. f(z) = T— 53 TloKa3ath, 110

n! nmpm n=2m,

f(n)(0)= {0 mpu n=2m-—1.

Yrasaune. llpuMernATE TORIECTED
1 1 1 1
1— 2 _5(1+x+1—x)'

1034. Tpoauddepennupopas Tomnectso (z — 1){(22 + 22 + ...
.ot 2™) = 2™+ — 22 Tpu pasa mo & u nonomus 3aTeM x = 1, waktTu

e —_—
cymmy > k(k—-1) = (n+ 1)?31(?1 D U 3aTeM CYMMY KBalpaToOB
k=1
yuces HATYPAlbHOrO paja
b1
1)(2 1
S E=12422 4 pal= nn + )6( ntl)

k=1

1035. HattTn mpou3BONHYIO BTOPOro HOpANKa GyHKIMU:

y= e 2y y=ctge; 3) y=arcsin %
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1036. HattTn mpou3BOIHYIO R-T0 MOPAIKA QYHKIMUM:

)y=6% 2y= 2

1_'_;23:; 3) y=sin‘z.
1037. f(z) = arcsin %; watttu f(2), f'(2) u f7(2).

1038. Ilo gpopmyme Jletibuuna maliTu MPOU3BONHYIO TpPEThero mo-
pALKa OYHKOHH:

1) y = 2%%; 2) y = 22sin E; Ny=zfle—2z)+3f(ea—2).

1039. TloxasaTs, 9To GYHROHA ¥ = €” COST YHOBIETBOPAET TH(-
(pepennuamsroMy ypapuernio y!V + 4y = 0.
1040. orazath, yTo Gyuknua y = ze~1/?

mmio 2oy —zy' +y = 0.

1041. f(z) = #%¢*/%; noxasats, 110 f(M(0) = %

yIOBIETBOpAET ypaBHe-

1042. f(z) = €~%"; noKasath, 410
F®(0) = —2(n - )F0-D(0), FEm-D(0) =0,
0= (-2)"(2m - 1)(2m—-3)-...-5-3- 1.

1043. f(z) = 2™; noka3aTh, 4TO

s+ 80 L

O _ o
9! Do

tot =
.

§10. llponasopnan HeapHofl PyHRIHH

Ecnu ypasuenne F(x, y) = (), HepaapeleHHOe OTHOCUTENLHO Y, ONpeNe-
fIAeT ¥ KaK ONHOZHAYHYIO QYHKLUAIO £, TO ¥ HA3HIBAaeTCH HelfsHot (yHRLMel
2. YTo6rl HaliTH TpOHAEOOHYIO ¥ 9TOH HerABHON (YyHRUAN, HYMRHO 00€ JacTH
ypaprenud F(z, y) = 0 npomadrbepeRUrpoBaTs N0 &, PACCMATPHBAA Y KAK
dyuroHIo or . H3 nmonmyuernoro ypaBHeHAA HalileM HCKOMYIO TPOHIBOTHYIO

. Yrobm maiitk ¥, Hymmo ypapHenme F(z, y) = 0 mpamuer npomAdde-
PEHOHPOBATE MO £ H T. 1.

Hatitr 4’ u3 ypaBrenuii:
2

2
z
1044. 1) 22+ y?2 = a2;  2) y? =2p2; 3) ol

Y
b2
1045. 1) 22 + 2y +y>=6; 2) 22+ 3y —2y=0.

=1.

1046. 1) 2/3 4 y2/3 = q2/3; 2)e¥—eF+azy=0.
1047, e siny — e Ycosz =0,
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1048. 2 = y + arcctgy.

d
1049, ¥ — 22 + y® = 0; malitn ﬁ npu x = 0.

1050. Hatitn y" u3 ypaBuenmit:

1 22+y?=a? 2azx+by—zy=c; 3)2"y*=1.
2 g

1051. 5 13

1052. HanucaTh ypaBHeHHA KacaTelbHEIX K KpuBolt 224 y2 440 —
— 2y — 3 = 0 B Toukax nepecesenns ee ¢ ocbio Oy,

1053. HaiiTn Touku Nepeceyenus HOpMalu rumepbonnt #2—y? = 9,
npoBegenHoit n3 Toukm (5; 4), ¢ acumnToTaMmM.

1054. Hanucars ypaBmenme KacaTenbuoli B Touke (%o; Yo) K Kpm-
Boil:

= 1; naiita y” B Toure (0; b).

‘2
)—+—=1; 2) y* = 2pz.

1055. HanncaTh ypapHeHus KacaTelbHBIX K acTponte 22/34y2/3 =

= 4%/ B TouRax Tlepeceuennd ee ¢ IpAMON i = T,
1056. Ilox kaxkum yraom mepecekaloTcA KPUBRIE

22 +y* =5 n y® =427

1057 Hatitu 3 u3 ypaBuenuf:
y?
1)—+——1 2) 23 +y® — 3azy = 0.

1058. Hatitn y" u3 ypaBuenmit:

Yal-y?=d*  2)(z2-0)+(y-5* =R

3)arctgy=z+y; 4)z2+2y+y?=d%

1059. HanucaTh ypaBHeHHA KacaTelbHLIX K OKpymHocTH £24y2 +
+ 4z — 4y + 3 = 0 B Tourax mepeceuennd ee ¢ ochio O, IlocTponth
OKPYMHOCTE H KaCATENBHBIE.

1060. HanmcaTh ypaBrenune KacaTelbHON K saauncy 2+ 4y% = 16
B TOuKe, B KOTOPO# HeAnTCA TONONaM OTPe30K KacaTelbHOil, 0TceYeH-
HEL 0CAMU ROODAMHAT, W KOTOPAA NeRUT B MEPBOI YeTBEpPTH.

1061. te—*/2 4 se~t/2 = 2: natitu % npu t = 0.

d
1062. tlnz — zInt = 1; maiitn d%: nprt=1.

1063. % sin y — cos y + cos 2y = 0; maittu y' pu y = 7 /2.
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§11. Iuddepennnan GpyHRIHH
Ecim ¢ynkoua y = f(z) muddepeHnupyema B TouRe &, T. e. HMeET B

9TOM TOUKE KOHEYHYI0 MPOU3BOAHYIO 4, TO A—g =y +oa rmea—0opu

Az — 0; orcroga
Ay=y Az + oAz (1)

I'sasnas wocmv ¥ Az nprpamenna Ay (yHROHH, #uHetiNGR OTHOCH-
TennHo Ax, HaswBacrea Judifepenyuaionm dyunuu u obozuavaerea dy:

dy = ¢y Az. (2)

Nonomue B hopmyne (2) y = ¢, monyuum de = #’Az =1-Ae=Az, u
HO3ITOMY

dy = ¢/ dz. (3)

Qopmyna (3) BepHa W B TOM CiIyuae, €CIA & eCTh (PYHRLUAA HOBOH Tepe-
MeHHoIt {.

Hz (1) caenyer, uro Ay =3 dy, T. e. TpH mocTaToIHO MadoM dz = Ag
npupawente GYHRUNH TpHOAMMeHHO paBHo ec Judidepenyuaay.

B uactHOCTM, nnA aHHetiHot! dyHEUHM ¥ = ax + b uMmeem: Ay = dy.

Hafitn mnd¢epenunaarl Hyurnuii:

1064, 1) y = z™; 2) y =22 — 322 + 3.
gt?
1065. 1) y = +/1+ 22 2)8=T'
. 1
1066. 1) r =2¢ —sin2¢; 2) = iz
1067. 1) d(sin?¢); 2) d(1 — cosu).

1068. 1) d (% + a.rctg%) i 2) dla+Ina);

oy, nl
3)d (cos E) ; 4)y d (arcsm a:) .

1069. Haxomaenuem muddepennuana KamIoro yileHa YpaBHeHUA

dy
HaliTH —— U3 YpaBHEHu:

de
Da?+y*=da% 2ay=a? 3)22—zy—y®=0.
1070. 1) y = 2%; maitTu npubanmenno uzmenenue y (Ay = dy),
Korfa & uamensercda of 2 go 2,01; 2) y = /2; nalttu npubanmenso
H3MEeHEeHne Y, Korga ¢ m3menderca or 100 mxo 101.

1071. 1) Cropona ry6a ¢ = 5m£0,01m. Onpeneauts abconior-
HYH0 U OTHOCHTEIbHYI0 NOTPEIIHOCTh IPH BHYACICHAR 00bemMa Kyba.
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9 2
2) Nnwra Tenerpadmoro mpoeoma s = 2b (1 + 3—{2 , rme 2b —
paccTodAnue MemAy TOYKamu TogBeca, a f — Haubonblu#t mporub.
Ha ckoabko yeemmurTca nporaé f, Koraa NpoBOX 0T HAr peBaHHA YLIH-
HUTCA Ha ds?

1072. 1) C rarol TOYHOCTBHIO HYMHO M3MEPUTh abCcluccy KpuboH
y = 22/7 npu = < 1, 4T06Hl NP BHYACIACHAN €€ OPIAHATH IONY-
CTHTh NOTpemnrocTh He Gomee 0,17

2) C KakKolt OTHOCHTENLHOH TOYHOCTBLIO HYMHO UIMEPUTH Pafuyc
mapa, 1700k NPy BHIYACACRAA 00beMa Mapa JONYCTHIE 0T PellHOCTh
re Goaee 1%?

1073. OnpenenuTh npubaumenyo: 1) MIomaab KPyroBOro KOJAbLA;
2) o6bem cpepuveckost 0boaouku. CpaBHATH € UX TOYHBIMU 3HAUCHH-
AMH.

Hatttu mudrdepennuanst dyuruuit:
1 1
1074. ) y=—— =3 2)r=cos{a—by); 3)s=+v1-12

z 22’
1075. 1) y=Incosz; 2) z=arctg/du—1; 3) s=e" 2.
1076. 1) d(y/z+1);  2) dtgo — a); 3) d(bt — %),

1077. 1) y = 2>; onpegenuts Ay u dy u BHUMCAMTb uX IpH
u3MeHesuu & ot 2 mo 1,98.

2) llepuon ronebanua maatuuka T = 27+/1/980¢, rne { — nanna
MaATHWEKA B canTnMmerpaXx. Hak Hy®RHO m3MeHMTb INIHHY MaATHHKA
{ = 20 cM, yT06L1 nepuon koneGanua ymeubinuiacd ua 0,1¢?

3) C Kakolt TOYHOCTBIO HYRHO M3MEPHTH abCUMCCY KpuBOH 2y =
=4 npr ¢ 2 0,5, yTo0BI IpH BEIYACIEHHA €€ OPIAHATHL JONYCTHTH
norpemxocTh He Honee 0,17

§12. llapamerpHYecKHe YpaBHEeHHA KpHBoft

Ilycts xpuBad 3agaHa MapaMeTPHYeCKHMH YpaBHeHuamu = f(t) u
y = (). ObosHauad TOIRAMHA NPOMSBOXHLIE 10 NAPAMETPY, HalifeM:

dy g dy_dfs) _ ge—y
de & dz? dz 3
1078. IlocTponTh KpHBEIE N0 TapaMeTPHUSCKAM YPAaBHEHHAM:

1 3
1) z = t2 =—t3 zr=t% y=——1t.
)z Y =5t ) @ Y=g

Hewniouur u3 ypaBHenuft {, HamHcaTh ypaBHeHHe Ramuofi Kpuro# B
oberanom Brme: F(z, y) =0.



§ 12. IllapamMeTpaYecKkAe ypaBHEHAS KPHBOH 126

Ipusectn & Buny F(z, y) = 0 (uau y = f(2)) ypaBuenua kpu-
BHIX, 3aIaHHBIX NapaMeTPAYeCKH:

1079. 1) z = acost, y = bsint;
2) ¢ = acos®t, y=asin>t.
et et ef —et
2 ¥ y = 2 ;
2) z =tgt, y=cos?t.
1081. llocTpouth ¢pasBepTRY?, HIH IBOJLBEHTY», KpyTra (CM. 3a-
magy 368)

1080. 1) z =

z = a{cost+tsint), y=a(sint —tcost),

mapad t smavenun: 0, #/2, w, 3x/2, 2x.

1082, Mlonomup ¥ = 2f, NOAYYHTh MapaMeTpuuyecKHe YpPaBHEHUA
«IeKapToBa aucTay o+y°—3azy =0 (cm. samauy 366) m nccmenoBaTh
ABHREHHEe TOUKH IO KPHBOA IpH MOHOTOHHOM m3menenwmn & 1) or 0
10 4003 2) ot 0 1o —1; 3) o1 —o0 1o —1.

1088. HanmcaTh ypaBreHue KacaTeNbHON K UnKIOnZe (CM. 3amavy
367) z = a(t—sint), y = a(l—cost) B Touke, rne t = 7/2. llocrponTth
KPUBYI0 H KAaCATEIBHYIO.

1084. HanucaTh ypaBHeHue KacaTelbHOM K runonuknoume (acTpo-
nne) £ = acos® t,y= asin®t B Touke ¢t = 7 /4. MlocTponTh KPHBYIO H
KacaTelbHYIO.

Yrazanue. [Ina nocTpoeHUA KPpHBOH COCTARMTE TAGIUILY 3HaYeHUH &
uynpui=0; o/4; n/2; 3rfdur. 0

1085. Hatit dy 3 ypaBHeHHH
. H ——F H HEHHH:
da? yp
1) 2 =acost, y=asint;

3

2) z =2, y=%—t;
3) z = a(t —sint), y=a(l — cost).

1086. llocTponTs KpHBHE, 3alanHble TapaMeTrPHICCKAMH YpaBHe-
HUAMHW:

De=2t-1, y=1-4t% 2)z=13 y=12-2,
HaliId TOYKH Nepecedennd nX ¢ OCAMH KOOPAHHAT 1 3aMeTHB, IT0 1A
d;
BTOpOH KpuBoi W_ npu t = (. Hamucarh ypaBHeHus KPHBLIX B

Bune F(z, y) = 0.



126 I'n. 6. Ilpomeeogmaa n gugdepenanan

1087. HanucaThs ypaBHeHue KacaTelbHol K UHRIOHIE
z=ua(t — sint), y=a(l-cost)

B Touke { = 37 /2. IlocTponTh KPHBYI0 W KacaTeNbHYIO.
1088. HanucaThs ypaBHeHue KacaTelbuolt K pa3BepTke Rpyra

z = a(cost+tsint), y=a(sint — tcost)

B Touke t = 7 /4,
2

1089. Hatitu % H3 ypaBHEeHHM:

1) ¢ =2cost, y=sint; 2)z=¢t% y=t+1%

3) z =€, y=¢€*.
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NNIPHIOREHHA HPOHSBO,[[HOﬁ

§ 1. CropocTs M ycropeHue

llycrs Toura memmercs nmo ocn O W B MOMEHT { WMeeT KOOPLHHATY
z = f(¢). Torna B MomeHT ¢

.
eropocmy v = lim —= = —,
Av  dv  d%z

cropentie w= lim — = — = —.

yewop a0 At &

1090. ernTHHi cHAPAN BHIOPOIISH BEPITHKAIBHO BBEPX ¢ HAYAIb-
Ho#t cropocthlo @ M/c. Ha kawolt BLicoTe z om Oymer uepes ¢ ce-
kyria? OnpemelnTb CKOPOCTDb W YCKOpeHHe IBHKeHHA cHapAna. Yepes
CKONILEO CERYH ]| CHAPA JOCTUTHET HAUBLICHICH TOYKY M HA KAKOM pac-

CTOAHHH 0T 3eMIIn’ 5

t
1091. Teno npumerca mo npamolt O no 3akony x = — — 2t2 + 3¢,

QupeneanTs CKOPOCTh M YCKOpeHHE IBrEeHHA. B KaKkme MOMEHTH
TeJI0 MeHAeT HANPABIEHHE NBHBEHUAT
1092, KonebaTenbnoe IBHAeHHE MATEPHAAbHON TOYKH COBepIla-
eTcA no 3aKoHy ¢ = ¢ coswi. OnpemennTh CKOPOCTb m YCKOpPEHHE
OBumeHusA B ToukaX ¢ = +e u & = (0. llokazath, uTo YcropeHue
2
d_:c H OTKAOHEHHEe T CBA3AHH «Iu{epeHIralbHbEIM? YDABHEHHEM

dt?

d2z 2
diz :

1093. Bpamaroineeca MaxoBoe Kojleco, 3alepRABaeMoe TOPMO30OM,
3a | cerym] MOBOpavyMBaeTcA Ha yrol ¢ = a + bt — ct?, roe a, b u
¢ — NOJI0AHTENbHEE nocroAnuble. QupemeanTs YINOBYIO CKOPOCTb H
yckopenue Bpalienusa. Korna romeco octanoBuTcA?

1094. Honeco pamuyca & RaTuTcA mo npAmoft. Yroa ¢ noBopoTa
2

t
KoJleca 3a { CeKyHI onpeneNAerca ypapaenneM ¢ = t+—. Oupeneaunrsb
CKOPOCTh H YCKODeHHe IBUREeHHA UeHTpa Kojeca.

1095. [IycTh ¥ — CHROPOCTH M W — YCROPEHUE TOYRH, TBUmYIIeca
mo ocu Oz. llorasars, uwTo wdzr = v dv.
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1096. Touka ABUMETCA NPAMOTUHEHHO TAR, YTO v = 2az,rHe v —
CKOpPOCTb, & — npofizennkt nyIb n ¢ — nocroArmad. (OupeneauTsb
yCKOpeHHe JBUKEeHHA.

1097. Teiuo ¢ Beicorhl 10 m Gpollleno BepTHKAIbHO BBEPX C HAYAIb-
rolt ckopocTso 20 M/c. Ha xaroit BeicoTe & 0mO Oymer uepes ¢ ceRyra?
Onpenenuth CKOPOCTh u yCKOpeHue ABuReHuA. Yepes CROABKO CeKYHN
T€JI0 HOCTHTHET HamBHICLIE} TOYKE m Ha Kakoll BEIcoTe?

1098. Cocyn B dopme momymapa panuyca Rcm manonuaerca Bofno#
¢ mocToARHON cKOpocThI0 G a/c. QupemeauTh CKOPOCTH NOBHIIEHAA
YPOBHA HA BEICOTE YPOBHA hCM H MOKa3aTh, 4TO 0HA 0OPATHO mMpoOmOp-
MUMOHATBHA MIAOMAaAH CBOGOIHON MOBEPXHOCTU MHIKOCTH.

Vrazanue. O6heM mapoporo cerMenta V = wh? (R— g) 06e

d
YACTH 3TOT0 PABEHCTRA HY®HO NpontddepeHIIHPOBaTh Mo {, TpHYEM EV =a

(mo ycmoenmw).

1099. 3aBrcHMOCTD MERIY KOIHYECTBOM % BelllecTBa, MOJdydae-
MOTO B HEKOTOpON Xumuyeckol peakiuu, u BpeMeHeM ¢ BHIpamaeTca

ypasuermem ¢ = A(l — e~*). Oupenenuts ckopocTs pearunm.

d dw
1100. llycTh yrnoeas cROpoCTh ¥ _ &, JII0BOe YCKOpeHUue — =

d(? dt dt
= ¢. llorasath, yT0 % = 2¢.

§ 2. TeopeMsI 0 cpemmeM

1°. Teopema Poanaa. Ecau f(z): 1) HenmpephiBHa Ha oTpeske [a, 3],
2) mMeer NPOM3BONHYI0 BHYIPH Hero, 3) f(a) = f(b), To Memny e n b Hail-
LETCA TAKOE & = ¢, IPH KOTOPOM

fley=0. (1)

2°. Teopema [Jarpamma. Ecm f(z): 1) menpeptipra Ha oTpeske

[a, 8], 2) nMeer mpouaBONHYIO BHYTPH Hero, TO MeRIY ¢ W b Haiimercd Takoe
Z = ¢, IPH KOTOPOM

F(6) — f(a) = (b— a) f'(c)- (2)
3°. Teopema Komu. Ecau f(z) 1 ¢(2): 1) HenpephIBHEI Ha OTpe3ke
[a, B], 2} uMetor mpouaBONHKIle BHYTPU Hero, mpuyeM ¢ (2) # 0, To Memny a
H b HalileTca Taroe & = ¢, MPH KOTOPOM
) - 1@ _ £
p(b) —pla)  ¢(o)

(3)
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OTH TeopeMHI HOCAT HAZBAHUE TCOPEM O CPEAHEM MOTOMY, UTO B HHX
TOBOPHTCA O HEROTOPOM 3HAYCHUU & = ¢, CpefueM Memny a u b.

Feomerpuuecru Teopemnul Poana u Jlarpauma yTeepMaaoT, UTo Ha Ayre
AB HenpeprBHON KpuBoH y = f(2), HMewmel B KamAOH TOURE ONpEICTEH-
HYI0 RACATEALHYIO M He MMelollclt TOYeR Bo3BpaTa, HalileTcA BHYTPEHHAA
TOYKA, KACATEIbHAA B KOTOpOl MapaineabHa xopae AB.

Ha myrax, comepmamux yIIOBHE TOYRH MJIH TOUKH BOSBPATA, YCIOBHA
TEOpeM 0 CpedHeM, OYEBHIHO, He BEIIIOIHEHH.

Teopemy Poana B yacTHoM cayyae mpu f(3) = f(a) = 0 dopMyanpyior
TAK: MeAIY ABYMA KOPHAMHE & U b pynrmuu f(x) Halimerca mo rpaiineli Mepe
OLMH KOPeHb ee ponaeonHol f'(x), ecim f(z) HenpepoiBHa Ha oTpeske [a, b]
H FMeeT IPOHIBOIHYI0 BHYTPH HErO.

1101. lposepuTs, uro MemAy KoprAmu Qpyrrunn f(z) = z2—4z +
+ 3 maxoanTca Ropenb ee mpousBonuoh. IoAcHuTH rpaduyecky.

1102. lpumennma 1u Teopema Ponna k ¢pyuxnuu fz) = 1 — V22
ra orpeske [—1, 1]? IoacanTb rpaprueckn.

1108, locrponts nyry AB kpusoit y = |sinz| na orpeske

- J 2, w/2). llouemy ua Ayre HeT KacaTeabHON, Hapamdelbuod Xopre
B? Karoe n3 ycmopuii Teopembl PoitiiA 3mech ne BBINOIHEHO?

1104. B kakofi Touke KacaTenbHad K mapaboide y = 22 mapai-
nenbua Xople, crAruBaiouieit Toukn A(—1; 1) u B(3; 9)? Hoscuuth
rpajpuyecru.

1105, Hanucars dopmyny Jarpanma naa ¢oyukouu f(z) = =% Ha
orpeske [a, b] m natttu ¢. NoAcaurs rpaguueckn.

1106. Hanucats ¢popmyny Jlarpauma nasa pynruun f(z2) = /2 na
orpeske [1, 4] u natitu c.

1107. llokazath, uTo Ha orpeske [—1, 2] Teopema Jarpanma ue-

3
npumenuma K dyuruuam — u 1 — /22, lloacuuth rpaguyecku.
T

1108, lloctponts AB kpueoii y = |cosx| na orpesre [0, 27/3].
Iovemy wa myre meT KacaTelbHoOH, mapaidenbuolt xopne AB? HKawroe
n3 ycioBuli Teopemsl Jarpanma 3neck He BHIIONHEHO?

1109. llycte f(z) = {T EEE i ;g‘ [locTponTs rpadur sroit

¢yuKkinuu u, B3AB Ha Hem Touku O(0; 0) m B(2; 1), nokazaTh, uTo
ve®ay O u B na sTom rpapmKe meT TOuKu, KacaTelbHad B KOTOpoft
ovrna 661 napaaaensra OB. Hakue ycmoBua teopemsl Jarpanma man
9T0# QynKunn Ha orpeske [0, 2] BEINOAHEHEI H Kakue HET?

1110. Iloe3x npoies paccTOAHHE MeRIY CTAHUHAMH CO cpegHei
ckopocTsi0 Vg = 40 Km/u. Teopema Jlarpanma yreepmpmaer, aT0 GELT
MOMEHT IBH/KeHHA, B KOTODHIl mcTuHHadA (a He CPeXHAA) CKOPOCTB

ds
ABMAEHHA — Oeuta paBua 40 km/4. lloxasars ar0.

d



130 I'n.7. llpricxerns NpOR2BOSHOH

1111. [lano, uTo f(2) uempepriBna Ha oTpeske [a, b] u umeer npo-
H3BONHYI B Kamuol Touke BHYIpu mero. llpmmenne Teopemy Pomns

® dyHRUHH
z f(z) 1
(z)=|b f(b) 1,
a f(a) 1

TMONYYATh Teogemy Jlarpanm®a. BEIACEATE reomeTpuuecKoe 3HAYCHHE

yurnuu B(z).
) - £l@) _ £(e)
o0 = pl@) ~ P

untt f(z) = 22 u ¢(2) = 22 n naittu c.

1113. Teomerpuyecku Teopema Holllm yTBepmOaeT, uTo Ha AYTe
kpuBof 2 = @(t), ¥y = f(f) LnA smavenutt ¢ na orpesre ¢ < ¢ < b
HaiileTcd BHYTPEHHAA TOYKA, B KOTOPOil KacaTelbHad NapalielbHa
xope, eciu pyuruun @(t) u f(¢) ua orpesre [a, b] ynosaersopaior
ycrnopuAM Teopembl Hommr. Jorazate sto.

1114, Hanncare ¢opmyny Jarpanma B Bune f(z + Az) — f(z) =
= Azf'(z + 8Az), rae 0 < 8 < 1, naa dpyurnust: 1) f(z) = 2%
2) f(z) = «°, u nokasarb, 9T0 1AA NepBoll GyEKUmY § He 3aBHCHT OT
%, a 1A BTOpolt 3aBuCHT OT T u Az.

1112, Hamucars dopmyay Homiu oA GyHK-

1
2100+ ¢

1116. C nomonbio popmyasl Komu 1okasaTh, yTo eciu

1115. lloxazath, uto +/101 = 10+ =2 10, 05.

fO =) =f0)=...= f=D0) =0,
TO
f(z) _ f)(62)
x® n!
rne 0 < 8 < 1,

1117. Hanucate ¢opmyay Jarpanma
F(®) = fla} = (b - a)f'(c)
aaa dyurnuu f(2) = 23 u watitu c.
1118. Hanucate ¢opmyay Jdarpauma u natitu ¢ naa dyurumit:
1) f(z) = arctgz  na orpeske [0, 1];
2) f(z) = arcsinz ma orpeske [0, 1];
3) f(z)=Inz Ha oTpeske [1, 2].
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1119. Hanucate ¢popmyay Koimu u natttu ¢ naa dyuruuit:

1) sinz u cosz Ha orpeske [0; x/2];

2) 22 u /T Ha orpeske [1, 4].

1120, llocrpours rpaduk Gynknun y = |z — 1| ma orpeske [0, 3).

[louemy 3meCh HETB3A NPOBECTH KacaTelbHYI, NapallelbRYI0 Xopae?
HRaroe u3z ycnopuft TeopeMs! Jlarpansma 3nech He BHINOJIHEHO?

1121. B karkoli TouKe KacaTelbHad K KpuBoll ¥ = 4 — 22 mapan-
nembHa Xople, crAruBaolielt Toukn A(—2; 0) u B(1; 3)? Hoacuuts
rpajuueckn.

§3. Pacnﬁl.nne HeonpeeaeHHocrelt,
panuao Jomurana

1°. HeonpedeNeHHOCTh g Heproe npaeuno Jlonurana.
'l

1) _ o £

sap(z) e ()

Ecau lim f(z) = ]_LIIL <p(.1:) , Rorfa mocaen-
T+
HHIi cymecTByeT.
0o
2°. Heonpeagenennoctes —. Bropoe npaemao Jommraan.
0o

: = lim oo, To lm =) _ lim £ z)
Bomn li, f(z) = lim (2) = 00, w0 li 205 = lim 55)

y ROTHA II0CHed-

HHIi cymecTByeT.
3°. Heonpeneanennoctu 0-00, 0o — oo, 1% u 0° cromaTea & He-

0 o
ONPENCTEHHOCTAM o M — ILyTeM anrebpandecknx nmpeobpazopammii.
0o

Hatttu npeneas::

) .1
1122, lim 2032, 1123. lim &
z=0 2 =0 gin 22
1124. lim —— 2 1125. lim =L,
=+ g — g" z=1 lnz
1-— 1—
1126, lim —— 2% 1127. lim — 2%
z=0 1 — cosbz’ z0 22
—_ t — a1
1128. lim "”—Z"”’. 1129, lim 2> 0%
=0 F z=0 T — ST
e* ) e* . In=z
1130. 1) lim 7 2) lim —. 1131. lim —.
T=+tco :.B3 T = OO :c3 =00 I
1132, lim 22 1133. lim 82

z=+0 ctg z e=+m/2 tE 3z
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1134. lim (7 — m)tg%. 1135. lim zn 2.

=T o=+0
1136. lim 2" .e”%. 1137. lim 2*.
=400 o=+0

&*
1138. lim (sin2)*%®.  1139. lim (1+§) .
=40 T 00 x

1140. Oupeneantd mopAnoK Deckomewno mamoit ze® — sin ¢ orHo-
cutenbro & — 0.
1141. dorasarb, ato npu = — 0:
3

l)x—arctga‘:%%; 2)aw—bxn~.axln%;
3) €% — 1 -2z = 22% 4) 22 —In (14 22) =~ 222

3
. & .
1142. TokazaTk, uTo (npr & — 0) x—sinz ~ < horcinasing &

&2 & ¢ MOTPelHOCThIO, Npubnumenno pasuolt 23/6. Buruncnuts sin 1°
w sin 6° w OmeRWTh MOTPEIIHOCTD.

1 2
11483. Hokasatb, uto (npn o = 0) Y1+ o —1— 3%~ —%
1
m orcona 1+ o = 1 4+ —o ¢ NOrpemroCThi0 R a—. BriuncauTs

3 9
1,006, 0,991, /65, /210 n oneEnTh NOTPEIIHOCTD.

Haiitr npemensr:

ax bz
- — arct
144, lim ———. 1145, lim Z- 2787
z—0 sin x =0 T
- T _ T
146, lim ——"%C 147, Gim £ ¢
znf2e (2az — 7)2 =0 tgw
1148, lim 1292 149, him 1T 8%
zowf6  coS3r z—rf4 CO8 2%
. e —1 ) In2
1150. J}l_l}nom. 1151. }:l_}lfnl 1= :‘83.
1152, lim (1 — e*®)ctgz. 1158, lim £1/(1-9),
z—0 z—1
1154. lim ( 1 - %) 1185. lim (e2* 4 z)1/.
z=+0 \ TSI ¥ T o=+0
a.:3

1156, Joxasate, uwro npm ¢ — 0 arcsinz —z = R
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2

o o
1157. Jlokasatb, uro (mpm & = 0) v1+a —1— -G H

2

o o

orcioma 1+ o 14 3 ¢ TOrpelIHOCTRI0, NPHOIAAKEHHO PaBHON —.

8
Briuncauts /T, 006, /T, 004, /0, 998, /0,994, /65, /85 u ouenuts

IorpemnocIb.

§ 4. Boapacranue u yOnIBaHHe (YHKUMH.
ARCHMYM H MHHHMYM

1°. Onpenenennm:
I. ®dyuruua f(x) HasnipaeTcA cospacmawtieti 6 mouxe Ty, 6CIH B He-
KOTOpPOI £-OKPECTHOCTH ITONH TOURU

o — k) < flzo) < flzo+ 1)

npr moGoM ToIORHTENEHOM b < £,

I1. ®ynrnua f(2) naswBaerea sogpacmaiowel Ha ompeaxe [a, b], ecan
A O0HX #1 B Zo Ha 9Tom orpesre f(z1) < f(x2), korma ) < z2.

AHalorHyHo ompeneaderca yORIBaHHe GYHRUHH B TOYKE U Ha OTPE3Ke.

III. Oyrsunsa f(x) Ha3LIBaETCA MMEIOIIEH SKCMPEMYM (MAKCUMYM TITH
MUHUMYM) B TOURE To, eci f(2g) ABIAETCA HANOOIBIIMM HiH HANMEHLIIHM
SHayeHHeM (PYHKLUAHA B HEKOTOPOH IBYCTOPOHHEN OKPecTHOCTH 9TOH TOYRH.

2°. TocTaToUYHHeEe NPH3HAKM BOSPACTAHHA U Y6RBaHHA
dyrroEH y= f(z) (B TouKe H Ha OTpPE3Re):

ecau ¢ > 0, To pyHRIUA co3pacmaem;

ecan y' < 0, To pyHRUAA yhsisaem,

3°. Heo6xonumMoe ycaorue 3rcTpemyma. Myunmuusa y = f(z)
MOMET MMETEL YHCTPEMYM TOJMBKO B Toumax, rie ¥ = ( LUIM He cymecTByeT.
Tanue TOYKH HASHIBAIOTCA Kpumuueckumu. B HHX RacaTennHas uUIM ropu-
sonTanbHa (y = (), mim BepTHKaJIGHA (B TOYKEe BO3BpaTa), HIM HET onpe-
HeJeHHoH KacaTeNbHOM (HanmpHMep, B YIOBoH Touke). B mByx mociemmmx
cryuadax ¥ He CyIIECTEYeT.

4°. locTaTouyHke YenoBuA skcTpeMmyma. Ecau dynruua f{zx)
HENPEPEIBHA B TOYRE £y M HMEET B HEROTOpPOH ORPECTHOCTU &g, KPOME, ORITH
MOZKET, TOYKH 2o, KOHEUHYIO IIPOHARONHYIO H €CJIH NPH NEpeXole & Yepes Lo:

¥ MeHAeT 3HaR ¢ + Ha —, T0 f(Z0) = Ymax,

Y Menser 3Hak ¢ — Ha +, T0 f(#0) = Ymin,

Y He MeHAET BHAKA, TO SKCTPEMYMA HET.

Tpernif ciyuail mveer MecTo B o0HKHOBeHHOH Toure (mpu ¥ > 0 mim
¥ < 0), a TarmKe B TOUKe Neperufa W B YIVIOBOMH TOUKe.

Hrag, uTo061 HAliTH SKCTpeMYM PYHRUAH, HYRHO:

1) Ha#itu ¥ M KpHTHYeCKUe TOMKH, B KOTOpHIX ¥ = ( HIHM He cye-
CTBYET.

2) OnpenennTe 3HAK ¥ C/l€Ba H CNPABA OT KAMIOH KPHTHYECKOH TOURH,
COCTABHE TalJIALY, HAIIPHMED, BHIA
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x X; x2 x3

) _ HE CyIIIe- _ _
y 0 + CTBYET 0
€ MOEHO H M Ymin U MOCTpoHTh [kpubyoj Ha pie. 28
0 LTI T e.

[y %?UHE%W‘F LB e e b JiIPIBAET \ | yObiBae:
y‘ arcTpeMyMa (Bropoii CHOCOD Wecae- mep erub

NOBAHHA).

Ecnu B HeroTopolt ToYUHe—#-=

0 1158. 1) ¥t o2 2)y—eﬁ 3) yxa— Xy =%z
1159. 1) y=tgz; 2) y=¢€% 3) y=4z -z

Hafttu sEcTpeMyM GyHKIMM u HOCTPOMThH ee rpaduk!):

3
1160. y = 22+ 4e + 5. 1161y = 4z — ‘%
333 3}4
1162.y=?—:c2—3:c. 1163.y=1+2m2—z.
z! z 2
1164, y = — — 23, 1165. y = = + .
y=3 " ¥y=3%;
1
— &2 _ =
1186, y = V2 — 1. 167,y = ;-
2 _
1168. y = *”;13. 1169. y = 22(1 — z).

1171 y = e~>°.

1170. y =1 — /(= — 4)2.

1)%{_0 ay’ <0, TOf(a}‘g)—
=0,ay” >0, 10 f(®p) =

My
35‘1’3;’] = 0% ¢/ = 0, To Bompoc
CTaeTCA [Hepent 7 Hy&HO 00pa-
TheA l{nepno Ccmocoby Hccalenona-

l) B samawax 1165, 1168, 1173 1 HeROTOPBHIX APYTHX LMAA NOCTPOCHHA RPHBOIL

HYARHO HaliTH ee acHMNIOTH {cM. 1. 5, §9).
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1172, y = = + cos 2z B unteppane (0, 7).

1178. z = 4z — tgx B wrTepBale (—g, g)

1+1
1174, y = +mnm.

1176. 1) y = ze=%/2;
1177, 1) y = Vsin z2;

1178. y = sin? 2 + cos? .

4z
1180. y = .
Y v+
1182, y = — + l
- y m
a:5
1184, y = 5 zt 4 22,
1 1
1186. y =2 - - = | .

1188, y = 2tgx — tg3z.

1190. 1) y =ln+v/1+ 22 —arctgz; 2)y=

1191. y = z2e77.
1192. y =33/ (2 + 1)2 -

1175. y = z — arctg 2z,
2yy==zlnz.

2y =
1179. y = 2+/1 — 2.

2
e — 1,

1181. y =

(z—1)(z—4)

1188, y = 2%/3 4 (z — 2)%/3,

1185. y = 23(z + 2)2.
3

n87.y = - —.

1189. y = = + In (cos z).

Hatttu skcTpeMyM QyHKIUU U BOCTPOUTH ee Ipaduk:

1193. y = 4z — 22, 1104. y = 224+ 22 — 3.
{B3
1195, y = 3 + 22, 1196, y = 2%+ 622 4 92.
2 4
__Z _ .3, %
197 y = —. 1198. y = 2>+ .

3:4
1199. y = T 212,

(—1)
22417
1203. y =z — 2In 2.

1201. y =

1200. y = 2z — 3V/22.

1202. y = ze~"/2,
1204. y = 22/3(z — 5).

|2((2 +2).
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1205. y = sin 2¢ — 2 B uuTepBane (—n/2, x/2).
1208. y = 2z + ctgz B maTeppane (0, 7).

1207. y = = 4 arcctg2z.

1208. y = 1+ §/(z — 1)2.

1209. y = 2sin 2 + cos 2z B untepnane (0, 7).

1210. y = 3z% — 823+ 622. 1211.y = l%"‘"

2
1212.y=i+”‘°2. 1213.y=:c+%.
1214. 1) y = e % cosz (mpu = > 0); 2) y = 32° — 523

(4-2)% 128/ (z + 2)2
1215, y= 2. 1216 y= —Y -T2
Y= 92— Y 22 +8
2_
1217. y = 2‘24 L 1218 y= (1— a?)(1 - oY),
2
1219. y = % 1220. y = = + 2v/—z.
z+3)3
1221. 1)y=ﬁ; 2)y=+1—cosz.

§ 5. 3anaun 0 HaHGONBLITHYX H MAHMEHBIIHX
3HAYCHAAX BeIHIHH

1222, Pemerkoit aaunoii 120 M Ay&EO0 OrOPOANTH TPHIETAIIITI0 K
IOMY TPAMOYTOAbHYIO INIOWIAIKY HauGoapmeli mnomann. Oupeneanrs
pasMepsl NPAMOYTOMBHOMN MACIIATKH.

1223. PaanomnTh yncao 10 ma aBa ciaraeMblx Tak, 9To0BI MpoH3-
BefleHHe HX OLLI0 HAubOALIHM.

1224, B 1peyroibaAK ¢ 0CHOBAaHAEM @ H BBICOTOH h BImcanm nmpAMo-
yroAbHuK Haubonbliielt maomaau. OnpegenuTs WIAOMAAL TPAMOYTOIh-
HHUKA.

1225, H3 kBampaTHOro AncTa KapToHa O CTOPOHOM ¢ BHIPE3AOTCH
10 yriaM ONUMHAKOBRIE KBANPAThHI M M3 OCTABIIEHCA YaCTH CKIEUBARTCA
TpAMOYTOAbHAA KopoDra. HaxoBa moamua OBITH CTOpOHA BEIPE3aeMOTO
KBaApaTa, 4TOOK 00HeM KOpoOKU OBIT HaubOABITHM?

1226. OnpeaennTh pa3mepbl OTKPHITOr0 Daccefina ¢ KBaXpaTHBIM
aHOM 06hemoM 32 m> Tar, 4To6LI Ha 06IUIOBRY €ro CTEH H HA MOLILI0
HAHMEeHbIIee KOJIMYECTBO MaTepnaa.

1227, Boxophele CTOPORBI W MeHbIIEe 0CHOBAHHE TPaNellnH PaBHEI
10cm. OnpenenuTs ee OoabINee OCHOBaHHE TAK, YTOOHI NMIOIIANL Tpa-
nenun Oblna mandbonbmedi.
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1228. B noaykpyr BOHcaHa TpaneliusA, OCHOBaHUE ROTOpoH ecTh
auaMerp nonykpyra. Oupeneauts yron Tpaneunn Npn OCHOBAaHWH TakK,
yToOLI MIOIMANE Tpanedun ObINa HauboabITen.

1229, Ceuenne TOHHENA mMmeeT (HOPMY TPAMOYTOIbHHEA, 3aBep-
mennoro nonyupyrom. Iepumerp cevenua 18 m. llpu narom panuyce
TMOIYKpyra miaomans cevenud 0yaer rmanbompmefi?

1230. Bonusu 3aBoja A IpoBOIHTCA N0 HaMedeHHOM mpAmof k
ropony B menesnana mopora. Ilom kakum yraom o x mpoekrmpyemott
mefe3Holt Topore HYRHO TPOBECTHU LI0CCe ¢ 3aBolla A, yTOOH N0OCTABKA
rpyace u3 A B B Onlna manbosee memeBoii, eciim CTOMMOCTh 1 TORHO-
KuIoMeTpa Opu HepeBOo3Ke IO MIOCCE B 7 pa3 NOpOMe, ueM N0 melles-
Holt nopore?

1231. lIBa ucTouHuKa cBeTa pacnonomennl B 30M Apyr oT gpyra.
Ha npamoii, coengunAnmeii nx, naliTh FaHMeRee OCBEIIEHHYI) TOYKY,
ecilu CHIBl CBeTA HCTUYHHKOB OTHOCATCA, Kak 27 : 8.

12382, Isa camonera JeTAT B OXHOH NIOCKOCTH W NMPAMOIAAEHHO
nop yraom 120° ¢ onuuakoBoM CKOPOCTBIO v EM/4. B HekoTOpHIH MoO-
MEHT OJUH CaMoJeT IPHAETE] B TOUKY DepeceueHHA JHHHA TBUREHHA,
a BIOpoli He HoJeTell H0 Hee HA 4 KM. Yepe3 Kakoe BpeMdA pacCcTOAHHE
MeRIY caMojeTaMu 6YJeT HAUMEHBITHM H YEMY DaBHO 3T0 PaccTod-
ame?

1233. banka npAMOYTONLHOTO CEYEHUA CO CBOGOIHO OMEPTHIMU KOH-
IaMu PaBHOMEDHO Harpyena no Beell Iiune. (rpena ee mpormba
06paTHO NPONOPUHOHATLHA MOMEHTY HHEPUHH ceveHud baaku [ =

T
= %, rie & u y — pasmephl banku. OnpegenuTh pazmephl Ganku
npu HauMeHbllel cTpene nporuba, eciin 6ajlka BEIpe3aHa H3 KPYIIOTo

OpeBra ¢ mmamerpom D,

1234. Bo cronbko pa3 obbem mapa Gonabiile odbeMa HauboIbIlero
UAAWHIPA, BIACAHHOIO B 3TOT map?

1235. J/IBa ropumopa Iiupunolt 24m u 1,6 M nepeceraioTcd nox
upAMEM yriaom. OnpemennTe HauGONBIOYI0 NMAHY A€CTHHIEL, KOTO-
PYIO MORHO NepeHecTH (FOPH3OHTAILHO) M3 OJHOTO KOpUIOpa B IpPY-
rott.

1236. B xonyc ¢ panuycom 4 M u BHICOTON 6 IM BIUCAH UHIAHHAD
rmaubonbmero odbema. Halfitn sToT 06BEM.

1237. B nonykpyr paguyca R pnucan npaMoyroibHuk Hanbobiedt
mnomann. OnpemennTh ero pasMepsl.

1238. Ha napabone y = 22 maltTu Toyky, HauMeHee YIAIEHHYIO OT
upamoli y = 2z — 4.

1239. Rapruna noBemena na crene, Humuanil ee Komen ma bem, a
BepxHull Ha ¢cM BHIIe I7a3a nabmomarenda. Ha rakom paccroanuu
OT CTeHHI [0JAKEeH BCTaTh HAOAIOJATeNb, YTOOL PaccMOTpeTh KapTUHY
01 HAauOOTBIOAM YIiIoM?
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1240. Q6111as 11uHa cTeH u306pameHHOro Ha Naaxe foma (puc. 29)
moamua OkTh paBra 90mM. Ilpm kakoli LimprAe z KopHIOpa IIOLIAlb
TpeX 0CTAlbHKEIX KOMHAT 0ydeT Haubombinedt?

1241. B npAmMoyronbrbIil TpeyTOdbHHE ¢ THNOTEHY30M 8 cM H yIvIOM
60° BIncan NPAMOYrONbHAK, 0CHOBAHAE KOTOPOTO PACIOJI0AEH0 HA TH-
noteny3e. HakoBHI NOMMHEI OHITH pagmMephl MPAMOYTOAbHUKA, YTOORKI
€ro mIomans 05112 ranbonsmeit?

1242, Nauu touru A(0; 3) u B(4; 5). Ha ocu Oz ualitu TOuRY
M rtar, arobel paccToAarme S = AM + M B 0b1i10 BanMeHbIIHM,

1243. ConporuBiienne GalkH NPONONTHHOMY CARATHI NPONOPIHO-
HAJIBHO LI0IANY NoNepeyHoro cevenud. Qnpeneaurh pagmeprl 6alku,
BEIpe3annol n3 Kpyraoro 6pepna amamerpom D), Tak, wTolEl conpoTn-
BIeHUHE ee CHMATUIO OLIN0 HANGOILITUM.

1244. 13 rpyra BeIpe3aeTcA CERTOD, colepmaliull yroa ¢, a 3aTeM
CEKTOp CBepTHIBaeIcA B Komyc. Ilpm KaKom 3mauenmm yIiia & o0bem
KOoHYCa 6yneT HauboabIumM?

1245, I'pya pecom P, nemammii Aa TOPH3OHTAAbHOH NIOCKOCTH,
HYAHO CIBHHYTD Npriomennolt K nemy cuiolt F (puc. 30). Ilox xaxmm

Puc. 29 Puc.|30
yriaom o b cuay F,|utobnl ona Gnlaa
H&HMGH-“@P‘. Rosthbunuent Tpenunn |ﬁ =0, 25.

§ 6. Hanp pruba KpuBoii.

1°. BoinykaocThk. KprBas HasHBaercs eunyxn4oti <BBepX» (¢BHM3?) B
TOYKE & = #p, ¢CIH B HEROTOPOH OKPECTHOCTH 9TOH TOYKY (C/IeBa U CIpaBa)
KPHBaA PacloNlomeHa ¢HIEes (4BBILIEs) KacaTelbHOH B 9Tolt Toure. Ecau B
TOYKE & = Zp:

1) ¥/ > 0, T0 KpUBaA BRIMYRIA ¢BHUBY;

2) ¢ < 0, To KpUBAA BLINYKIA ¢BBEPX.

2°. Touroii meperuba HasHIBacTCA TOYKA, B KOTOpON KpUBadA mepe-
XOJHUT ¢ ONHON CTOPOHE! KacaTeNhHOH Ha APYTYIO (H, cleNoRaTEIBHO, MEHACT
Hanpapienne BHNYRI0CTH). Heofrodumbis yCIOBHEM TOUKH Nepernta suif-
ercr T0, uTo B Heli ¥’ = () mim He cymecIByeT, a JoCmamouHuii — TO, UTO
¥ TIpH 5TOM MeHAeT 3HaE.
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3°. 1nAa HocTpoOeHHA KPHBOM PeKOMEHIYETCA OMPENENHTh: 1) cuM-
MeTpHI0; 2) 06acTs pacnonoRkeHud; 3) TOURH IepecedeHHaA ¢ ocAMH Oz w
Oy; 4) Touru paspuiBa ¢yHRUAR ¥ = p(2) man ¢ = f(y) W aCHMNTOTH;
5) Bospacranue min yORIBaHHe ¥ HAH & W 9KCTPeMalbHEle TOURH; 6) Hanpa-
BJIEHA€E BEIIYRJIOCTA H TOYRH Iepernba.

1246. Hccnenoparh manpapienne BHIIYRIOCTH H TMOCTPOATH KPH-
BLIE!
Ny=2% 2Jy=2% 3B y=e5
4)y=Inz; 5)y==a>
1247, OnpeaennTh YKeTpeMaibHbie TOYKH H TOYKH Teperufa Kpn-
BEIX H TOCTPOATh KPHBEBIE;
23 22

—_ 2. .- _ .
I)U—F_:ga Qy=e"; 3)9—1_'_7,

[Ipumenasa mekoTopele u3 mpaems . 3°, MOCTPONTH KPHBHE, 3a-
JaHHEIe B 3agavax 1248-1262 ypapuenuamu:

1248. y? =22 + 9. 1249. y = —22% — 4z.

Yrazanue. B zagaue 1248 onpeacauts cuMMeTpHo, 001acTh pacmoao-
MeHUA U TOUKH NepecedeHHA ¢ 0CAMU, a B 3afave 1249 — Toury 3KcTpeMyMa
H TOYRM TepecedeHHd ¢ Ox.

4) y=2Y=,

1250. y =sinz, y=cosz. 126l.y=shz, y=chz.

Yrazannme. B zamauax 12560, 1251 onpeneauTs TOYRH YKCTpeMyMa H
neperuta.

1252. y = In (z + 2). 1258. y = e~7.

Yrazanue. B zapauax 1252, 1253 onpeneants obnacTh pacnolomeHuA
TOYKH HePECceYeHUA ¢ OCAMH, ACHMOTOTY M HATPARICHHE BRITYRIOCTH.

1254. 1) y% = 2%, 2) y* = (z +3)2
12 3 1
1285. 1) y =24+ —=: y==>_ —.
Jy=2+ 2 -4 Vy z 23
1256, 1) y = 81;1.’8; 2) y = exe™”,
4 1 2
1257. 1) y = —_— DYy = — — —.
)y x+m+2, Vy zt  z2
1268. ) y=z—Ilnz; 2y= %(ew:’a +eolo),
7l 4 1
1259. 1) y = L Y y=cp L
Vy=——7 Yy=—+3

1260. 1) y? = 222 — 2%, 2) z2(y—2)2 =4.
1261. y = (xz + 2)%/3 — (z — 2)%/3.
1262. y? = ze~ 7.
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HEO]IPE,I[EJIEHHL[H HHTETPAIL
§ 1. Heonpenenennstti marerpad. Hurerpuposanme
pGSHOEeHIIeM

1°. HeonpedeNeHHRM UHTEr paloM ff(a:)dxﬂaamnae'rca¢yﬂn-
uua F(z) + C, comepmamana npouzsoasHoe nocroannoe ', muddepeHuuan
KOTODOH paBeH nodbivmezpaavosy BupakeHnio f(z) der, T. e.

[1@yas=F@)+c,

eClIH

d[F(z) + C] = f(z) da.

2°. TabnHma OCHOBHKY HHTETPAaloB:

xﬂ+l
1. fx"da‘:: + 6. fsina‘:da::—cosa:+0.
n+1
(n#£-1).

2.]%=ln|x|+0. 7.] dz =tge+C.

cos?

d: =—ctgze+ C.
z

3.]a”dx=£+6'. 8.]
Ina sin
arctge + C

4, fe"”da::e“’+0. 9. f1d—32= HIH
T —arcctg 2 + Cy.

de arcsinz + C
= HIH
VI— &2

—arccos + C.
3°. CpoficTBa HeompedelleHHOTO HHTerpala:

I.dfudx:uda‘:. II./du=u+O'.

III. /Audx:Afudx. Iv. f(u+v)dx=fudx+/vda:.

5. fcosxda::sinx-i-c. 10.]
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WuTerpupoBanne pasaosceHtes ecTh MpUBeJcHUe NAHHOTO HMHTETPala
(o crotietey 1V) k cymme Goee MPOCTHIX MHTETPAIOB.

1263. B cnenylommux paBeHCTBAX 3aMOJHUTH OPONYIIEHHEIE MECTA:
) d( )=2xdz; 2)d( )=23dx;
3)d( )=coszdz; 4)d( )=d_:c_

()= -2 6 d()=

1 + m2
Haiitm 3aTemM mATerpanmsl /23: dz, fw3 dx m T. I

Halitr mrTerpassr;

1264. 1) f(x2+2x+%) dz; 2) fwa:s—+3dm
z—2 2) f(x +1)2
1266. 1) f(ﬁ+ ¥z) da; 2) f(ﬁ - %) dx
1267. 1) f@dﬂ?; 2) fxf/;_: dz
\/;;) dx.

1268.1) [ ° (1 - 2) dz; 2) f a® (

1285.

1269. 1) f (;OS 20 dz; 2) fctgz.:c dz.
cos? ¢ sin®
3 — 2ctg? )
1270. 1 —' 2
) f sin®z cos?z’ ) f " cos?z

1271. 1) fsinz % dz; 2) fcosz 5 dz

4
1272. 1) f : 3 de; z

1422 /1—¢2
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HattTu unTerpamnni:

1278. 1) f(xzw;al)zdx; 2) /(\3/%— #) dz.
1274. 1) f m\/;_: da; 2) f (z‘/’i—jm dz.
1275. 1) f (% + % + ;13) dz; 2) / (sin % — cos %)2 de.

1276. 1) fe (1+cos2a:) dz; 2) /a (1+ xs)dw.

03
1277. f 1,5#(;:;. 1278. f te2e de.
sin” r

§ 2. HaTerpupoBaHHe NMoJcTaHOBKo#t H HemocpedcTBEeHHOE

Nonomue & = @(u), dz = ¢’ (u) du, moayuum

[ 1@z = [ rlp]e @ (1)

Taroe npeofpazobadHe HHTETPANA HABEIBACTCA URIMEZPUPOSAHUEM NOO-
CMAROEKON.

B mpocThix cnyuyadAx BRefleHUe HOBOH MepemMeHUo # PEROMEHIYETCA BhI-
HOJMHATh B yMe, IPHMEHAA cllefy0Iue NpeodpagosaHua NG depernuana dx:

de = %d(aa‘: +b); 2zde = d(z?);
cos ¢ de = d(sin z); d?x =d(lnz)ur m,

H 0603HaYaA MBICIEHHO BhIpaEeHHe B cRobray vepes u. Taroti npHeM uHTE-
IPHPOBAHHA HA3EIBAIOT HeNOCPEOCTNGEHNBLM,

HattTu unTerpamnni:

T
1279. /606393 dz. 1280. /sinadw.
Yrasanwme. 3amausy 1279 momHo pemuts mByMA crocobamu: 1) mo-
momuB Jr = u, # = uf3, de = du/3; 2) npuBena MHTerpan k BHAY

%fcos 3z d(3z).
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d
1281. f €3 dg. 1282. f %

cos? b5z’

1283, f (2 + e72/) do. 1284, f Viz — 1dz.
1285. f (3 — 22)4 dz. 1286. f V5 — 6z da.
1287 f do 1288 f sin (@ — bz) dz

22 -5 zdr
1289. —_——dz. 1290. .
/ 22— bz +7 v / z?2 41

Yrasannme. 3amaun 1289-1298 pemarorca mo opmyae

'
/u dx =/d;“=1n|u|+c,
u u

T. € €CHIH ucAumesdb NONGIHTErPANLHON HPOOH eCcTh NPoussodHas om
BNGMENGINEAR, O UHMEZPGA PABEH A02aPUPMY SHAMEHGMEAR.

dz e dz
1291, /1—103:' 1292, fm
1293. /ctg:r: dz. 1294, ftga:dw.
1295. f _C0822 . 1296. f _sineds
sinx cosz 14+ 3cosz

cos 2 dz
1297. /mdw. 1298. fm.

1299, fsinz zcoszdz. 1300, fccos3 zsinz dzx.

Yrazanue. Jamauy 1299 MomHO pelmHTE MOACTAHOBKOM sin £ = 4 UIu
HENOCPeNCTREHHO, BaMeHUR cos # dz uepes d(sin z).

1301 fcoosa:dw. 1302. fsmxd:c.
sintz cos®

1-2
1303. /ﬁd& 1304. fsin:ccosa:d:c.
sin® ¢
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1305. /e‘m” gin 2 dz. 1306. /e”smz dz.

Vrazanue. 3amauy 1306 mMomuo pemuts mopcTaHomko#t 23 = u wium

1
HeTIoCPeICTBeHHO, 3aMeHNB &2 dz uepes gd(;&s).

VE
1307. f ez da. 108, [ €9
Nz

1309. f Va2+1zdz.  1310. f Y a® — 8z% dx.

Yrasanwe. 3agauy 1309 MomHO pemmTE momcTamoBRol £2 4+ 1 = u

1
WM HEMOCPElCTBEHHO, 3AIMCAB MHTETDa B BUIe o f(z2+1)12d(z2 4+ 1).

2?2 dz zdz
1311. _—_ 1312. —_—
I+ 23 V11— 22
1318. M_ 1814, / —“l-l_lm_
v1+2cosz z

1315, f V1+dsinzcoszdz. 1316, f V1 - 625z dz.

Halitr mrTerpassr;

1317. f(e”" +e %)% dz. 1318. fsin3m cosz dz.

1319. f \/%. 1820. f cos (a — bz) d.

1321. f &1+ 3z dz. 1322. f Y1 — 22322 dz.

zdz 1-2sinz
1323. | 2% 1324, [ —— 2207 4,
VIt 22 f sty
1325. f ﬂd&c. 1326. f e cos 2 de.
SN r

z2dz dz
1327. /1_w3. 1328. fm
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§ 3. Hurerpaanl BHIa

z 4 2’

vV i- 2 Vet

H K HHM NPHBOTANIHECH

1329. llokazath, uTo:

dz x
1) o arctga + C, nonomue © = atgt;
2) f—w—arcsinE+C' TONOAKUB ¥ = asint;
Va? — a2 a ’ B ’
dz 1
3) m— % st a +C Pa3oMmHB
1 latz+ae—z 1 11 .
@2—a? 2a #2-a?  2a\vt—-a zta

\/im_k =In|z + V22 + k| + C, nonowns va2 + k =t—=z.

dz

dz
1331. 1) f ;
V4 - z2

1332. 1

N

dz
1333. 1) f ;
V5 — 22
zdzx

1334. 1) f Vgt

1335.

1336. 1)[ 2+4

e

1337.1

dz
2) 219
2) f o
VeZ+5
dz
2) 213

22 dz
%) f4+m6.

dz
2) f b222 — a2’

z3dz

2)[m.

3z —4

) | Fea
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z%dz
1338./m.

YEKasaHHe.

ztdz
1339./m.

B zamauax 1338, 1339 mymHOo H2 nomEIHTErpaabHOL

uenpaewbuoﬁ ,]IpOﬁH HCRIIOUHTE OEJI0€ BhEIDAREHHE.

dz
1340. f m -

dz
1341. f m .

¥razanue. B zagauax 1340-1347 Hymuo Uz KBagpaTHOTO TpeXdieHA

BEINCTHUTE NONHRIY KBATpAT.

dz dz
1342. —_——. 1343. —_—
/\/a:2+2:c+3 ./\/1—23:—3:2

dz
1344. _—,
./ Vdzr — x2

dz
1345. /—$2+3w+3.

1346. f oy f 4=
V24 3z — 222 V3rz2 -2z -1

Halitr mrTerpassr;

3
1348. / (m2+3 + =

6_ 3) dz.

1
1349.
f (vz ==

4z — 5
1350. dz.
/w2+5 v

2dde
1352. f o

zdzx
1354. .
/ z44+ 0,25

dz
13560 f m -

zdzx
1358. / m-

1
d
\/2+:c2) ?

z2dz
1351. .
f 2 -2

efdzx

VI—eZ
dz
1355. f m.
dz
1357. —_—
f V5 —4dz — 22
1359. f ___ 4=
Vi4z? + 4z 4+ 3

1353,
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§ 4. HurerpupoBanHe no 9acTAM

Hs dpopmynsr nuddepennuana npousbefenua d(uv) = u dv+ v du momy-
9aeTcA GopMyIa HHTeTPHPOBaHHA MO JacTAM

fudv:uv—fvdu.

9Ta dopMyIa yamle BCEr0 MPHMEHAETCA TOTAA, KOLAA NOA HHTETPATIOM
HMeeTcA NpOU3BeleHHe alrebpanyeckoi H TpaHCUeHIeHTHON GyHKUMIL, Ha-
npumep [ 2%¢* dz unn [ 2%Inz dz. Tlpu 9roM 3a » mpuHUMaeTcA dyHRUUA,
RoTopad mH}{pepeHnHpPOBaHHEM yIpOIIaercA, a 38 dv — Ta YacTb NONBIH-
TErPAIGHOTG BRHIPAMEHHA, COepRamasn d, HHTErpal 0T KOTOPOH H3BecTeH
HIIH MomeT OHITE HaiimeH.

M3 rpancuengenTHHX GyHROMI 38 U 0GEIYHO TPHHHMAIOTCA Inz, arctg
H arcsin .

Hanpumep, B ErTerpane [ 2 Inz dx 3a u nymno nprAATE In ¢ (a He 22),
a B uurerpane [ z%¢” dr 3a u HymHO NpHHATHL =2 (a He 7).

Halitr mrTerpassr;

1360. /ln zdz. 1361. /:r: In(z — 1) d=.
1362. [ ze* dz. 1363. /m arctgz dzx.

1364. /m2 cosz dz. 1365. fe“ sin z dzx.

1366. Iloxazath, uTo

f\/a:2+ kdx = %[m\/m2+k+ kln (z+ /(22 + k)] + C.

Halitr mrTerpassr;

1367. f (In 2)? dz. 1368. f ad ‘iw .
sin‘ z
Inzde arcsin z dz
1369. . 1370. _—.
[z Vite

1371. /arcsinxd:c. 1372. fw3e_“’ dz.

1373. /ln (2% +1)dz. 1374 fcos (ln ) dz.
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HattTu unTerpamnni:

1375. /\/Elna:d:c. 1376. [x2e_xf2dm.

d
1877. / arctgede. 1378, [ —.
cos“

arcsin (¢/2)

Vv2—2
d
1381. / R 1sse. [ arctg 2z — 1 da.

sin® z

1379. /e” cos 2 dz. 1380. dz.

§ 5. HuTerpupoBanye TPHUCOHOMETPHYECKHX GyHKumiL

1°. UuTerpaan oT KBaApaToB H JIPYLHX YETHHIX cTeNeHel cu-
Hyca M KOCHHYCAa HaXoAT, IPHMeHAA clenylolnye GopMyIs TOHHMe-
HHA CTCNEHH:
. 3 1—cos2 3 14+cos2x sin 22
sin"e = ————j cosr=————; sinrcosz=

2°. HHuTerpanaw or KYG0B M ApYTHX HEYETHRIX CTeNeHetl cUHYCa
H KOCUHYCa HAXONAT, OTHENAA OT HedeTHOMN CTeNeHH OMHH MHOMHTENh U
noaarasa xodfynxyule paBHON HOBoll nepemMeHHoN ©.

Hrterpan [ cos™ zsin® ¢ dz Haxomurcs no npasniy 1°, ecin m u n oba
9eTHEIE, H 10 NPABHAY 2°, eCllH 1 WA N HeYeTHO,

Halitr mrTerpassr;

1383. /sinz 3z dz. 1384. [(1 +2cosz)?dz.

1385. / (1 —sin2z)%dz. 1386. [ cos?z dz.
1387. /sin2 zcos’zdz. 1388, '/sin‘1 z costz dz.
1389. /sin2 zcoslzdr. 1390. [sins zdex.
1391. /sinz zcosPxdr. 1392, [sin3 zcos® z de.

1393, /cosTxdx. 1304, [(1+2cosx)3dw.

3 .3
1395. / cos®z dz 1396. [ sin"z dz.

sin? z cosz
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de =17

sin 2z

dz sin? z + cos? z
1397. = -
2sinzcosz

dz ] dz
nz’

1308. 1) [ = 2)

1399. / COSTHSINT 4o 1400 / __de

cosz

sin 2z sinz — cosx

1401. / tg3x dz. 1402, / ctg®z dz.

Yrazanue. B sanave 1401 momomute tge =1, & = arctgd.

1403. / sin 3z cos z dz. 1404. / €08 M cos ne dz.

Yrasaune. B 3amauax 1403-1406 nprmeHuTs GOPMYIE
sin o cos § = %[sin (@ + B) +sin(a— )],
cosacos B = %[cos (o + B) + cos (@ — B)],

sinersin 8 = %[cos(a—ﬁ) — cos (o + B)].

1405. 1) / sin 3z sin 5z dz; 2) / sin mz sin nz dz.

1406. /sin (59: - %) cos (a: + %) dz.

1407, Unrerpupya mo wacrAM, BBIBECTH (OPMYIHI (NOHHAKEHNA

CTEIIeHHY .

1) [sin"x dx = —% coszsin® 1+ 1QTfl'/sin""_2 rdzx;
n 1 . n—1 n—1 n—2
2) { cos™ade = Esm reos™ 2+ - cos™ “xdr

7 no TuM $opmyTam HaliTh: 1) /sinsmdw; 2) /cosexd:c.

dz %) dz

1408. HatiTn unrerpansr: 1) [

gin3 2’ cos3z’

Yrazanue. llpuMeHnts dopmynnl 3amauu 1407 k HHTerpanam f

f dz
H .
cos ¥

dx
sin x




150 I'n. 8. HeonpegeseRAbIdE ARTErpat

HattTu unTerpamnni:

1409, / (1+43cos2z)%de. 1410, [ sin? z dz.
1411. / sin? z cos? z dz. 1412, [ cos® 2 dz.

1413. /sin3 zcos® z dx. 1414. [(1 + 2sin z)3 dz.

s 2
115, [ ERE—C8T) L 1t [ sin 3z sin & de.
sin 2z
. 3 1
1417. / sin"e+ 1 dz. 1418. [sin (:c + E) cos 2 dz.
cos? 6

§ 6. HurerpupoBanne panHOHAILHBIX
aaredbpanyeckHx QpyHruHl

1°. Ecau nogerHTer palbHaA APoSE HENPGEUABHGS, TO HYRHO HCRIIIOIATE
HB Hee Lejloe BHpAaReHme,

2°. 3HaMeHaTeNb IPABHJLHON Xpo0H paanaraeTcd HA MHOAHTENH BHIA
(z — a)* u (2% + pz + ¢)?, a npaunnuaa npobs pasmaraercA Ha cyMMY
3NeMeHTApPHRIX Apobell caenyomuM obpasoM:

P(z) R S
(z—a)2(z2+pz+g)f... z—a (z—a)® =~~~ (z—a)

Miz+ M Mox + No Mp£+Np

?tpetq (@P+pr+gf T (@P+pz4gf

rac P (.1,‘) — INONWHOM CTEeONEHW HHME CTENEHH 3HaMCECHATEIA.

HattTu unTerpamnni:

z z®
1418. 1)/ da:; 2)[mdx; 3)/3:3_“3 dz

26+ 7
—_ 3
1422. M dr. 1423. & dr
22—z 22—z

x4+ 2 3z - 2a
1424, /mdw. 1425. md"c.
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222 -5z +1 he—1
5242 4z — 2,4
1428. ———dz. 1429,
/w2+2w+10 v [x2—0,2:r:+0,17 v

Yrazaune. B 3amaue 1428 BLImenuTs B 3HAMeHATele IOIHEI KEAIpaT
H 38TeM NOIORATL & + 1 =1¢.

2 —
1430./ ”tztd L 1431./3:37:‘—150{:;

34+ x24+42 4+ 4 — 222 4+ b
dz 322 4+2x+1
1432. / s uss. [ T
dz dz
we)) [l 2 wrer

Yrasanwe. lomomurs ¢ = btg¢ w 3aTeM (Bo BTOpoM UpHMepe) HC-
NoAL30BaTh (opmyay 2) sagaunm 1407.

2z + 1) dz
1435. 1) [ (x2 : +-|2-m 2|- 5)2; 2) / (22 — 62 +10)3°

4z dx z+1
1436. (1 T ;’.B)(l T 932)2 . 1437. [ m dz

HatiTu waTerpaisl, He IpUMEHAA 00I1I1ET0 METOJA HEONPETeIeHHBIX
K09} prUAEHTOB:

dz dz
1438, | —. 1439, | —M8M8—.
/w(a:+a) / (z + a)(z+ b)

YrazaHue R 3agadaMm 1438-1442. B ymcnuTene momniHTerpaabHOM
mpo0H HANACATE PasHOCTh MHORHATENel 3HAMEHATENA, PA3NEIHE HHTEIPAT
HA COOTBETCTBYIOIIEE UACIO.

dz dz
1440. _. 1441. .
2% — 22 [ (22 — 3) (22 +2)
dz dz
1442, / o s L 1443, Frde



152 I'n. 8. HeonpegeseRAbIdE ARTErpat

HattTu unTerpamnni:

2x—1
. /(w—l)(w—m

1446. / 50 — 14

23— 2 —dxp 44
1448./35”—_8dm
&

3x+2
1445. —_— dz.
/2x2+w—3 m

11z + 16
(z —1)(z+2)?

1449, / L R
&

1447.

dz.

— 422 4 4z — 222 4+ 2a
T—a dz
1450. —d 1451. .
/m3+a2x m /w3+x2+2x+2
dz zdz
14520 m. 14530 mo

B samavax 1454-1457 BEIMOIHUTL HHTErPHPOBaHHE, He Npuberaa
K METOLY HeolpeledeHHBIX KO (DHIHeHTOB;

dz dz
14540 m - 14550 [ mo
dz dz
14586. e 1457. _
zi—1 [ 2t — 22 -2

§ 7. HHrerpupobpaHHe HEKOTOPHIX HPPANHOHAILHEIX
anrefpanveckHx (PpyHrRuui

1°. Haterpan fR (a‘:, ar + b) dz, roe R(z, y) — pannoHanbHan
GQYHEKUHA, HAXOTHTCA NOMCTAHOBKOM ax + b = 1", a uHTerpan 6odee obIero
BHIA ]R (a:m, Yar™ 4+ b) ™1 dz — noncranosroH az™ + b = t".

Me+ N
(z —a)vazZ + bz +c

d2 HAXOMUTCA MOJACTAHOBRON

2°. Huterpan
r—a= -

3°. TpuroHoMeTpHYeCcKHe NONCTAHOBKH. R pamuHonaanHoMy
TPHTOHOMETPHIECKOMY BHIY LUPHBOJATCA HHTErPANE

f R ®, - .1:2) de — nmogcTaHOBKOM & = asint,

fR (x, va2 + a:?) dr — moncranoerolt ¥ = atgt.
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apz™ 4+ aye™ 1+ ..+ am

4°. U3 uHTerpana f
Var? 4+ bz + ¢
AHTh aarefpalyveckyl YacTh Mo dopMyle

faoa‘:m+...+am
i

d2z MOEHO BhIfe-

dz
W)

de = (Apz™ 14 ...+ Ay )W + Ay

rae W = +vax? + bz + ¢. Kosdpduumenter A maxomarca mocae auddepen-
UHPOBAHHA PABEHCTHA H OCBOGORICHHA €r0 0T 3HAMEHATeNA CPaBHEHHEM KO-
5 PHOHEATOB C/IEBA H CNPABA TIPH OTHHAROBHIX CTEIEHAX I.

5°. HurTerpaa oT oHdppepeHOIAAABHOTL O OCHHOMA

f £™(a+ b2")? dz bepercA B KOHeYHOM BHIE B TpeX clyvyaAx: 1) Korma

p — leld0e YUCHo, pagiomeHHeM; 2} rorna

— Heqoe 9HCO0, DoacTa-

m
HOBEOH o + ba" = 1%, 3) KOLJa + p — Ueloe YUCTO0, MOACTAHOBHON
ar~" 4+ b=1", rue s — SHAMeHaTEAbL IpObH p.

Henoansya nogctanoBku W. 1°, Ha#TH WHTErpadbl:

z+1 rdx

—dz. 1459. —_

T VT ri1+1
dz

1460. /m. 1461. f:cva - ﬂ'}dﬂ'}.

23 dz 23 dz
1462. _—, 1463. _—
/1+\3/a:4+1 Ve +2

Henoabaya nogcTanoBRY m. 2°, Ha#TH HHTETPalbI:

1458,

dz dx
1464. —_— 1465. .
/x\/x§—1 ./x\/2m2+2m+1
dz

dz
—_— 1487. .
zv2ax — x? ./(a:+1)\/:r:2+2a:+2

HaiiTn maTerpansl, ncnoab3yd NOOCTaHOBKE II. 3°:

dz
1468. v 2 _ p2dr. 1469. /—
/ @oemas TEEE

2dx
1470, [ 22V/4—a?de. 1471 | 22
./ V(a2 4 22)5

24
1472. f V3+ 2z —z2ds. 1478, | 222
V(2 —2z2)3

1468.
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HatiTu uuTerpannl, npuMenasa Tpasuac mo. 4°:

2
. [ 54 g s, [
Va4 2z+2 V3 — 2z — 22

14786. f\/a:2+kda:. 1477. f\/2ax —x2dx.

Hatitu uuterpannt or auddepeHnualbHEIX GHHOMOB!

1478, f %\/%' 1479. f 3:3\“’/%'
1480. aﬂ(;iﬁ' 1481. (a_”j’%.
Halitr mrTerpassr; -
1482. f %dm. 1483. f ﬁ.
1484, f \‘//_f_fwl. 1485. f sfﬁdx.
1486. %dw. 1487. %.

3
1488. /x2+2ifi/1+7' 1489.[%.
1490. /ww‘iﬁ 1491. (x—l)d\/wﬁ—%'

z%dz z
1492, . 1493. dz.
Wy f Va—z

Vrazanue. B zanaue 1493 nonomuTts & = 2sin 4.

2
1494. [ 4z + 22 dz. 1495. f L N
./ V54 4x — z?
dr dr
1496, | — = 1497. | — 2
./:c3\/1+a:2 ./£2\/1+£§

1499. dz

dz
1498. 8 .
/w\/l—w3 V322 — 22 — 1




§ 8. Harerpapopannme NeKOTOPEIX TPAHCOCHACHTHEX GyakgreE 15D

§ 8. HHTerpupoBaHHe HEROTOPLIX TPAHCUeHTeHTHBIX GyHRuu

K panuonannHoMy aarefpaudeckoMy BHIY MPHBOTATCA MHTETPATEL:

/R(e”') dz — nopcraHopkoit ¢ =%, 2 = Int, dz = a

bl

dt
/R(tg #) de — moncraHoBKol tgx =, £ = arcigl, dr = T
. z . 2t
R(sin %, cos &) dz — nomcTaHOBKOM tg 3= i, sinx = T cosx =

12 po 20t
Tl T 142

HattTu unTerpamnni:

1500 Md 1501 /t 4z d
L 623: + 1 wo - g {B {B.
3z
1502. f erde 1503. f dz_
et +2 sin z
dz dz
1504. /5+3cosm° 1505. /3sinx+4cos:c°
dz dz
1506. . 1507. T
./Sill493 /1+3cosz:c

. Yrasanwe. B sapavax 1506, 1507, 1512, 1513, rue mox mHTErpamoM
8in & U COS & CONEPMATCA TONBRO B YETHOM CTENEHU, NyYlle MPHMEHATE MOT-
CTAHOBKH

. 1
tgz =1t sin‘z= cos’x = de =

Haiiti mHTETpANEL:

2z
1508. f £ d:;. 1500. f tg>z de.

¥ de dz
15100 m- 15110 f m.

1512. / % a1, f _ %
costz 14 3sin“=2
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1514. f 9T s f 1Fcosz b

2sin # + sin 2" 8

sin® &
1516. /e 1 1517. fl’.*tg‘” dz.
e —1 sin 2z

§ 9. Harerpuposanne runepborniecrRux ¢yHKumil.
epbonnyecKHe NMONCTAHOBRH

l.fchxdx=sha?+0'. 2./shzda‘:=cha‘:+C.
dz

dz
. =th C. 4, —— = —cth C.
ch?z vt /shzx a+

Harerpanet or KBAIPATOB H NPYIAX YeTHHIX creneneli ch z m sh £ naxomarca
NprAMeHeHreM HopMyIL:

3

ch?z = %, sh?z = %, shzchz = sh22:c.

Ilu'rerpa.ﬂm OT HedYeTHHIX cTeneHett shx um ch & HaxonaTcA TeM ®e cmo-
COGOM, YT0 H UHTErPadEl OT HEYETHHIX CTeleHel ginx U cosx.

I\ﬂ'ﬂepﬁOJl'H'-IECRHE NOOCTAHORKH HHOTOA NPHAMEHAKTCA TIDH HAXWKRICHHH
HHTeI'PAJIOB BHIA

fR (a‘:, V22 — a2} dz — nopcranosroit = achi;
fR (a:, Va4 az) dr — mopcraHoBrott 2 = ashi.

Mpu sToM: ecnu & = acht, ot =1In ,

2+ Vz?—a?
a

ecmd £ = asht, Tot=1In

&+ \/235 + a2
. .
Haiiti mHTETpANEL:

1518. 1) fsh23a‘:da*:; 2) f(1+sh2a:)2da‘:.

1519. /chsz dz. 1520. ftha‘:da:.

dx dx
1521. . 1522.  ——
_/ chz+1 f thz—1
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1523. f Vet atde, 1524, f Va2 — a2 dz.

dx
1525o / W-

HatiTH HHTEr palh:

1527. / sh®3z dz.
1529. / sh*zchzdz.

1531. /1/ chz 4+ 1dzx.

22 dz

1533. .
Ve2=3

1526.

1528. / sh?zch?z dz.

1530. ‘/cthzzda:.

1532. /
1534. f

1+ 2shz
ch2

dx.
x

VaZ+3

+3
o dz.

§ 10. CMemaHHbIe MPHMephI HA HHTET'PHPOBaHHE

HatiTH HHTEr palh:

1535. f —‘*1':"”&.

dz
1537o / m.

dz
1539o / \/ﬁ.

1541. /x cos® z dz.

1-=
1543. _/",1+a:dx'

1545. fa:tgza: de.

sinz dx
1547. f m-

ar—b

15386.

1538. /

1540.

1542, /

1544,

15486.

1548

1550,

arctg x dz
1422

dz

1+sinz’

dz

sin® 2 /a2 + cos? /b2’

dz

€% + e*

cos? z dz

4

ginte
cos? z dz
ging

dz
44 22’
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1551.

1553.

1555.

1557.

1559.

1561.

1562. 1

1563.

1565.

1567.

1569.

1571.

1573.

1575.

1577.

1579.

1581.

f dz
(sinz + cosz)?’
/ z2ds
(a6 — bxS)n
/ dx
(1++/2)*
e’ —2
—dz.
_/62“’+4 *
fct.g"xda:.

1) f cos &
cos3a:

2141
/ po- g de.
/ dx

ezd —1

arcsin /=
‘/Tda‘:.
f c?s423 da.

sin” &

dx
e3r _ o7 *

/ln a‘:+1)da‘:

_/l+s'm2:c'

)fm;

dz
1552, | ————.
.[ z/a+blnzx
1554, f V1—22—z2dx.

1556. f M.
&£

dx
1558, f .
(22 +1)(1+ 22 +1)
1560, | 4;2 > dz

sinz
2 fs'm3x de.

”f%‘
fvm

1564.

1566. f .
14 tg=

1568. f L
Cos" X

1570. fln(cos;‘:) d:E’

sin” &

8
1572. f s ﬁd”.
cCosvY x

1574. f\/l — sin z dz.

zdx
1576. fm;
1578. f afctg_x/-'?dw_
1580. fln(a: +l)da:.

1582. fl_sm‘/_d .
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1)3 inzd
1583. / (1), 1ssq, [ ZRcsinedz

(z—1)2"7 Vi—z2
dz 22 dz
1585. _—, 1586. —_—
f 2222 — 1 (z+1)4

xr—a 4z +1
3
1589. f cos”z+l e 1500 f dz

sin® z x4 447

dz.



I’'maBa 9
OHPE,I[EJIEHHLIH HHTETPAI

§ 1. Borancaense onpeneleHHOr0 HHTETPaIa

Ilycs Ha orpesre [a, b] onpenenena ¢pyurmua f(x). Pazobbem orpesor
[a, B] Ha n yacTelt TouraMH @ = 2y < ) < #3 < ... < 2, = b. s ramporo
mnepnana (#i-1, ;) PO3EMEM NMPOUBBOMBHYIO TO'-I.R}" &; U COCTABUM CYMMY

2 f(&)Az;, tne Az; = 2; — x;—y. Cymma Brna 2 F(é:)Az; nasuBaerca

unmeepa..ebnoﬁ cysamotl, a ee mpenea mpu max Ax; —} 0 €CJIU OH CYIITECTE; e'r
H KOHEYeH, HA3hIBACTCA ONpededeHMbli unmeepatosn or dyHrumn f(z
mpefenax o a A0 & u obosHavaeTcA

b n
f fz)de = mlgg_m; 1) A, (1)

Oyurnua f(z) B 9TOM CIyYae HA3RIBACTCA UnmMezpupyemotl Ha OTpesKe
[a, B].

JIna ummeszpupyesocmy JOCTATOMHO, 4Tobhl Ha orpeske [¢, B] dyun-
UMA GhLIa MenpepbieHd HIH e HMella KOHEUHOE YUCI0 KOHEYHRIX pasphbl-
BOB.

Nycrs f(x) HenpepnisHa Ha [a, b]. Torma Ha 9T0M OTpesKe CYIIECTHYET
HeolpeleeHHEL HHTerpaJl

ff(a:)dx:F(a:)+C (2)

H UMeeT MecTo dopMyra

ff )dz = F(b) — F(a ff m4 (3)

T. €. onpedeacHublil uNmezpas 0T HEMpePhIBHON GYHRIMU pased pasHocmy
auanenut nepeoobpasnott Pyuxyuy (HIH HeollpeNeNeHHOTO HHTErDalla) HpU
BepXHEeM H HAmRHeM npenenax. Dopmyna (3) Hasssaerca dpopmyinoii Hoio-
ToHaJlelibHH1 A,
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1591. CocTaBienueM uHTErpalbHAIX CYMM U NepeXoloM K npeneay
HaliTH WHTErpaJEl:

1)[xd:c; 2) /mzd:c; 3)[ewdx; 4) [sinmdm.
0 0 0 0

¥Yrazanue. llpu pemeHHH BTOPOro U YeTREPTOTO MPHMEPOB BOCTIONE-
30BaThCA peaynbraTamMn 3amay 1034 u 647,

1592, BeruucinTh ¢HAKAIONY W ¢BEPXHION? HWHTErPAbHBIE CYMMBL

2
d
85 u S5 IaA uHTErpala / i:, pas6uB orpesok [1, 2] Ha nATH paBHEIX
z

1
yacTeii. (paBHHTD ¢ TOYHEIM 3HAYEHHEM HWHIETPala.

5 5
YrazaHUe. sg= y_ mAe, Sy = 3 M;Ax, roe m; — HanMeHRIIee,
i=1 i=1
a M; — naufoarmee 3HaYeHHe ONBHTETPANLHON PYHRLIAH B $-M YaCTHIHOM

NPOMERYTRE.
BriyncnuTe:
3 2 1
1593. f 22 dz. 1594. f (9:2+F) dz.
1 1
4 1 d
1595, f VZdz. 1596, f ‘.
4 — p2
1 1]
a\/§ d 3
1597. / ———. 1598. / /3 da.
a‘+zx
I’ 1]
1 wf4
1599 / 4 1600 / sin 4z dz
. J T X J )
9 d :Jrf3 9
z 14+tg“z
16“1. /ﬁ. 1602. de.
4 /4

Vrazanue. B zapave 1601 HymHO NMpUMEHHTL NONCTAHOBKY £ = 12,
NpH 9TOM TpelNesbl HHTErPala HAMEHATCA, YTO BAIACHEBAETCA B BHue Tab-

S 4(9
s TFIEN
Kol tg ¥ = { Hy/HO COOTBETCTBeHHO H3MEHHTH Tpelesl.

Ananorruno e zagave 1602 npu HETErpHPOBAHHH TOACTAHOE-
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4 1
dz
1603. —. 1804. .
/1+ 2$+1 [1/4_m2
0
af2

1607.

1
1609. { In(z+1)dz. 1610. [ vV1+aztde.
0

0
V3 y 3 p
= =
1611. % 1612. .
f\/(1+x2)3 / o +a?

1613. U3 popmyan samaun 1407 monyynTh, 4To
w/2 w/2

. n—1
[sm“’:cda:: [sm“’ g de,
n

] 0

U BRIVHCIHTH:
wf2 wf2

1) [sm zdz; 2) /sm zdz; 3) [sm zdz.

Beraucante:

x

a 3
1614. / (2% — az) dz. 1615. [ d—2.
0 2
/

\/g xf6
66 [ ¥ e dz

Vi—z2 cos? 2z
0

=/8

4 1
dz e* d:r:
1618. /m 1619.[ .
1 0
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vz
zdz 1621./\/2—m2d9:.
1

5
1620. /
/ 4+ 5
/2 /4
1622. f zcosrdr. 1623, f tgdr de.
0 0
1624. U3 popmyas samaun 1407 monyynTh, 4To
w2 w/2
/cos“’a:d:c == L [cos“‘zxdx,
0 " 0

U BRIVHCIHTH:
wf2 wf2 wf2

1) fcoszxdx; 2) fcos“a:dw; 3) fcosswdw.
0 0 0

§ 2. Buruncaenne nuongamett

1°. Tnomans KpuBodMHeMHoH Tpameuuu A;ABB;, npuae-
mameli k ocu Oz (puc. 31):

S = AI;I_I’loZyAa: = fyda‘:. (1)

L5 ]

Huddepernuan nepeMeHHott naomamy A, AM Ay papen d5 = ydx.

Ecnu xpieas SRR OORNPENETHE
= ol0) O]
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2°. Inomans KpUBOAHHeHHoONM TpamelHH, NpHIeKamel R
ocu Oy

Yz
§= 1:};1302 2AYy = fa: dy. (2)
n
HMuddepeunuan nepeMennoll nnomanu 45 = x dy.

3°. Mnomans cextopa OAB (puc. 32) ®pmBoii, 3agaHHOl B
NOASPHEIT KOOPIHHATAX!

P2

- 1 Lo, — [Llo2
S_A]f—lro 3" A:,o_/ir de. (3)
@1

1
Hrddepenuran nepeMenHol womans dS = 51” dp.

BhlyucnuTh IAOMATb, OTPAHHYEHHYIO TUHUAMU®
2 2

_ 2 . Ly
1625 y =42 y=0. 1626 -+ 5 =1
1627. y? = 2pz, z = h. 1628. y=3 -2z — 22, y=0.
1629. 2y =4, 2 = 1, 1630. y=Inz, z =¢, y=0.

z=4, y=10.
1631. 4> =22+ 4, 2=0. 1682. y> =2 y=8, z2=0.
1633. y° = (4 — 2)?, = 0. 1634. lletzeit xpupof
4y -zl +22=0.
1635. y = 2%, y=2—2%2.  1636. y = 2% 4 4z,
y=z+4.
1837. a?y? = 23(2a — 2).  1638. (y—2z)2 =23 2 =1.
1639. lletaett crpodounst y%(2¢ — z) = z(z — a)2.

1640. llennoit nraweit y = g(ewf“ +e?/), g=tany=0.

1641. Oxrott aproft mukaonnst ¢ = a(t —sint), y = a(l — cost) n
ocklo Oz.

1642. Acrpounoii z = acos®f, y = asin’t.

1643. Jlemunckatoit r? = a? cos 2¢p.

1644, Kaparonnoit r = (1 — cos¢).

1645. » = 3+ sin 2¢ MemIy CMEREBIMH HANOOABIIMM M HAHMEHB-
UM pagnyc-BeKTOpamMu.

1648. r = 2 —cos 3y MemIy CMeRHBIMH HAUOOJABIHM H HAHMEHb-
OAM Paluyc-BEKTOPaMH.
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1647. r = ¢ cos 2¢p. 1648. r = asin 3.
1649. » = a(sin ¢+ cos ). 1650.r = %, % £ € 2n.

1651. » = asin® %, lemallelt HuMe NOAAPHOHN OCH.

1652, Iemnett nexaprosa aucta z° 4 y° — 3azy = 0 (cm. puc. 79
Ha ¢. 334) (mepeliTu K TONAPHEIM KOOPAHHATAM).
sin® g cos? p d

(sin® p + cos3 )2
pa3gevuB CHAYANA YUCAHTENh H 3HAMECHATENL HA CO8™ .

Yrazanue. B nHTerpane HOMOKUTE tge = u,

BoruucianTh MI0IIAaNE, Or PAHHYEHAEY0 JTAHAAMM:

1658. y = 6z — z2, y = 0.

1654. y =2, y=8,z = 0.

1655. > =1— 2 u z = —3.

1656. y? + 21 = 22

1657. y = 2>+ 42+ 5, 2 = 0, y = 0 n MrEAMaAbHON OPIEHATON,

1658. Oxuoit nonyponuolt cunycounn ¥ = sin2 u y = 0.

1659. 4y = 2% u y? = 4z.

1660. 2y =6uzx+y—7=0.

1661. Tletneit xpmpott 2° + 2% — y2 = 0.

1662. r = 3 —cos 2 MemIy cCMeRHBIMH HAUOOABIHM H HAMMEHb-
IOAM PaiHyC-BEKIOPaMH.

1663. » = 2+ sin 3¢ MemOy CMEREBIMH HANOOABIIMM M HAMMEHB-
UM pagHyC-BERTOPAMU.

1664. r = asin 2¢p. 1665. r = a cos 3¢.

1666. r =ae¥ 0T p=—T MO = T.

2 .2 22 y?

1667. O6meil yacTH YIHNCOB a_2+b_2 =1lm b_2+§ = 1 (mepeiitn

K MOMAPHBIM KOOPIHHATAM).
1668. r = a(l +sin?2¢) n r = a.

§3. 06beM Tena BpaleHHA
1°. OdneM Tena, obpa3oBaHHOTO BpAIllEHHEM BOKPYT ocu (& KPUBOIH-

HeliHoi Tpamenun A1 ABB; (puc. 33), rme AB — myra kpugoii y = f(z),
onpegeaaercad popMyioit

— I — 2
V_Al;ﬁozirry’.&x_/ﬁry dz. (1)

&y

Inddeperuman nepeMenroro ofbema dV = ny? dx.
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. JeM Terna, 00pa3oBaHHOTO Bpalle-
gdvr ocn Oy RpHBOIIIHEHOMN Tpame-
nuu, nghipémantett ® ocu Oy, ompeneaderca

) ﬂzszzfﬂzzdy. (2)

o

HUYEHHOIH Jmlmﬂ: ™
1669. y?> = 2pz u 4
1670. Z%: - ‘z—:
1671. 2y = 4, z =Ax* =4, y )/Bokpyr ocu Oz.
1872. y? = (2 +4)® u 2 = 0 Borpyr ocu Oy.

1678. 2 + y? = a® pokpyr npamott z = b > a.
Yrasanne. dV = a{b+2)2dy— n{b— 2)®dy = dwbe dy.

o
R
e

=1|uf gorpyrfocu Oy.

1674. y = ach %, 2z = ta, y = 0 Borpyr ocu Oz.

1675. y> =4 — 2, x = 0 Bokpyr ocu Oy.

1676. (y — a)? = az, = =0, y = 2a BokpyT ocu O.

1677. y = coszmy = —1eokpyrnpamofiy = —lupu—7 L ¢ € 7.
1678. y = z+/—2, 2 = —4 u y = 0 Borpyr ocu Oy.

1679. y = cos (a: - g), z =0, y= 0 (upu z > 0) Bokpyr ocn Oz.

2
x
1680.y=a—;Hm+y=aBOprrocnOy.

Onpenenuts 06beM Tena, 06pa30BaHHOTO BpallleHueM GUTYpHL, OTpa-
HAYCHHOH THHHAMH:

1681. y = sin 2 (oanoft noxyeonuot), y = 0 BokpyT ocu Oz.
1682. 2% — y? = 4, y = £2 porpyr ocu Oy.

1683, y = +1, y = 0 BokpyT ocm Ox.

1+ 22’ T=
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2 2

1684. = + g—z = 1 soxrpyr ocm Oy.

1685. 22/ + y?/3 = 42/ Borpyr ocu Oz.
1686. y = 2>, 2 =0, y = 8 Borpyr ocu Oy.
1687. 2 — y? = a2, 2 = 124 BokpyT ocu Ox.
1688. y = #%, y = 4 Bokpyr npamolt z = 2.
Yrazauue. dV = n(2+2)2dy — n(2 —z)% dy.

1689. Oxroit aprn unrkmonas ¢ = a(t —sint), y = a(l — cost)
Bokrpyr ocu Oz.

1690. (y — 3)%2 + 3z = 0, = = —3 BokpyT ocm Oz.

§4. Ilauua oyru WIockoft rpupoil

1°. Tanuua ayru AB kpusot y= f(z):
Zp

s=f\/1+y'2da:. (1)

zT4
Indpodepermman ayrm ds = /1 + 3’2 dz = /de? + dy?.
2°. Tnnua ayru AB rpuboft &= f(1), y=e(t):

te
s=f\/a':3+g3dt. (2)
ta

3. Iauma ayrm AB KpuBoit r= f(p):

¥e
5= f Vri4r2de. (3)
¥a

OnpeneanTs AMuHY AyTu KpuBoii:
1691. y? = 23, orcevennoit npamolt x = 4/3.
1692. Beett kpubott 22 + 3% = a?.
1693. Beeit kpueofi 22/3 4 y2/3 = ¢2/3,
1894. i = (= + 1), orcevennott npamott z = 4.
1695, Ognofi apKr DHKIOHIBI

z=a(t —sint), y=a(l - cost).

8 ¢4
1696. + = —, y = 2 — 7 MERIY TOYKAMH OepecedeHHA OCAMH
KOOPAHHAT.
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2
2
1697, y = 7 1, orcevennoii ocpro Oz,

YErazaHne. f\/ 1+ 22 dz momHO WA HANTH NO YACTAM, HIH HaIH-

caThk mo dopMyae sanaun 1366.
1698. y = %(e""f’“ +e~%/4} = qch % MemIYy HpAMbIMEH 2 = Za.
1699. y =Inz or ¢ = 3/4 no ¢ = 12/5.

f V14 22 de

z

¥Yragzanue. HWurerpaa HAXOOUTCA MNOACTAHOBROMH

1+ 22 =142
1700. y = In (2co8z) MERIY CMEMHBIMU TOYKAMU INEPECEYEHUA C
ocAmm KoopamraTr Oy u Oz,

1701. 1) 9y = z(z —3)? memny Touramn nepeceuennd ¢ ocbio Oz,
2) e¥thz=1lorz=1noz=2.

1702. 1) Kapruouns r = a(1 — cos ).
2) llepBoro 3aBHTKA CIUPATH I = .

1703. Beett kpusoit r = g sin® %

1704, I'mbxad AWTH nomBemiena B Toukax A m B, maxomAmmxca
ra oxmoit BeicoTe Ha paccroAannn AB = 2b, m mmeer cTpeay npornba
f. Cuuraa dpopmy HuTH mapaGono#, MOKa3aTh, 4TO NJIHHA HHTH S R

2
~ 2b (1 + %{—2) NpH DOCTAaTOTHO MAaJIOM %

Yrazauue. llpumennts npubaumenuyio gopMyay 1+ o s 14 %a
sagaqdn 1157,

Onpeneanth LaIuHy AYTH KPUBOH:

4
1705, y? = 5(2 — )3, orcevennoit npamolt z = —1.
1708. y = In (sin z) or 2 = #/3 mo & = 2% /3.
1707. y=In(1—z%)or 2 = —-1/2 o 2 = 1/2.
1708. y? = 2pz, orcevennoli npaAmoit T = p/2.

t
1708. z = %, y = E(t2 — 3) MemIy TOukaMu IepeceyeHud C
ocsio Oz,
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§ 5. Ilnomans MOBEepXHOCTH BpAIlCHHA
1°. Taomans moBepXHoCTH, 06pa3oBaHHON BpallleHHEM BOKPYT 0CH

Oz mytn AB KpuBoit y = f(z):

P, = 211'/ yds, rme ds=+/dx? 4 dy?.
AB
2°.laomanp TOBepXHOCTH, 0fpasoBaHHOl EpamenreM BOKPYT 0CH
Oy nyrn AB wpupoft £ = @(y):

Py=2x f zds, rae ds= +/dx? 4+ dy?.
AB
Onpenenuth maACIAAL NOBEPXHOCTH, 00pa30BaHHON BpallleHUEM Kpu-
BOii:
1710. 22 + 4% = R? Boxpyr ocu Oz.

1711. y = 22/2, orcevennott mpamott y = 1,5, Bokpyr ocu Oy.
1712, y = ach% memay & = ta Bokpyr ocu Oz.

1718. 422 + y? = 4 BokpyT ocu Oy.

YrazaHue. ﬂpH_HH_B Y 3a HCIABMCHMYHIO INepeMeHHYHD, MOJYYHM, 4YToO
2

HcRoMaA maomans P =1 f v/16 — 32 dy. Nanee mpuMeHAeM MONCTAHOBRY
0

y= %sin t.

1714. Oxuoit nonyponukl KpuBolt § = sin 2 BOKpyr ocu O2.

1715. Oxroit apkn urkionas ¢ = a(t — sint), y = a(l — cost)
Bokrpyr ocu Oz.

17186. lletnu wpupott z = t2, y = %(ﬁ — 3) Boxpyr ocu Oz.

1717. 22 4+ y? = a? ponpyr mpamott £ = b > a.
YrazaHue. dP =2m(b+ z)ds+ 2n(b — x) ds.

Onpenenuts naomans NOBepXHOCTH, 00pa3oBanHON BpallleHUeM BoO-

kpyr Oz
3

1718. dyrm xpmeott y = % orx=-2moz=2.
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1719. Jlyru xpusott y* = 4 4+ x, oTceyennot npamolt z = 2.

1720. Beett kpupolt z = acos®t, y = asin®£.
t3 t2
3 ¥y =4 — — MeRIy TOUYKaMu Iepece-

1721. Jyru kpuBoil ¢ = 3

YeHHA € 0CAMH ROOPDHUHAT.

§6. 3amaun u3 Pu3HRH

1722, OnpeaennTh cHY HaBIeHHA BOILI Ha BEPTHRAJBHBIN IpA-
MOYTOILHLIN 1111103 ¢ OCHOBaHMeM 8M u BhIcoTolt 6m. Onpemenutsb
TaKkAKe CHAY JaBIeHAA HA HAAKHIOK TOJ0BHHY IINI03a.

1723. Onpenenuth cuny NapldeHus BOILL HA BepTUKAILHYIO Tpe-
YLOABHYIO TIJI0IDANKY, OCHOBAHHE KOTOPOil ¢ PaclooReH0 HA IOBEpPX-
HOCTH BOJBI, a BRICOTA paBHA h.

1724. OnpeneauTh cuily AaBleHusa BOIKI HA BEPTHRAIBHBEIH MOIY-
Kpyr, ZnaMeTp KoToporo 28 pacnoaomen na MOBepXHOCTH BOIEL

1725, Ilmotuna umeeT GopMmy Tpameluu ¢ BePXHHM OCHOBAHHEM
20 M, numanm 10 M 1 BBIcoTOl 6 M. OnpenennTh CHIY NaBIeHHA BOIBL
HA NI0TUHY.

1726, Haiitm momenTsl mrepuimm orrocmTeabno ocelt Oz m Oy
JI0IIagy: NPAMOYrodbHAKA, OTPAHAYeHHOT0 TuauAvMa ¢ = 0, ¢ = 4,
y=0uy= b.

Yrazaumue. Pazdus mpAMoyronkHUK HA FOPHBOHTAMBHBEIE ILIOIMAMKU,
YMHOMHM RaMA¥I0 IIOMIAOKY HA KBAIpaT €e paccToAHUA oT ocH O, T. e.
Ha 2. CyMMuUpYA 1 Nepelina Kk mpeneny, NOXYYHM

b
Y — 2
Jx_Al;IEOZGAyy’_fay dy.
i
&

Ananornymo Jy, = f ba? da.
0
1727, Haiitn momenT mreplurn OTHOCHTENBHO Oceli O n Oy nao-
anu TPeyrolbHUKA, OTpaHudYeHHoro nuHuAMu & = 0, y = 0 u
s
1728. Hatitu MoMeHT uHEPUHH OTHOCHTENbHO ocu Oy NIollanu,

orpanuerHOl duHnAMu 2 =2, y =22 n y = 0.

1729. Ha#iTu cTaTmvyeckue momeHTH oTHocuTeabno Oz u Oy u
KOOPIHMHATH LOEHTPA MacC TPeyroibHHKA, 00pPa30BaHHOIO IHHHUAMH
z2=0,y=0nz+y=a.

& &
¥razanue. (raruvecnue MomeHTR: M, = fa:ydy, My, = fa:ydx.
0 0

M, M,

g Y= g Tme S — miomans QHLypPEL.

HOOPILLLH&TH HEHTPa Mace: ¥, =
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1730. HattTu uenTp Macc II0LIANM, OTPAHHYEHHON JHHAAMH a’y =
=b? z=any=0.

1731. HafiTn uenTp macc monykpyra z2 + y° = a?, oTceueHHoro
oceio Oz,

1732. 1) Beiuucanth paboTy, KOTOPYIO HYKHO SATPATUTH HA BhIKa-
YpBaHAe BOLBI H3 NHAHHIPHIECKOro faccelina ¢ paluycoM O0CHOBAaHHA
0,5M, eclm B HawaJdbHBI MOMEHT YpoBeHb BOIBI B 0accefime pabBen
2,8M u na 0,2 M Hume BEINYCRAIOIIETO BOLY OTBEPCTHA B NUIUHIApE.

2) Buiuncaurs paGoTy, KOTOPYHO HYHRHO 3aTPATHThL HA BEIKAYMBa-
Hue BOIH u3 Moayliapa paguycom R wm.

1783. OnpenennTh paboTy, KOTOPYI0 HYAHO 3aTPATHTD, YTOOH MO~
HATH Maccy M ¢ MOBEPXHOCTU 3eMIU HA BBICOTY h.

YEKasaHHe. CHJI& F 3eMHoro NPHTARECHHA Ha PACCTOAHHH X 0T IeHTPpAa
3emMyH ompenenAerca w3 nponopumw F : mg = R? : x%, rme R — pammye
JIEMHOTO I1ap4a.

1734, Hoten umeer popmy napabomouna Bpamenud raybunott H =
= (0,5m u panmycom ocmoBanma R = 0,4m. Onpempennth paGory,
KOTOPYIO HYMRHO 3aTPATHTH HA BRIKAYMBAHUE BOJKI M3 TAKOTO HAMOJ-
HEHHOT'0 KOTIA.

1735. B unimrape mox nopiineM HAXOOHTCA BO3IYX o0bemom Vo =
=0,1m° ¢ narnenuem py = 1,033 - 10° la. Onpeneants pabory u3o-
TepMUYECKOro CRaTHA BO3AyXa 10 obbema V) = 0,03m>. (Ilo 3aromy
Botina-Mapuorra pV = poVp.)

17386. Beiuncaunrs paGory pactamennd ma 0,001 m mexmot npoBo-
Toku AAuHofl 1M ¢ paguycoM ceueHHA 2 MM.

Yrasannme. Cuna F H naramenua npoBoIoOKH IIHHOMN ! M M IJIOIIANEI0
CceveHHA §MM° IpH YIJHHEHHH ee Ha &M omnpelenderca (Qopmyrolt F =

= E—, rme £ — momyns yupyroctu. Iina memn mMomuo npuHATE E &
1,2 10°H/mm?.

1787, 3a Karoe BpeMA Bola, HAOIHAKIIAA UAIAAIPAYECKHI CO-
CYI ¢ Naomanbio ocHopamuA § = 420cm? u Becotoit H = 40cM,
BHITEYET 4epe3 OTBepcTHe HA IHE INIOMmanbpio § = 2 cm2?

YEKasaHHe. CROpOCTb HCTIEHHA AHAIKROCTH NPH YPOBHE €¢ HAa BHICOTE

2 CM oNpemeaAeTcA Mo dopMyie v = fiy/2gz, THe y — Ro3pPUNHenAT, 3aBH-
CAIUY OT BAZKOCTH MHIKROCTH, GOPMEI COCYNA H OTBepcTHA. MEI npuMem
3lech, Kak U B 3amave 1738, 4 = 0,6

1738. 3a raroe BpeMdA BONla BRITEYET U3 KOHUYECKON BOPOHKU BHI-
coroit H = 40 cM, pannycom numnaero ocuoBanna r = 0, 3cM u Bepx-
Hero B = 6cm (cM. yrazanue Kk 3amave 1737)7

1739. Onpenenuth cuny NapldeHus BOILI HA BepTUKAILHYIO Tpe-
YTOABHYKO IJIOIIANKY BEICOTOH h, ocHOBaHue KOTODOH ¢ NapaililellbHO
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MOBePXHOCTH BOIKI, 4 TPOTUBONOIOKHAA BEPIIUHA HAXOMHUTCA HA NO-
BEPXHOCTH BOXEL.

1740. OnpeneinTs cHIy TaBIeRAAA BOLBI HA BePTHRKAJAbLHHIY Tapa-
Oomuyeckuit CeTMEHT, OCHOBAHHE KOTOPOTO PABHO 4 M H PACTHONOMEHO
HA MOBEPXHOCTH BOIEL, @ BepIIHHA HAXOMHTCA Ha rIybmae 4 M,

1741. Hatttu raybuny &, Ha KoTOpol MPAMOYTONLHLIY MITIO3 BhI-
coToll /i pasmeinTICcA TOPH3OHTAJIBHO HA TaKwme IBE 4aCTH, BeIHTHHA
CHITHL NABNEHHUA HA ROTOPHIE ONUHAKOBA.

1742, unuuapuveckad UHCTEPHA € TOPHBOHTAIBHOE OCHIO HANO-
J0BHHY HanoNHeHa MacioM (mnoraocTh 0,9). Onpenennts cuay nabie-
HUA Macla Ha KAMAYIO U3 MI0CKUX CTEHOK IUIUHAPA, ecliu PaTuyc ee
paBen 2 M.

1743. OnpenenuTh MOMEHT uHEplIUM OTHOCHTENbHo O MIoIIanu
yeTBepPTH Kpyra £ = acost, y = asint.

1744, HattTu ROOpAMHATHI UEHTPA MACC MIAOMIANH, OTPAHHYEHHOR
mnErAME y =4 — 22 ny = 0.

1745, BeiyncaunTth paGory, neo0XOORMYO OJIA BEIKAYABARAA BOIKI
u3 AMBI, uMelolel hopmy Komyca (¢ BepllunoH Ha JHE), BRICOTA KO-
tToporo H = 2w, a paguyc ocroparnAa K = 0,3 M.

1746. OnpeneanTs paboTy anuabaTuyeckoro CHaTua BO3NYyXa 00b-
emom Vo = 0,1M° u ¢ maBnmennem pg = 1,033 - 10° [la no ofnema
Vi = 0,03m>. (Annabatnveckoe cmaTue NpoucXonuT No 3arony Iyac-
coua: pV7 = poVy', rme y & 1,4.)

1747, 3a raxoe Bpemd BOIa, HANOJAHAIMIAA vamy (QOpPMBI NO-
ayumapa paguycom 40cM, BRIT€UET U3 OTBEPCTHA HA IHE MIOIIANLIO
2cm?? (Cm. yrasamme & 3amawe 1737; monmomum KodpulinenT BA3KO-
crm 4= 0,8.)

§ 7. HecobcTReHHBIE HHTETPAILI

1°. QOmpemencHuA:
+o0 b
I. Hurerpamom ff(a‘:) dx wasmeaerca lim ff(a:) dz, ecim vror
bt et

npenell CymecIBYeT H KOHEYEH. AHajormyamo ONpeIeIAKTCA HHTErPalbl
b

ff(a:) de u wa(x) dz

I1. Ecnu f(z) uenpeprieHa nna Beex 3HaveHutt & oTpeska [, 8], rpome
TOMKH ¢, B KoTopoli f(z) HMeeT pasphib IT pona, To mHTerpanoM or f(z) B
npeneaax or & A0 b HAZKIBACTCA CYMMa

L=

b
lig [ f@)de+ Jim [ 1) da,
a c4d
eCJIH 9TH TIpedeNsl CYIIeCcTBYIOT H KOHEYHEL.
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HuTterpaner ¢ Seckoneunbisy npedeiomy U UHTETPATEL 0T Pa3pbleHbIY
(Heozpanuvennbir) GYHRIUN HaBHIBAIOTCA HECOOCINEEHHBIMY.

Ecnu npHeemeHHEIE BEHITIE MpeNedtl KOHEYHRI, T0 TOBOPAT, YTO HECOOCT-
BCHHEIC HHTCTPANR CXO0RMER, €CIU HET, — TO Pacrodames.

2°.CXO,]IHMOCTI: HecoOCTEeHHOI O HHTerpajgda 4acTo ycrana-
+oo

BIHBACTCA METOJIOM CPABHEHHA: eclu TpH £ > a|f{2)| € p(z) n f plz) dz

+o0
CXOJHTCA, TO CXOMUTCA H f f(z) dz. AuHanorHyHmIi MpU3HAK CXOXHMOCTH

2}
MORHO YFRa3aTb H JJA HHTeTPaja oT Pa3pHBHON GyHRIAA.

BrivucnuTh uHTErpanb:

1748. 1) 71—’2"; 2)[‘1"‘ 3)/ 4)/%.

% g, —a? g dz

1749. 1) [e dz; 2) [:ce dz; 3) [1+x2’

0 0 1

7 dw s 7 dw 7 2 _x’.fz

R [wﬁ‘ D [mre O [P

1 1 0

T de ooarctgwda: T de
1780 1) [:c 21 2 ,/ z? + 9 ,/(932+1)2

0 1 1

6 2 2

T T dz ooe""dw
1 i 02) | e 3 ;
) [ 1+ a3 ) [\*/:?3—_1 ) [ T

i 2 1

oosmwda: T zdo T g2
4)[ 5)[ e 6)[6 da

1 0 0
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1 b
d d
1753. 1)[ ?:; 2) fﬁ (npm b > a).
0 a

Yragzanue. PaccMoTpers TpH caiyyaA: n = l—a < 1, n=1wu
n=14+a>1.

1754, BrruucianThk II0IIagb, 3aKIKMEHAY0 MERIY JOKOHOM Y =

= 1+ o7 H acuMIToTOf HTOH KpuBOi.
T

1755. BeluucanTh naollafh, 3aKAIOYEHHYI0 MEKIY KpHBOH y =
= ze~*"/2 i ee acumnrorolt (npm z > 0).
1756. BEruuciInTh III0IIANG, 3aKTI0IeHHYI0 MeKIY Trccontol y2 =
23
T 2a-—z

Yrasaume. lomomue x = 2asin’t, nepefiTH K NapaMeTpHYecKAM
YPaBHEHHAM.

H ee aCUMIITOTOI.

1757. Hatttu obbem Tena, oOpa3oBaHHOrO BpPAIlEHUEM IUCCOUILI

3
z
Yy = 5 BOKDYT €€ acCUMITOTH (cM. 3ajauy 1756).
6 —T
17588, OnpemennTh NIOIIAAL NOBEPXHOCTH, 00pa3oBagHoOl Bpalle-
HreM BOKDPYT ocm Ox Geckomeunoll Iyrm Kpueoill ¥y = ¢~ % npm noao-
MUTEILHEIX .

1759. Hatttu obdbem Tena, 06pa30BaHHOTO BpallleHUEeM BOKDYT OCH

1 1
Oz Gecroneunoii persm KpmbBolt y = 2 (; - F) npm z = 1.

1760. llorazath, ¥TO IPH M UeNOM U MOTOMUTENBHOM 1):

[oa] oo l
1) fe_xwmdx =m!; 2) fe—x2x2m+1 dx= %.
0

1761. BEIuucCAHTL UHTETPATKI:

T de T 2 —2® 4. Inz dz
l)f?, 2) /me dz; 3)[ PO )fmlnx'
2 0

1

(==
") Oyrxmma f e ®z*~! de = I'(t) nacsBaercA raMma-pyrrmeeii or ¢. Ilpa memom

0
t > 1, KaR 9TO cAelyer W3 aanatm 1760, 1), I'(t) = (¢ — 1)! lomaran emecs ¢ = 1,

noaynmm yemosre O = I'(1) = f =% 2% dx = 1. llosTomy npmRATO camTate O = 1.
0
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. Inz
Yrasanwe. B nprMepe 3) mpu HaxommeHun lim —— npAMeHMTDH
T=¥00 I

NMpaeHJIO JomrTana.

e o] [e.a]
dx [ dx dz
1762. 1 _— 2 —_—: 3 —_.
)I/w\/1+w2 )0 Va+2)® )1 72 4 2t
1763, BruncanTh I0Imamb, 3aKAKMEHHYI MERIY KpHBOH y =
= ¢7%* u ocamu koopnuuat (mpu z > 0).

1764. Haittu o0bem Temma, 00pa30BaHHOTO BpallleHNEM BOKDYT OCH
Oy naomanu 6eckoneysol NIUHLL, 3aKTIOYEHHON MERIY THHHAMH:

zy=4, y=1, z=0.

1765. Onpegenuth o6heM Tela, 06Pa30BAHHOIO BpallleHHEM Kpu-
Bofl y = re~*/2 (mpu 2 > 0) BOKDYT ee aCUMITOTHI.

§ 8. Cpennee 3sHavenne PYHKUHH

Teopema o cpenHeM. Ecnu Ha oTpeske [a, b] dynruna f(z) Hempe-
)

PRIBHA, TO MeRAY TpefelaMH HHTETpala f Jf(z) dz naiimerca Tamoe z = ¢,

&
NpPH KOTCPOM

b
[1@)dz = 6-a116o). (1)
3HaveHUe PYHRIMK
b
[ fx)dz
ym = flc) = abT (2)

HA3KIBAETCA Cpednus 3HaveHUeM dyHruUMH f(2) Ha orpeske [a, ).

1766. Onpegenuts cpeqnee 3Havenue PyHKIuU:
1) y = sin # na orpeske [0, 7];

2) y = tgz ua orpesre [0, 7/3);

3) y = In z ua orpesre [1, ¢€];

% ga orpesre [a, b];

YHYy==z
1
Vv=1ra

YEa3aTh Ha wepIekKe cpelgnee 3navenne YRKINA B KaRIOM IpHMEpe,

Ha orpeske [—1, 1].
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§9. QopMmyna rpamenuft u dopmyra CHMncoHa
1°. dopMyma Tpamenmii

/ Yo+t |,
JECLY ["T + zy;] , (I)
a i=1
rie h = (b—a)/n, ayo, 11, Y2, . . ., Yn — PABHOOTCTOAIIHE OPAHHATHI RPHBOH
y = f(z) Ha orpeske [a, b]. MorpemHocTs dopmynsr (I):
— a)h?
ew) < = )

2°. MapaGoanyecrana popmyaa CHAMNCOHA A OBYX IOIOC:

b
h
ff(a?) dz ~s g(yo + 45 +y2), (IT)
rae h=(b—a)/2.
3%, Qopmyaa Camncona mia 2n noaoc:
fni=1
f fl@ydz~ [yu + tn +4Zyz,-, +2 |, (II)
§=1 §=1
rae h = (b — a)/2n. Norpemuocte popmya (I1) = (III):
( —a)h? 1y

T. . popmyna (II) sBiaserca Tounoil mua mapabos BTopoli m Tperbeli cTene-

geit: y = a+ bx + cx® + dxB.

1767. BriyucnuTh no popmyae Tpaneuntt In 2 = / df H Oll€HUTH
TorpemnocTs no gpopmyae (1).
5
1768. Ilo dopmyie Cumncona (II1) BEruncInTh mATETPATEI f 2> dz
1

2
H / 21 dz, oueHnTH TOrpeIHEOCTE T0 hOpMYIe (2) n pesyabTaTsI CpaB-

0
HHATH ¢ TOUHBIMH 3HAYeHHAMH HHTEI DaJIOB.



§9. dopmyaa Tpanenni # (opmyia CEMICOHA 177

1769. Ilo popmyae Cumncona (II1) BhyHCIUTH UHTErpaIkL:
wf2

1)[\/1+m3d:r: (2n =4); 2)[\/ 3—cos2zdz (2n=6);

3) f 1721 (2n = 4) u oUeHATH NOTPEIHOCTD, MOTaTaA B Gop-

MyiIe (2) npubaamerao A2y |max & |A%W|max.

1770. Hafitn wo ¢opmyae Crmucorna (II) o6vem Goukm BEicOTOM
50cM ¢ guamerpoM Kamuoro nHa 20 cM U ¢ TUAMETPOM CPeIHEro cede-
mraf 30cm.

1771. BoBecTu GopMyasl obbemMa MupaMulibl u Mapa ud GopMynnl
Crmucora (II).

1772. Beruucanth In 2 = / df mo obmett dpopmyne Cumncona (I11)

(upm 2n = 10) n omernTh NOrpemnocTh N Gopmyne (2).

1773. Halttu nauuy gyru sanunca ¥ = Hcost, y = 3sind, mpu-
MEHHB K WHTEIpaly, ONpelelAIOIIeMy NMEPBYH) ueIBepTh BCeil Lyru,
dopmyay Cumncona (II).

, TPAMEHHB K

Vi-o

1
1774, BoruucinTh npubinmenno 7 = 6 f
0

nraTerpany dopmyny Camncona (II).

1

7 x

1775. Bulynenuts — = | ——

YHCIH 2 / 13 22

0

(III) (npm 2n = 10) m oUeHUTH NOTPEIIHOCTH, NoAarad B dhopmyie (2)

npubaamenao by |max & |A%Y|max.
1776, PaccmaTpuBaA IJ0mambk wacTH KPyra, OTPanmYeHHOTO Kpn-

4

no obmett dpopmyne Cummcona

Bott 2% + y? = 32, norazath, yToO / V32 — 22dz = 47 + &; matitu 7,

0
BEIYnCAAA wHTErpan no ¢popmyine Camiucora (npm 2n = 4).
1777. Beruncante mo popmyae Cumncona (II1) panny nyrm momy-

BOJIHBI CHHYCOMIHI ¥ = sin , pa30HB OTPe3oK [O, :rr] HA MeCcTh PaBHEIX
qacTeid.
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KPUBH3HA IIJIOCKOH
M NMPOCTPAHCTBEHHOI KPHBOM

§ 1. Kpususna muockoli rpusoil.
IlenTp 1 pagmyc KPHBH3HEL. JBOJITA

1*. Kpreusua:
=t Q
T ds T (14232

2*. PagHyc KPpHBHBHELL

Re (1 + ylz)s,!z _ (3-32 + ﬂz)sfz

= 2
|| |5 — &gl @)
3°. KoopiHHATH NeHTPA KPHBU3HEHL
1+y? 2+
X: _— = U,
x Ty' x+zy—yzy "

1442

|2 0
Y=y+ yn =3)"|'§|?r +yzﬂ7

5E— iy

Teomerpruecroe Mecto ueHTpoB EpmemaHEl C(X; Y) HasbBaerca seo-
Aomotl. YpapHeHUA (3) H GYOYT napamempuuecKumy YpacHeHUAMY IBO-
TIOTHL.

4°.Paguyc KpUBH3HH KpHBoH r = f(p), tle r H » — MOAAPHEIE

KOOPOHHATHI:
(2 + 112)8/2

k= [#2 + 2¢'2 — er#| 4)

Onpenenuts paiuyc KPUBH3HEI U MOCTPOMTh KPHBYIO U KPYT Kpu-
BH3HHI KPHBOii B ee BepIInHe:

1778. y =4z — 22. 1T79. y=e~%.

1780. 2% + 4y = 4. 1781. z = a(t —sint),

1782, y = ze™®. y = a(l — cost).

OupeneauTs KOOPIHHATH UEHTPA KPHBH3HEL H NOCTPOHTH KPHEYIO
U KPYr KPHBH3HKI KPHBOii:

1783. zy = 4 B Touke z = 2.
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1784. y = In 2 B Touke mepecevennd ¢ Oz.

23

1785. y = —

B TOYKe nepeceyeHHdA C Oz,

HamucaTh ypaBHeHue DBOMIOTHL KPHBOMN H MOCTPOHThL KPHBYIO U ee

SBOJIIOTY:
2

1786, y = 1 — % 1787. ¢ = 2cost, y = sint.

1788. 2% — y? = a? (wam ¢ = acht u y = asht).

1789. z = a(cost + tsint), y = a(sint — t cost).

1790. HatiTn MakcuMalbuYo KpuBU3HY Kpuboft y = e*.

1791. llora3aTh, 4To paguyc KpUBUBHKI HemHON dununu §¥ = ach E

2
B 1000 Touke paBen LA paBeH OTPe3Ky HOpMAlU MEMIY KpuBoh u
@

oceio Oz,
1792, OnpeaennTh painyc KPUBH3HEL B TPOA3BOIbHON TOuKe KPH-
2
a
i 1) r=al{l - i 2)r2=qa%cos2p; 3) r2= .
Bott: 1) r = a(l —cos¢); 2) r* =a®cos2p; 3)r "

Onpenenuts paiuyc KPUBH3HEI U MOCTPOMTh KPHBYIO U KPYT Kpu-
BH3HHI KPHBOii B ee BepIInHe:

1
1793. y = ——. 1794. 22 — y? =4,
Y 1+ 22 -y
1795, y = sin z. 1796. 2y = 22 + 4z.

OnpenenuTs KOOPIHHATH NEHTPa KPUBH3HEL U NOCTPOUTh KPUBYIO
H KPYT KPHBA3HEI KPHEBOIi:
1797. y = €* B Touke mepecevenus ee ¢ Oy.

3
1798. y = % B Touke {—1; —1/3).

1799. y? = 23 B Toure (1; 1).

T
1800. y = cosz B ToOuke & = 1
HamucaTh ypaBHeHHE DBOMIOTHI KPHBOM H MOCTPOHTh KPHBEYIO M e

SBOJIOTY

t3
1801, y? = 2(z +1). 1802.z =12, y= 3
1808. zy = 4. 1804. z = acos®t, y = asin®t.
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1805. Iloxkazarh, 410 B A1000H TOYKE ACTPOUILI e23 4 ygf 3= g2/3
panmyc KpuBHSHEI paben 3 &/ a|zy|.

§ 2. laana OyrH KpHBoH B NmpoCTPaHCTBe

HMuddepennuan nyru: ds = /da? + dy? + dz2, unu
ds = /22 + y2 + 22 d¢.

iy
Mauna gyru: s = f Va2 4 42 4 22 dt.

31

Hailitr gampy nyrm KpuBoii:

23
1806. z = t, y = 2, z=?0‘1‘t=0not=3.

1807, x = 3cost, y = 3sint, z = 4t or t = 0 no nporaBonbHOrO t,
z2 73
1sos.y=?, z=me=onom=3.

Hatitu nauny nyru wpupoft:
t
1809. x =t —sint, y= 1 — cost, z=4sin§0t|:t=0not=fr.

1810. z =€, y=¢~t, 2=ty20rt=0m0t=1.
2

1
1811.y=§lnm, z=%0‘rx=lnom=2.

§ 3. IlponsBoauan BeRTOP-QYHKUMH N0 CHAAAPY
H ee MeXaHHUeCKOe H TeOMeTPHYeCKOoe 3HAYeHHe.
EcrecrBeHHBIN TpeXrpaHHMK KpHBoft

Paguyc-ertop r = #i+ yj + zk Touru wpmsost £ = 2(t), y=y(¢), z =
= z(t) ecTb sexmop-Fynxyus cranapat. llpoussonnad r = #i+yj+zik ects
TAHTEHUHATLHEIN BEKTOD H UMeeT Moaynhb |F| = /22 + ¢+ 22 = § = z—:.
TlosTomy, ecim ¢ — BpeMA, a KPHBAA — TPAEKTOPHA NBAKEHHA, TO T = v
€CTh BERTOP CKOPOCTH, T = 1 — BERTOP YCHOPEHHA.

Yepes Toury M(z; y; ) kpupoii (puc. 34) npobezeM TPH INIOCKOCTH:

1) nepneHAUKYIAPHYIO K I'; 0HA HASHIBACTCA HOPMAAbHOL;

2) comepmalIyIo I H I'; OHa HA3hIBAETCA Conpuxacaioujeiics;

3) mepIeHINKYIAPHYIO K NePBHIM OEYM.

Onu obpazyor ecmecmeennnd mperepawnux (TPpAYOP) KpUBOIL.
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B mepeceveHut nmockocTell MMeeM TPH MPAMEIE: KacameasHyio, Guxop-
MAAL U 2AAEHYIO HOPMAAb, ONPENelAcMble BERTOPAMH:
1) r — manzexyuadbHbil,

2) B =1 X T — GunopsaavHbil,

3) N =B x r — aagensith HopHGALHL,
JHHHYIHEIE BeKTOPEI YTHX HAlpaBIeHuil obosHaunMm T, 3, /; OHA CBA-

dr
BAHEL 3ABACHMOCTBIO —— =
5

Iyere My(X; Y; Z) — Touna racatennHoft (puc. 34). Torma M M;||r u
H3 yCIJIOBAA NAPANIEIEHOCTH BERTOPOB OIYTHM YPABHEHHA KacaTelbHO

X—2¢ Y-y Z-z
¥ z

Myers Ma(X; Y; Z) — Touna
Ha HOPMAaIbLHOH INIOCKOCTH.

Torna MMy L ¥ u u3 ycio-
BHA NepNeHIMKYIAPHOCTH BEKTOPOR
NOAyYAM YPaBHEHHE HOPMAJLHOMN
IIOCKOCTH:

sX—z)+9Y —9) +
+HZ-2)=0. (1)

YpapHeHUA GHHOpPMANU U TIaB-
HON HOpMAaNu MONYYHM, BaMEHUB B
ypaeuennax (I) &, y, z cooTmercT-
peHHO Ha By, By, B, niwm Ha N., Ny, N,. YpapHenme conmpHRacaimetica

IVIOCKOCTH TIOMy9HM, 3aMeHnD B ypasrenuu (1) £, , Z Ha By, By, B,.

1812, Paguyc-BeKTop ABHAYIIeHicA TOYKHM B MOMeHT { 3alan ypas-
HenueM r = 4t1 — 3tj. OnpegenuTh TpaeKTopHIO, CKOPOCTh U YCKOpe-
HAe IBHREHHA,

1813. Ypapuenue aumennsa r = 3ti+ (4¢£ —t2)j. Onpeneants Tpa-
€KTOPHIO H CKOpPOCTH ABmKeHuA. [locTpOuTH TPaeKTOPHIO H BEKTOPHI
ckopocTr B MmoMerTH { =0, 1, 2 mw 3¢,

1814. B samaye 1813 onpemennTh YCKOpeHHE W IBHMKEHHA W €ro
v
TAaHreHOHATBHYID Wy = i HOPMAIBHYI Wy, = /w2 — w2 cocTa-

BAAKIOHE B A1000# moment ¢ u npu ¢t = 0.

1815. Ypapuenue npumenuna r = ¢cost-i+bsint . j. Onpeneantn
TPaeKTOPHIY, CKOPOCTh H YCKOPeHHE IBHAEHAA W NOCTPORTH BEKTOPHI
CKOpOCTH I YCKOpennd B Toukax ¢t =0, 7 /4, n/2.

B samavax 1816-1818 nanncaTh ypaBHenHf KacaTelbHON mpAmolt
1 HOPMAJILHOI NI0CKOCTH KpuBoii:

1816. x =t, y = t%, 2 =® B m06ol Touke m pu £ = 1.
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1817. y = 22, 2% = z B mwbott Toure (z > 0) n npu z = 4.
1818. 22 + y® = 10, y? + 2% = 25 B Toure (1; 3; 4).

Yrasanne. Banp nnddepernunan or nepoli H npasoii uacTell Kammoro
YPaBHeHHA, HalfTH 3aTeM oTHoIeHuA d : dy : dz.

1819. Haittu Tanrennmanbrbill ¥, Ommopmanbreiii B m rmaBmbiil
ropmaibrblii N BekTophl KpuBoft # = 1 —sint, y = cost, 2 =1 B
Touke £ = 0. Hafitn Takme 7, 3 u v B TOlt ®We Touke.

1820. Hanrmcaty ypaBmennd r71aBHON HOpMaNin, OMAEOpMaIN H CO-
NpHKacal0IIelicA I0CKOCTH K KpuBoll © = §, y = tg, z =13 B TouKe
t=1.

1821. Hanwmcare ypaBuennd ImapBrolt mopmann w OmROpMANnA KpH-
Bolt x =€, y=€ %, z2=1¢B Toure t = 0.

1822. llorazaTh, uTo ypaBHeHHA & = tcost, y = tsint, z = ¢
ONpENelANT KOHUNECKY? BAHTOBYI0 JHHA, H HAIMCATL YPaBHEHHA

rj1aBpuoli HOpmaiu, OmHOpPMalH H KacaTeldbHOH K mHell B mavaje Koop-
AHHAT.

1823, Hanmcare ypaBHeRnA KacaTelbHOH K BHHTOBOH JIMHAH & =
= acost, y = asint, 2 = bt B n106ott Touke u nput = x/2. llokazars,

YTO BHHTOBAA MHHAA lepeceKaeT o6pasywomue DHAMHIpa T2 442 = a?

Va3
1824, HaltTu yrini ¢ ocAMuU ROOPAMHAT TAHTEHIUAIBHOTO BEKTOPA
Kpubolt 22 = 24z n y* = 2bz B TouKe 2 = v/ab.

nod oIHHAKOBEIM YIIIOM Y = arccos

1825. Ilnockocth y = 0, Ha KoTopoft Nama Kpubas 2z = 22, y =0,

HaKpyuuBaeTcd ma Duauunp z° + y? = 2y. Hammcare mapamerpuue-
CKHe YpaBHeHUA 00pa30BAHHOTO KPHBOHN BHHTA H oOpeleluTh Ounop-
MaibHEI} BeKTOP KpHBOli B T000i Touke n B Touke t = 7 /2, rue t —
yroi NOBOPOTA HIAOCKOCTH.

1826. Paguyc-Bertop ABumyIIeficA TOUKU B MOMEHT ¢ 3alaH YpaB-
mennem I = a{t — sin tgi + a(l — cost)j. OnpemennTh T NOCTPOUTH
BEKTOPEL CKOPOCTH H YCKopenuA npu t =7/2 nt = 7.

B zagavax 1827-1829 mammcaTh YpaBHeHUA KacaTeldbHOM K Kpu-
BOfi:

1827. y =z, z = 222 B Touke z = 2.

1828. 22 + y? + 22 = 14, 2 + 2y — z = 2 B Toure (1; 2; 3) (cm.
samauy 1818).

1829. 2 =2t, y=1Int, 2=1*p Touke t = 1.
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1830. r = ¢'i + e~*j + tv/2k. HaliTu yrinl ¢ ocAMu KOOPAHHAT
Onropmansroro extopa b B Touke § = (.

1831. HanucaThs ypaBHeHudA ronaBuo#t wopManu u GuxopManu rpu-
Bott y = 22, 2= y? B Touke z = 1.

1832, HanucaThs ypaBHeHudA riaBuo#t wopManu u GuxopManu rpu-

i
Boit £ =t —sint, y =1 — cost, z=4Sin§BTO'-lI{et=7r.

§ 4. Kpuensna ¥ KpydeHHe NpocTpaHcTBeHHO#t KpHBoft

Kpusuana 1/R ecthb Ipemes OTHOWIEHHA YIIIa  NOBOPOTA KACAMEAbHOU
k aauHe nyru As, roria As — (). Kpyuenue 1/p ecth npenen oTHomeHus
yraa ¢ nomopora Sunopmaau B As, rorma As = 0. Tar rar ¢ ~ |Ar| u
8 03 £|AB|, To 1/R u 1/p uncaenHo ora3nIBAIOTCA MONYIAMYU BERTOPOB:

dr 1 d8 1

—_— ==y, —=——0 1
ds R’ ds p (1)
Ecin sprBan 3ajaHa ypapHeRweM r = r(t), To

1 |[ex¥l 1 Pr Y

R=RP 5 Exil @)

1833. Iponnd pepennnpoBaB paBeHCTBO V = U7 N0 f, ¢ NOMOIIBID
nepeoft popMyALI (1) HOAYYHTH paslomenye YCKOPEHUA W Ha TaHI'€H-
UralbHOe H HOPMAJIbHOE:

+ 2
w=uT + =W,
R

1834. Touxa nBumerca mo napabome ¢ = ¢, y = — 12, rie ¢ —
Bpemd nBumennA. OnpeaennTh KpuBnsny 1/R TpaekTopun w Tanren-
NUANBHOE H HOPDMAlhHOE YCROpeHuA B MOMeHT ¢ u mpu t = 0.

18385, Toura aBmmercA no »mamncy £ = 4cost, y = 3sint, rme
t — ppemd aBmmenud. Onpemennty Kpusmdny 1/R Tpaexropmm m

3
TAHTeHIHANBHOE H HOPMAlbHOE YCKOpeHUA Npu £ = T
. ., 2
1836. ]Ina nBumenus ¢ ypapuenuem r = fi+ t2J + §t3k onpe-

mennTh KpnBu3ny 1/R TpaeKToprm m TaRTeHOHATbHOE W HOPMAIbHOE
ycxkopenusa B dwbolt moment £ u mpu t = 1.

Onpeneants KpuBu3ny 1/R u xpyyenne 1/p xpusotit:

1837,z =t, y = t%, 2 =® B m06oll Touke u pu £ = 0.
1838. z = !, y = e~t, z = t/2 B moGo# Touke w npnm £ = 0.
2 3
z
1839, y = S A= B awdoit Touke u pu ¥ = 1.
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1840. llorasaTh, yT0 Ha HpaBoM BuHTE (& = ¢CO8t, y = asint,
z = bl) KpyueHme NOJOMHTENbHO, a HA deBoM (¢ = acost, y =
= —asint, z = bt) — orpunaTeabHO.

Onpeneants KpuBu3ny 1/R u xpyyenne 1/p xpusotit:

1841. x = 2, y = Int, z =t* B moGott Touke u pu ¢ = 1.
2

1842, z = %, z = 2% B mobott Touke u mpu ¥ = 1.

i

1843. 2 = €'sint, y = e’cost, z = €' B Toure t = 0.
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YACTHBIE ITPOH3BOIHBIE, NOJTHDBIE
JTHOOEPEHIIHAJDBI H HX NNPHI0AREHHAA

§1. OyEKuMH OBYX NepeMEeHHEIX
H MX TeoMeTpHYeCKoe H3obpameHHe

1°. Onpenenenune. llepemennan z HaZHBAeTCA OTHOIHAYHON dynx-
fyuel NMepeMeHHEIX ¥ H ¥, €ClIA KamIuoli mape 3HaveHHI ¥ H y B HekoTOpoOit
00J1acTH MX H3MeHeHHA II0CTABJIEHO B COOTBETCTBHE ONHO 3HaUeHne 2. UyHK-
OHOHAJEHYIO 3aBHCAMOCTE 7 OT & H Y 3alMCHBAIOT B BAIE

z=F(z, y). (1)

2°. TeoMeTprueckoe H3o0pamenue. YpapHenne (1) reomerpn-
9eCKH OTpeneNAeT HeKOTOPYID nonepxnocrb Ia ABa 3Hatrelmﬁ & H y onpeme-
ager Ha mrockoctu ¢Qy Toury P(z; y), a z = F(2, y) — annnuraty coor-

BeTCTRYIolIe#t ToukH M (z; y; z) Ha nosepxHocTH. IlosroMy roBOpAT, uTO 2
eCTh ¢yHRIUA Touku P(z; y), n mumyr z = F(P).
3. Mpegen dYHKUHH P]jnjl) F(P) = A, ecau pagHocth F(P)— A
—+Po
ecTh becroHeuHo Madad, Korga p = FpP — ( mpu mwoboM cnocobe mpubnu-
menuA P k Py (HanpuMep, mo mioboif aunHuu).

4°. HenpepuBHocTs (pyHEnmH. Dyuroua F(z, y) HasnBaercd
Henpepvienoti B Toure Py, ecan P]jnjl) F(P) = F(P,). Haaue rosopa, tbyHr-
—+Py

ouAa F(z, y) nenpepuienc B HeROTOPOi Touke (z; ¥), ecau

lim F(z+Ae, y+ Ay) = F(z, y).
Ax—0
Ay—0

1844. VrasaTp 00aacTn m3mMenennil T H ¥, IIA KOTOPHIX CJIeAYIO-
mue GPyHKIUY UMEIOT BellleCTBeHHbIE 3HAYEHHA:
4
2 2 2
—z*—ys 3 z=—5—=
22 +y?

4y z=+/a? — 22 — y%; b) z=/zy;

1 x
6) 2= —————; T)z= Y )
U mOCTPOHTH reoMeTpuveckue uzobpamenua PyHHuuit no cevenuam
nmoBepxrocTeil mockocTAMu £ =0, y=0, z=0u 2= Ah,

Dz=2*+y% 2Qaz=a
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1845. /lan nepumerp 2p Tpeyroabuuka. Qnpeneiuth naoliagb S
TPEYTOAbHAKA KAk GYHKUMIO ABYX €ro cTopoH Z m Y. OnpeneinTh u
NOCTPOUTH 06MACTh BOSMORHLIX 3HAYEHUH & u Y.

1846. Tna pyuruuu F(z, y) = ;a: 23 BHIyucants F(3,1), F(1,3),
F(1,2), F(2,1), F(a,a), F(a, —a).

1847. llokasats, wroecnn F(z, y) =+/2* + y1—22y, 10 F(tz, ty) =
=2 F(z, y).

1848. Mlna 2 = 2% — zy = y? ompenenuts Ayz, Ayz u Az.

Boraucante Azz, Ayz, Az, eciin T n3mendercda oT 2 o 2,1, a y
uzmeHAerca o 2 no 1,9.

1849. IlorasaTh, uyTo ypaBmenue 2 — y? — 2?2 = ( onpefnenser
z Kak Oecumc/leHAO€ MHOMKECIBO ONHO3HAYHBIX QyHKumit = w ¥, u3
KOTOPBLIX JBe HeNpephIBHLEL. YKazaTh 06JMAcTh ompeleleHHA BCeX DTHX
¢yrEnE# H TOCTPORTh reoMeTpuIecKoe H300pamenne NONORHTENbHON
uenpepbiBHOl dyuknuu. IlpuBecTn npumep oaHo3HAYHON, HO pa3-
puiBHON $yHrmuu z = F(z, y), onpefendemMoft Tem me ypaBHeHHeM

22 —y? =22,

1850. llocrponTh Mnann yporedt (npr 2 =0, 1, 2 u 1. 1.) Pynrk-

muiit
m2
Yz=q/1-—7 -5 2 z=2—y;
3) 2 =z% — g% 4y z = zy.
1851. llorazaTh, yto npu ¢ — 0 u y — 0 BEIpameHue u = Y
r—-y

MOMET CTPEeMHThCA K Mwobomy npeneay. IlpuBecTu mpumephl TAKOro
upubanmenna Toukn (z; y) K Touke (0; 0), npu roropom limu = 3,
limu=2, limu=1, limu=0, limu=-2.

Yrasanne. Paccvorpers H3MeHeHHe # W y BIOJIE IPAMHX Y = k2.

1852, llokazarh, uTo:
1) lim - VoY+d szy +d_ —%; %) lim SR _

z=+0 z—0 ry
y—0 y—0
3) 1m SR _g
=40 &
y=+0

npu n06om cnocobe npubanmenud Touku (2; y) & Touke (0; 0).

Yrasaune. llonomntk 2y = o.
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1853. Hz00pazuth reomerpuyecku GyHKouio
1 mpun =zy>0,
z=F(z,y) = 0 mpu zy=0,
-1 mpn =y <0
¥ YKa3aTb JHHHH €€ pa3phiBa.

1854, Yrasarp obaacTn onpeneilenna QynKmmi;
4 z xz oy
) z=z+y; 2)z=m; 3 —=yl-—= -

5 2?2
4) Ezl_a_2_b_2; 5Y 2=z + /2% — y2;
) V=V + i

¥ NOCTPORTH reoMeTpuuecKre H3o0pamennA 9TuX PyHKunmil.
z
1885. lorasatsb, yroecnu F(z, y)= 10 F(a, b)+F(b, a)=1.
- ¥

x

185886. Iloka3aTh, yTo ypaBuenne z2 = 7 OmpejenseT z

4—z2 —
Kax GecuuclenHOe MHOKECTBO ONHO3HAYHKIX qaymmgn X Uy, H3 KO-
TOPHEIX IBe HENpepHIBHE. YKa3aTh 00JacTb ONpeldelleHHA BCEX STHX
¢yuKnIul U MOCTPOMTh reoMeTpuyeckoe usobpamenue DyHRmUH, Ho-
noEuTeabHON B 00mactn 22 + y? < 1 u oTpruaTeNbHOM BHe ee.

1857. DocrponTth reomerpuyeckoe wu3obpameHue OfHOZIHAYHOH

¢yrrumn z = F(z, y), onpeneanevott ypaprennem % + y% + 2% = a2,

a
ToTomuTeNbHOM B obmacTn x2 + y? ik OTPHUATEABHO BHE ee,

VkasaTh TUHUIO €€ Pa3phIBa.

§ 2. YacTHBIe NMPOH3BONHLIE NEPBOTO MOPAIKA

NponssoanaAa ¢yHruuMU 7z = F(2, y) N0 2, HalileHHadA B IPENNOI0-
MEHUU, YTO Y OCTAETCA MOCTOAHHEIM, HA3KIBAETCA yacmuoll npouzsodnot z

9z
no * u ofosHavaercAd —— mad Fj(z, y). AHanormyHo onpegensdercd n 060-

Bz
= ,
BHAUACTCA YACTNAR NPOU3BOOHAR 2 Mo Y: — = Fu(z, y).

By
Halitr yacThbie npou3Bonnble QyARnmil:
1858. z = 23 + 322y — y°. 1859. 2 = In (2? + y?).

1860. z = 2. 1861. z = arctg 2.
T

x
_ &y 1
1862, z = . 1863.u—ln(3x %)
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1864. ¢ = v/a? + 5% — 2abcos o

1885. u=2+ 22 1866, u=ze v,
oy oz
1867. u= X 1 1868. o = arcsin (ty/7)
T w42t T ’
1869. /Torazath, uTo eciu z = In (\/5+ \/37), TO
8z gz 1
3}% + y@ = 5.
1870. Jloxazath, yT0 eciu z = 4/z 8in %, TO
a0z 0z =z
L + y% 5
1871. JorasaTb, 9TO €Clim % = e”’»"‘z, T0
ou  Ou
20— +t—=0.
"5 Tier "
1872, Horasarb, 9T0 eciim ¢ = z¥, To
z Ju 1 du
——t ——— = 2u.
yoz Inzdy

1873. Hume, B 3agaue 1898, Oymer morazama CAenyIOIIadA Teopema
taepa:

Ecin z = F(z, y) — omnoponnad (yHKUAA CTeNeHHm 7, TO

a0z 0z
xa—m + y% = nz.

poBeputh 5Ty Teopemy Dfaepa AaaA pyurmu:

1) z=22+2y® - 2y% 2) 2= /22 +zy+37%
1

V= 1) 2= eolv,

Halitr yacThbie npou3Bonnble GyARUMiL:
1874. z = cos (az — by). 1875. z = arcsin %.

18786. z =

C— T 1877. v = Insin (x — 2¢).

1878, u = sin? (z + y) —sin®z — sin y.
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1879. Jlorazath, uto ecnu & = /22 + y2 + 22, 10

du\? w2 ou\?
(%) +(a) +(5) -t

1880. [oxasaTh, uTo eciu z = €*/¥In Y, 10

222 2 2
9z " Yoy " Iny
or  or
1881. dorasars, aro ecim I’ = :rr\/_;r, TO Iﬁ + gﬁ_g =

1882. [lokasaTh, yTo0 eciu z = €%/ 2sin (% - %), TO

oz 92\* 1. . ,¥
(a-'-%) _Ee s1n E.

1883. Ipoeputh Teopemy IHaepa 06 ONHOPOAHBIX PYHRIUAX (CM.
sagawy 1873) mnA dyurnuii:

1) —_ x3 . 2) —_ 1 .

z_:c—y’ z_:c2+y2’

3) z = arctg %.

§ 3. lonueilt muddepeHmHAT MepBoroe MopATKa

Ecim ¢pyrsuna z = F(z, y) nveer B Touke (#; y) HeIpepHEBHEIE YAaCTHEIE
HpOM3BONHEIE, TO €€ MOJHOE IPHpAIIeHUe MOET OHITh MPENCTABIEHO B BUIE

Az= a—zAa:+ 3_2
Jy

B Ay + ep, (1)

rae € — 0 mpu p = +/|Az|2+ |Ay|? — 0. Torna Boipamenue g—iA:+g—;Ay

ECTE 24U6HAA HACME NOAHO20 nNpupawjerus Az; OHA HABLIBACTCA NOAHbIK
dudfiepentuaaosn pyuruuu u obozHavaerea dz:

8z 8z
dz = an-i- %

Ay. (2)
Tlostaraa B gopmyae (2) z pasasv: 1) #; 2) y, natizem: dz = Az, dy = Ay.
IlosTomy

0z 9z
dz = ada: + ady. (3)
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Hs (1) caemyer, uto
Az w3 dz, (4)

T. €. MU AOCTaTO4HO Malblx Az U Ay noavoe npupaujerte HyHRIUYU TpPU-
BaumeHuo paBHO ee noaxosy duddeperyuaay (rm 5, § 7).

Oyurnua F(z, y) Hagrpaerca dudifepenyupyesrod B Touke (2; y), ecan
OH& UMeeT B 3T0H Touke monuuft guddepenuna.

1884. Hatitu moaunie muddepennuaatl GyHrumit:

1) z=2%; 2)z= ww_yy; Y u=et  4) z=+/22+ 2

1885. Hatttu 3nauenne moaHoro fuddepenunana GyYHRUHH:

1)z=§npu:c=2, y=1,dz=0,1, dy=10,2;

Nu=e¥mpuz=1, y=2, de =-0,1, dy=0,1.

1886. Briuucanth dz u Az 1aa ¢yuRrIuu z = 2y npu & = 5,
y=4, Az =0,1, Ay=-0,2.

1887, lloxcunTarh NpubInKenno uamMenenne GYHKIHH ¢ = arctg %,

Korna x usmenserca ot 2 no 2,1, a y — ot 3 no 2,5.

1888. llpu nmedopmanuu UuAuHApa ero paguyc R yBemuuunca ¢
20cm mo 20,5cm, a Bercora H ymempmimiack co 100cm mo 98cm.
Haiirr npubanmenno n3amenenne obbema V mo popmyne AV = dV.

1889. HaTeTrsr npAMOYIobHOr0 TPEYTONbAAKE, H3MEPEHHEIE ¢ TOU-
HocThio fio 0,1 cM, okasanuch paBuhiMu 7,5cM u 18cm. Onpemenutsb
a0CoMITHYI0 NOTPEIIHOCTE NPH BEIYACASHAA T'HIIOTEHYSEI.

1890. Haittu noiansle nuddepenunaibl GyHROHIH;

1) z=2—§; 2)s==zInt; 3)u=+/224+y%+ 22

xr

1891. HattTu 3mavenue dz u Az naa ¢yurnuu z = In (22 + y?),
Korga ¢ mamendercd or 2 mo 2,1, ay —or 1 mo 0,9,

1892. lloncuuTaTh mpubiumeHHo H3MeHeHne GYHRIUKUM 2 = arcsin =,
z

Korga x m3mensaercd or 5 1o 4,5,a y — ot 3 no 3,3.

1893, Ilpu xedopmannn Kouyca ero pagnyc B ypeamumicA ¢ 30cm
o 30,1cm, a Buicora H ymenbmmmaachk ¢ 60cm go 59,5cm. Haftru
npubianmenno n3mMenenne obpema no gpopmyie AV =2 4V,
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§ 4. llpouspogubie CHOMHEIX GyHRIUH

1°. Ecau z = Flz, y), ¢ = f(t), y = ¢(t), To 2 HasHIBacTcA cA0HCHOM
dynxyueti or 1. Ipu srom

di_dde  Dudy "
dt  dxdt  Oydt’
ecan pyHroHH F, | u ¢ duddepenyupyemsr.

2°. Ecan z = F(z, y), e z = f(u, v), y = ¢(u, v), u ecin PpyHRUHAR
F, f n ¢ middepennupyemsi, 10

0 _0:0s 0:0y 0 _:0e 0:0y "
Ou  Bxdu Oydu v OJzxdv  Jybv
1894. Hattta no ¢opmyne (1) Z—j n3 ypaBHeHmit:
z=22+ay+y? =1t y=¢

2) z = /22 + y2, z =sint, y = cost.
Ipoeeputs mpeaBapuTenbHolt MONCTaHOBKON 3HaueHult £ u § B BRIpa-
FeHne IJA PYHEOHH 2.

=

d
1895, Haittu ﬁ, ecn 2 =", ¥ = el, y=1—e?,

dz
1896. Haittu g SO £ = 4”, Te % H v — (PYHKIHH OT 2.

dz
1897, Haittu g SO £ = zeY, rme y — OYHKOHA OT 2.

1898. Oyrruna z = F(z, y) na3eBaercA oduopoduot, ecin
F(zt, yt) = ¢ . F(z, y). Tudppepenunupya obe yacTu 9TOro pabes-
CTBa MOt u moJaras B pesyanTaTe ¢ = 1, TOKa3aTh Teopemy Jinepa ob

z a0z
OIHOPOIHEIX q)ym(;unﬂx. wa—x + y% —2 nz.
1899. Hatitn 7z u —z, ecnu z = x%, rae z = u—2v, y = v+ 2u.
du v 9 5 9 9
1900. llycts 2z = F(z, y). Bupasuts 6—; u £ yepes 8—z " é,

ecan:
Hu=me+ny, v=pr+qy; 2)u=zy, v=y/fz.
1901. Ilycte uw = F(z, y), rie * = rcos @, y = rsing.

du

du  Ou du
BripazuTh — um — uepe3 — u —— Hu N0KA3aTh, 4TO

or ¢ oz Oy

du\? [16u)\? du\? [ Ou\?
(55) +(355) = (%) +(5) -



192 I'n.11. YacTABIe nporsBoiAbe, HOAREIe FAG G epeRIAaIET

1902. llycrh z = y + F(u), rne u = % — y%. [lokazath, uTo
Oz +m6‘_z

y% 3y = 2 1aa nwboft nuddepenunpyemolt dynruun F(u).

1903. Haittu i—j H3 YpaBHeHHI;
1) z = Az? + 2Bzy + Cy?, = =sint, y = cost;
2) z=a,rctg§, z=e? 41, y=e? -1,

1904. Noxrasars, a0 ecin 7 = ¢y + ¢ F(u), rme v = y/z, 10

a0z 0z
xa—m +y% = z+4 zy.

1905. orasars, uT0 eciin z = yp(u), rue ¢ = 2% — y2, 10
182z 10z =2
= =
zf0x ydy y
9z d2 0z

0z
1908. llycte z = F(z, y). Brpasuts 7 ° 3y wepes R

ecm: u=z4+2y, v=2—-y; 2Ju=./7y,v=z+y.

§ 5. llpousBonuEIe HEABHBIX GyHKumiL

1°. Ypasuenue F(z,y) = 0, nveomee pemenne (Zo; ¥o), onpene-
AAeT B OKPECTHOCTH o NEPEMEHHYI0 Y KaK HENpepHIBHYI (YHKIHI & NpH
YCTOBHH, UTO NPOU3RONHAA — - # 0 u HempephiBHA B HEROTOPOH OKPECTHO-
Y
CTH TOMKH (Zo; Yo).
Ecnu cBepx TOro, B ORPeCTHOCTH TOMEH (Zo; Yp) CYIIECTBYET H Hempe-
dy

aF
PHIBHAA NPOMSBONHAA ——, TO HeKeHas (PyHMKYyus HMeeT NPOHIBONHYIO Iz’
z

Az
onpeneaAeMy dopmMyo
dy _ OF/dx (1)
dz ~ OF/8y’

2°. YpasHeHue F{z,y, z) = 0 IpH aHANOTUYHKIX YCIOBUAX ONpe-
NelAeT  Kak HEABHYH QYHKUMHIO & H Y, HMEIOIYI0 YACTHhIE MPOHSBOJIHEIE

0z OF/0x 8z  OF/oy

5z~ 0F/6:’ By 0FJd: )

Haittu d;y H3 ypaBHEeHHM:

dz
1907, 22 + 4?2 — 4z + 6y = 0.
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1908. 1) 22?4 23 = 213, 2) ze®¥ — ye** = 0.

1909, Az? +2Bxy+ Cy® + 2Dz + 2Ey+ F = 0.

Haiitr yrmopolt ko3 huIHEeRT KacaTelbHOH K KprBoOil:

1910. 22 + y? = 10y B Touke mepeceyenus ee ¢ NpAMolt * = 3.

1911. 2% + 4° — 202y = 0 B TouRe 2 = y = a.

1912. HafiTn ToukH, B KOTOPLIX KacaTeabHad K Kpubol z2 + y? +
+ 22 — 2y = 2 mapamnensua: 1) Oz; 2) Oy.

0z 0z
Hatttu — u — u3 ypaBHeHH:

oz Oy
1018, 22 +y? + 22 — 62 =0. 1914. 22 = zy.
1915. cos (az + by — ¢2) = k(az + by — ¢2).

1916. Toxrasars, 110 eciin Tyz = a°

m%+ %— -2z
Oz y@y_ )

s TO

1917, llorasarb, uTo AuddeperUnalbHOMY ¥ PABHEHHIO

0z 3z
xa—x+y%_ F

YILOBIETBOPAET HeABHAA (DYHRUMA 2, ONpefelddeman ypaBuenuem (Ko-
HUueCKHX HoBepxmoctel) z/¢ = p(y/z).

d
Haiitn ﬁ H3 YpaBHeHHI;

1918. 22 — 4942 =4, 19019. 2y +Iny+1Inz =0.

1920. z + y = ¥/, 1921. 2cos (z — 2y) = 2y — =.

1922. Haiitnn yrooBoft kodddunuenT KacaTelbrOM K Kpmbolf 32 —
— 2y = 4 B ToYKaX Mepeceyenus ee ¢ npamolt x = 3.

1928. Tlyctb 22 + y2? + 22 — 222 = a®. Halitw % H %
oz Oy
1924. 2sin (2 + 2y — 32) = z + 2y — 3z. llorazath, uTo
0z 0z _
dz ' Oy
1925. llokazarh, uTo AuddepeHIUATbHOMY YPABHEHHIO

m%+n6—z—l
dz dy

YHOBIIETBODAET HeABHAA GYHKIHA Z, ONpeleldeMad ypapHenueMm (Umn-
TAHIpAYECKUX MOBepXHOCTeR): & — m2z = @y — nz).

1.
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§ 6. UacTHble mpoHaBogHEIe H NOJHEIE AH{deEpeHUHATLI
BLICHIHX HOpPAIROB

Ilycts nana dyHruma z = F(z, y), AMelolnaA YacTHHE NPOH3BOTHBIE

O0F 8F
H —. YacTHEE MTPOH3SBOOHEIE 0T YTHX IIPOHSBOOHEIX HA3BEIBAIOTCA YalT-

333

HEIMH IIPOH3BOTHEIMH BTODOT0 DOPATKA. OHH 0b03HAYAIOTCA:

8(0F/dx) _O°F  O(OF[dz) _ O°F

dx T 8x2’ dy  Bzdy’
B(OF/8y) _ 8°F  B(8F/dx) O*F
de T Oyox’ Sy oy’

AHaNOTHYHO oONpelenAloTcd H 0603HAYAIOTCA YACTHEIE NPOHMBBOIHEIE
TpPeTHEro MOPAAKA H APYTHX BHICIIHX TOPAMNKOE.

CMeniaHHbRle TPOM3IBOMHEIE, OTIAUYAIIIHECA TONBKO TWOPATKOM Audde-
PEHUHPOBAHMA, PABHAI, €CIIU OHU HENPEPhIBHAI:

J*F _ &F BF  BF  BF "
8xdy  Oydx’ OBx20y Oxdydz OBydx?

T. O.

TMonyyuM caenyiomyto Tabiuiy NPOHSBOXHBIX BRICHIHX MOPANKOB:
PF 8F OF
ox?’ fxdy’ Jy?’
BF HBF BF &F
Ox®’ dx20y’ Oxdy?’ Jy®
TonHEe AnddepeRIRANE! BECIIAX NOPANKOB ONpPeNeAIoTcA TaK:
ik
Bz

BTOPOTO MOpAMKA

TPeTLETO NMOPAIERA HT. O

82z 82z
2, — 2
d?z = dx+aada:dy+ayzy’

CHMBOJIFYECKH 9T0 PaBeHCTBO MORHO 3allHCATE TaK:

8 a 2
2, _
d*z (3:& da:+8ydy) z.

AuanoruyHo 5 8 s
d®z = (adz+ %dy) z
HT. I.

1926. Haiitrn wacTHBle IpOR3BOAHBIE TPeThero MOpALKa QYAKUAH
z=a°+ 2%y + y°.

8?2 &z

dz 6‘y Oy Oz
1) z=sin{az —by); 2)z=2%/y% 8) z=In(z —2y).

1927, lIpoBepuTh, YT0 —F— oA pyHRIuii:



£6. YacTHBe HPOR2BOAHBIE BHCIIAX NOPDAZKOB 195

1928, HatiTn yacTHhIe NPOU3BOIHEIE YETBEPTOTO NOPALKE PYHKIUY
u=2zt+ 32%y? — 24,
1929. HailtTu uacTHEIe NpPOU3BOJHEIE TPEThEro MOPANKA QYHKIUU
u=y/z.
1 1 s 0% 1
1930. Iycth s=1In | — — = |; mpoBeputh, 4T0 ———+ — = —.
y (:r: t) popeputh, % 3w6‘t+3w2 x?
1931. Hatitu wacTuele NpOH3BOIHEIE BTOPOro TOpALKA PYAKUAW
¥
= arctg =.
z = arctg :c .
1932, HorasaTh, 9T0 €clim z = sin (E - E), TO

b

o  9\° _ (1 1V?

oz T ay) T \a %) ”

1933. [okazaTh, uTo eciu u = arctg (22 — 1), To
Pu . O*u

— 42— =
0z% "9z 0t

1934. lokaszarth, yTo eciu s = Vaz + b, 10

(:c£+t£)2s— —2—8
8z Ot -9

0.

1935. llorasaTh, 4To GYHRUHA U = ze~¥/® yIoraeTBopaeT audde-
PeHIHATLHOMY YDABHEHHIO

Pu 2(@ @)_ P
Tozoy T\ Toy) T Vo

1936. [okazaTh, 10 eciu z = F(z, y) — ofuopoauas GpyuKundA
n-ro0 H3Mepennud, T0

P, 0%
dz Oy v

0%z
2
" ez T2

HIIH CUMBOIHYECKH

AN
(w%+y%) z=mn(n - 1)z

8 a
Yrasaune. PaBencTso za—: + yé = nz (cM. sagauy 1898) mpommd-
¢epermmpoBars: 1) wo #; 2) mo y, ¥ pesyabTAaTH, YMHOMEHHEE COOTBET-
CTBEHHO Ha & W Ha Y, CIOARHATH IOWIEHHO,
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2
1937. llpoBepuTh paBeHCTBO (m% + y;—y) z = n(n— 1)z qaa
OIHOPONHLIX Qymrumit: 1) z = 2? + 2y +y* 2) z= f—z; 3)z=
1

= —y2; 4)z=ln(%—l).

72

2
1038. Hatitn d?u, ecam: 1) v = %; 2) u==zln %

1939. MlorasaTh, uTo ecam 2z = cos(mz +ny), To d’z =
= —z(mdz + ndy)>.

1940. oxrasars, ato ecim z = In (ax + by), To:

1) 22 =2d23; 2) d®z=(-1)""1(n - 1)!dz™

1941. HJorasatb, a0 ecitm z = F(u, v), rneu = mez+ny m v =

02z AN o 9
= pT+qY, TO 522 (m% +P%) Zy 0z 0y = (m% +P%)
X ('ni +qi) z & = (n£+qi)zz

du  “Ov/) 7 Oy? Su “ov)] T
8%z Pz biZP
55 ~45e oy ooy
mepemenHHM ¥ = 3¢ + y m v = ¢ + y (cm. samawy 1941).
0%z 622 +4622 K HOBLIM
dz2 32: oy 0y
nepemMeHHbIM ¢ = 22 + § u v = y (cm. 3amauy 1941).

x

1942, lipecGpasoBarh BHIpamenne K HOBBIM

1943. lIpecbpazoparh BHIpameHue —

1944, Morasars, 910 ecan 7 = F(u, v), e ¢ 1 v — GyHKDHH OT

THY, TO
Pz _ a+v6 24w y 2 +""6—z
822 \"29u T 5y “6 ez 5y
Onpeneaurh aHaMOTHYHO oz u &
P dz oy "y
Pz 62
1945, lpeobpasopaTk BEIpamenne 3:23T —y? By 75 K HOBBIM Tlepe-

MeHHHIM © = 2y u v = y/z (cM. 3amauy 1944).

%z 182 10z
ar 2+r_23_992+ ar K HOBLIM

TepeMeHHLIM & = 7 COS @ m §¥ = rsin ¢ (cm. 3amawy 1944).

19486. IlpeobpazoBaTh BRIpameHHE
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1947. Ha#iTH uacTHBIe HPOH3BONHEIE BTOPOr0 NOPANKA QYHKIUU
2

gz 2
T 1-92y
19;:18. Hatttu uacTHBIe IPOU3BOJIHBEIE TPEThET0 NOPALKA PYHKIUU
U= —.
ot
Yy
1949. Torasarb, 9TO €ClIH 2 = -y’ T0
9%z 8%z 9%z 2
g2 ot =—
Oz dzdy Oy z—y
1950. Jlokazath, yto eciu s = In (az — bt), 10
8  ,0\°
(:ca—m + ta) s=2.
2 t
1951. /lora3aTh, 410 ecliu z = 2cos* | & — 2 ) TO
2 2
0z 072
a2 Pzt
2
1952. ToxazaTh, uTo ecu z = /¥, 1o y;x—;y = g—; — %
1958, Ilycte « = In z. Haittu d%u u d®u.
Pz 0%
1954, IIpeoGpazoBaTh BHIpamenme 92 a 6T,f2 K HOBBIM TIepe-
MeHHEIM % = 4% + ¥ u v = a2 — y (cm. 3amawy 1941).
2, 92
1955. lIpeobpa3opaTh BEIpameHue mw + ym K HOBLIM Nepe-
MeHHEIM % = §f H U = % (cm. 3amauy 1944).
1958. llorasaTh, 4T0 OYHRUMA U = %(a:) + @ (%) opu II0OBIX

JABamILl AuddepennupyeMblXx QyHKIuAX f H ¢ YIOBIETBOpAeT Nud-
¢depennuaTbHOMY YPAaBHEHHIO

Pu , oPu Ou ) ou_

oy Oz 0.
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§ 7. HurerpupobpanHe ModHLIX AHGdhepeHUHATOB

1°. YroGu ernpamenme Pdr + Qdy, tne P m  — auddepennupye-
MEIe PYHRIUYU & H ¢, Ghlllo MOTHEIM AudrdepennuatoM du, Heobxonumo u
P IQ

OOCTATOMHO BRIMOMHEHH: YCIAOBHA — = /.

dy o=z
Su

t
JnA HaxXommeHUA 4 U3 yenosutt — = P u — = @ moayuum u =

dx Jy
= [Pde +¢o1(y), v = [ Qdy+ pa(x). Brmucan H3 mepBoro BhIpameHHA
BCE U3RBCCTHRIC WICHRI, 4 H3 BTOPOLO — WIEHEI € ¥, HEIOCTAIOIIME B TIEPBOM,
moayyuM QYHKIHIO #.
2°. Urobnl mripamenne Pdx + Qdy + Rdz, rae P, @ u R — nudde-
peHIHpyeMble GYHRUHHE OT £, ¥ U z, OhlT0 DOTHLIM AubdepenumanoM du,
HeobXOMMO H NOCTATOYHO BHIMOMHCHUE YCIOBHE:

0P _oa 0P _on oq_on
8y x> 8z Oz’ 8z Oy
IlnA HAXORITEHHA U TIMeeM:

u=[Pistaw 2, v=[Qatel ) v=[Rito ).

Brinucap U3 mepBoro BhIpameHHA BCe U3BECTHRIE WIEHE, 8 H3 BTOPOTO U
TPETHEr0 — HENOCTAKINUE YIEHH C I U Z, TONyYHM GYHRIUD 4.

Haxomaenue pyHRIUY HO ee MOMHOMY AuddrepeHIHaNY HAZhIBACTCA UM~
meapupocanues noarozo duddepenyuada.

[IpoBepnTh, uTo chenyiollee BHPameHHe ABIACTCA MOMAHBIM Hud-
¢pepenunanom du, u HaUTH u:

1957. (22 + y) dz + (z — 2y — 3) dy.
1958. 2 sin 2y dz + 22 cos 2y dy.

1959. (¢ +Iny) dz + (g +sin y) dy.
zdy —ydz
1961. (yz — 2z) dz + (22 + y) dy + (2y — 2) dz.

1 1 dy x 1

[IpoBepnTh, uTO Clenymoliee BEIpamenne ABIACTCA NOAHEIM ITud-
¢epennuanom du, m HaliTh u:

1968. (y2 — 1) dz + (22y + 3y) dy.
1964. (sin 2y — ytgz) de + (22 cos2y + In cos = + 2y) dy.

1960.
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. 2 .
1965. (y _ 2 y) de + (m 4502y 1) dy.

x2 T

z 14+t 41
1966.t1/t2+1dt+ NG de.

1967. (Iny — cos2z) dz + (g + z) dy + (y + 2« sin 22) d2.

1068, L3 | 31’:2
4 z

dz.

§ 8. Ocobnle TOYKH MaAOCKofl KpmBoii

Toura wmpusolt F(z,y) = (0 HagmiBaeTcA ocofoti, ecllM B 3TOH TOYKe
8F 8F
—=0u—=0.

dx Jy

Yraopo#t rosthunuent k = i KacaTeanHoit B Tarol ToOYKe HAXOAHTCA U3
yparHeHHa A + 2Bk + Ck® = 0, rme A, B 1 C' — 3HaueHHA NPOHSBOTHEIX
#F F 9F

H
8x2’ dx by Oy

1) B? — AC > 0 — 1Be KacaTeNbHEI®; TOUKA HA3EIBAETCA Y3A0M;

2) B? — AC < 0 — HeT RacaTeILHOMN; TOYRA U30AUPOSANNGR;

3) B? — AC = 0 — nan usosuposannas TOURA, UM TOYKA 60I6PAMA,
HIH TOYKA CAMOCONPUKOCHOSEHNA, B TOYKAX BOIBPATA H CAMOCONPHKOCHO-
BEHHA CYNIECTRBYET Ofua obIaA RacaTedbHaA K ABYM BETHAM KpPHBoi.

UroOhI B TPeTheM, COMHUTETLHOM, CIIYYae PEITHTh BOPOC OROHYATEARHO,
HY#HO Y3HATh, UMEIOTCA JU TOYKU KPHBOH B CRONB YTOAHO MAaJ0H ORPECTHO-
CTH HeclenyeMol TOURH.

B gToft ocobolt Toure. Ilpu sTOM BO3MOMHK TPH CIyYad:

Oupenennts 001acTH pacnoAOKenuf, TOTKH Tepecedennd ¢ OCAMH
KOOPAHHAT, 0COObTE TOYKM KPUBEIX W MOCTPOUTH KPHUBRIE:

1969, z° + 22 — 2 = 0. 1970. y® = (z + 2)°.
1071, 23 — 22 — 2 = 0. 1972. 4% + 2% — 22 = 0.
1978, (y — )% = 25, 1974, y? = z(z — 2)%.

Onpenenuts 0bnacTu pacnoloenus, 0COOhIe TOYKH U ACUMITOTHL
KPWBHEIX M TOCTPONTH KPHBBIE:

1975. (z +2a)® +2y? = 0. 1976. 2% — > — 3y2 = 0.
1977. 2% + y® — 3azy = 0. 1978. y?(2% — a?) = zt.
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Onpenenuts obmacTu pacmolomeHns, TOUKU NEPeCeYeHUa ¢ OCAMH
KOOPIHHAT, 0c00bIe TOTKH KPABEX H NOCTPOATE KPHBHIE:

1979, 4% + 23 — 222 =0.  1980. a%y® = 2%(2az — 27).

1981. y% = z(z + 2)%. 1982. zy? = (z + a)°.

1988. 4y° = 2° 4 521, 1984. 42 — 2t + 22 = 0.

1985. Hatttu Touku mepeceveHHA ¢ 0CAMU KOOPIHHAT, Ymax, 0CO-

OyI0 TouKy m acuMnToTy Kpupol 4z% — y? + 2® — ° = 0 m nocrponts
KPUBYIO.

Onpeneants 06racTH pacnonomenus, 0CoGLIE TOUKH U ACUMIITOThL
KPUBHIX:
1986. 1) y*(2a — z) = z(z — 4)? (cTpodouna);
2) a%(22 + y?) = 2%y
1987. 1) 2(2? + ¥?) = a(2? — y?); 2) a(2? + ¢?) = 2(2? — y?).

§£9. Orudamman ceMelicTBa NIOCKHX KPHBBIX

Kpmpas HasoiBaerca osubawweti cemelicTBa KpmBEIX F(z, y, o) = 0,

ecau: 1) oAa KacaercA Kammoil KpuBoil cemelicTBa; 2) Kamuad ee TOURA ABJIA-
eTcA TouKoli ee KacaHWA ¢ KpHBoli cemelicTBa, oTNMMYHOI oT Hee camoil.

Orubaroman cemelicTea kpuerx F(z, y, a) = (), eciu oHa CYIIECTBYET,
HAXOOHTCA HCRIOYEHHEM TMapaMerpa o U3 ypaBHeHHH

Flzg,y,a)=0 =m Fi(z,y, a)=0.

Moser, ofuaro, CIY4UTECA, YTO NONYYEHUAA STHM CHOCOGOM RpHBaA 6y-
mer He orubaiomiel, a FeOMETPUYECKUM MECTOM OCOGBIX TOMER KPUBHIX Ce-
MeticTBa (cM. orBeT K 3amave 1990, 2)).

Haiitn ormfalomyio cemelicTBa KPHBBIX H IOCIPORTh OTHOAMIIYIO
U KpHBhIE cemeiicTRa:

1

1988, 1) y = az + a?; 2) y = az® + -

1989. 1) (z — @) + y?> = R%; 2) day = (z — @)

1990. 1) y — 1 = (z — a)?; 2) (y-12= (z — a)%

3) (y-1=(2-0a)% 4)9y-aP=(x-a)

1991. OTpe3ok NocToAHHON AMUHKEL ¢ CKOAL3HT CBOWMH KOHUAMU
mo koopoueAaTHEIM ocAM. Halitu ormbaromylo cemelicTBa Takux o1-
Pe3KoB.

1992, HaltTu orufanmymw cemelficTBa OKpPYRuOCTel, NPOXOIANAX

yepe3 HAUAN0 KOODIMHAT M HMEIOIIUX UeHTp Ha Mapabone y° = 4x.
1993. Haittu orubaioinyio cemelicTBa ORpyRHOCTEH, UMEIOIIUY THA-

MeTpaMH PaluyC-BeKTOPH TOUeK THNepGoisl Ty = a.
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1994. U3 nHavana KOOpPIHHAT BEINYCKAeTCA CHADAN ¢ HAvalbHOH
cKOpocThIo b mox yrmom ¢ K ocm Oz, Haiitn ormbaromyo cemeiicTBa
TpaeKTOpuil NpH PASAHYHEIX (.

1995, Haittr ormfammyn: 1) cemeficTBa NPAMBIX & €OS oty sin o —
1

— p = 0 mpu nocroaunom p; 2) cemeficTBa HPAMKBIX ¥ = a2 + —;
a

3) cemeticTra Kybuveckux mapabon y — 1 = (z — a)°.

1996, Halitn orufarnmyio cemeficTBa OKPYAHROCTEH ¢ DEHTPAMH HA
ocu Oz, paluycamu KOTOPHIX CIYHAT COOTBETCTBYIOIIHE OPIHHATHI
napaboanl y? = 4z,

z? g2

1997. Hatttu orubaiomyio cemelcTBa QIIHICOB pr) + = 1 npu
YCIIOBHH, 9TO CYMMa TOJIyocelt umeeT NOCTOAHAYI LiauHy [.

1998. Hatitu orubatomyio cemeitcTBa napabon, umMeuy oCh CHM-
MeTpuH, Napanneabnyio ocu Oy, u IPoxXofAluX yepes Touku (—a; 0);

(3a; 0) m (0; 34%) npu pasauuHKEIX a.

§ 10. KacaTeapHad IIOCROCTL M HOPMadb R NOBEPXHOCTH

IlycTs noBepXHOCTE 3agaHa ypasRenneM F(z, y, z) = 0; BoasMeM Ha Helt
roary M (z; y; z).
YpaBHeHHA HOPMAJH K IOBEPXHOCTH B 9TOM ToUKe GymyT

X—=z Y-y Z-z

8F/dz _ OF[dy _ OF/dz (1)
Ypanﬂeﬂue RacaTedbHON NIoCKOCTH:
aF aF aF
a(X—a:)+8—y(Y—y)+§(Z—z)_0. (2)

B ypapHenuax (1) u (2) X, Y, Z — Teryuue KOOpPAHHATHI HODMAJH WIU
KacaTelbHON MIOCKOCTH.

BempN{é‘F_ OF OF

= "y o HAZ0BEM HOPMAABHBIMK BEKTOPOM NOBEPXHO-
a ) a ) a } p p p
CTH.

F oF
Ecnu Ha MoBepXHOCTH ecTh TOMKa, B KoTopolt Bz = 0, M
* Y
oF
— = (0, T0 oHa HazkIBaeTcA ocobod. B Tamoif TouRe HeT HU KacaTelbHoH

8z

MIOCKOCTH, HH HOPMAIH K IMIOBCPXHOCTH.

=0,

HamucaTh ypapHeHus KacaTelbHOH NIOCKOCTH K MOBEPXHOCTH!
1999, z = 2% + 2y B Toure (1; 1; 3).
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2000. zy = 2° B Touke (20} Yo; 20)-
2001. zyz = a® B Touke (20} Yo; 20)-
2 2 2

z Yy z

2002. p + 2

2003, OupeneanTdb IIOCKOCTh, KACATEABHYIO K NOBEPXHOCTH T2 +
+ 4y* 4+ 22 = 36 w napamaeNbEYIO IIOCKOCTH £ + Yy — 2 = 0.

2004. Hanucarb ypapmerns nopmaiu B Touke (3; 4; 5) K moBepx-
HOCTH KoHYca 2 + y° = z2. B rarolt Touke KOHYCA HOPMailb HeOlpe-
Jenenna?

2005. Hatttu yrael ¢ ocAMH ROOPIUMHAT HOPMATH K NMOBEPXHOCTH
22+ y? — 22 — yz = 0 B 1oure (0; 2; 2).

2006. HanucaTh ypaBHeHHA HODMAlu K MOBepXHOCTU Z22+y?z = 4
B Touke (—2; 0; 1). HocTpouth HOpMalh U NOBEPXHOCTD.

2007, [lorasaTh, 9T0 KacaTelbHEE IIOCKOCTH K MOBEPXHOCTH T2 =
= a? 00pa3yloT ¢ NIOCKOCTAMH KOOPAHHAT NUPAMHILL NOCTOAHHOTO
o0bema.

2008, llokasaTk, 9T0 cyMMa KBaIpaTOB OTPE3KOB, 0TCEKaeMBIX HA
0CAX KOOPAMHAT IIOCKOCTHIO, KacaTelbHOM Kk NoBepxHocTH 2/ +
+ y2/3 4 22/3 = ¢2/3 papua mocToAHHOM Benuuune a?.

2009. Hatttu paccToAHue Havalla KOOPIMHAT OT KacaTedbHOH MI0C-

= 1 B Touke (Zo; Yo, 20) u B Toukre (a; b; ¢).

KOCTH K Ie/IHKOHLY Y = wtg; B Touke (g; a; wa/4). MocTponTh Mo

BEPXHOCTH 10 cevenuam: 2z = 0; wa/4; wa/2; wa.

2010, Hanmcarhk ypaBuenme KacaTelbHON IUIOCKOCTH K NMOBEPXHO-
ctu az = 22 + y? B Towkax mepecevennd ee ¢ NpAMOH & = Y = 2.
22
2011. llora3aTh, 4T0 KacaTelbHAA IIOCKOCTE K NOBEPXHOCTH — +
@
2 L2
¥y oz
+ b_2+ z= 1 B Touke Ha Helt (2o} Yo, %o) ONPENENACTCA YPaBHEHHEM
229 Z2g
+IR+R =1
a b ¢

2012. Hanucarh ypaBHeHuA HOpMAAH K NOBEPXHOCTH 22 + y2—
—(z — 5)2 = 0 B Toure (4; 3; 0). IocTpouts B NepBoM OKTauTe NO-
BEPXHOCTE U HOPMAJb.

2013, Haiitr yrael ¢ ocAMH KOOPOIAAAT HOPMAaJH K NOBEPXHOCTH
2z = 2% — y? B TouRe (2; 2; 0).

2014. Hatttu paccToAHue Havalla KOOPIUHAT OT KacaTenbHoOH MI0C-
KocTa K komouny (2a? — 22)2? — a®y? = 0 B Touke (4; 4; ).
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2015. llorazaTh, YTO CyMMa OTPE3KOB, OTCEKAEMEIX HA OCAX KOOp-
AMHAT II0CKOCTBIO, KACATeNbHOA Kk Mopepxuoctn 21/2 4 y1/2 4 21/2 =

= alﬁ, paBHA TOCTOAHHOH BeAHYHHE Q.

2018. B raroft Touke KacaTelbHAA MIOCKOCTE R MOBEPXHOCTH 2 =
= 4 — 2% — 4? napannenbra: 1) nnocrocta #Oy; 2) miaockocTa 2% +
+ 2y + z = 07 HanucaTh ypaBHeHuA 3TUX KaCATENbHBIX MIAOCKOCTEH.

§11. CranapHoe moxe. /IMHMH M NOBepXHOCTH YpoBHeft,
IllponsBognas B JaHHOM HampaBleHHH. I'pamgmeHT

Ypaenenne ¢ = F(z, y) onpenenser u B Kamuoii Touke (&; ¥) HeKoTOpOH
06IacTH, KOTOPadA HA3EIBAETCA NOAeM CKGASPG . BHONEL Rammold M3 IHHHIN
F(z,y) = w1, F(z,y) = u, ..., THE 41, U2, ... — TOCTOAHHBIE, CRAIAP U
0CTaeTCA NOCTOAHHEIM H MEHFAETcA TOAbKO NPH Nepexofe TOUKH (T; ¥) C of-
HOM JUHUM HA JPYIYI0. ITH NUHUU HA3HLIBAIOTCA U304uNUAMY (M30TCDPMaMH,
H306apaMH M T. 1.} HIH AUHUAMY YPOSHEL.

YpapHeHue v = F(z, y, 2) oNpefelAeT node cKkaafpa # B HeRoTopolt
YacTH TPEXMEPHOTO MpocTpaHcTBa. Haonoseprhocmamu, UIH noseprMo-
cmAMY Ypoenetd OyayT

F(zs Y, z) =, F(J,‘, Y, z) = u2,
Ilycrs Toura (2; y; z) NepeMelljaeTcA No NpAMol ¢ = xo +lcosa, y =

dl
=y +1lcosB, z = zy + lcosy co cropocTEID i 1. Torama craaap

u = F(z, y, z) Oyoer HBMeHATHCA CO CKOPOCTHIO

du du OF aF aF
V=== a—zcosa-l-%cosﬂ-l- 3—20037_N-lg,
rme N 8—F 8—F 8—F — HOPMGALHWY BEKTOD U30NOEEPIHOCTIY, a
n 8$ » ay » 8Z p p p 1
lo{cos @; cos 3; cosy} — emmAmMYHLIH BexTOp HanpaeaeHns l.
IIpomasogaan
du OF

8F 8F
E—%cosa-l-acosﬁ-l- 50087—]};-10

HasbIBaeTcA npouseodnoti om Pynnyuu u = F(», y, z) € dannom wanpa-
esenuu lpfcos «; cos 3; cosy}.
I'paduenmon cramsipa v = F(z, y, z) HasolBaerca sexmop gradu =
Ju, Ou, Ou

= al-l- %‘H_@z

H3IMCHEHHA CRATAPA H.

k. I'pamMeHT eCTh BERTOP CROPOCTH Haubblcmpetitiezo

2017. llycts 2z = 4 — 2% — y2. TMocTpouTh Auunn yposuedt u grad z
B Touke A(l; 2).
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¥
.
1) B mwobo# Touke npamoft y = z; 2) B mobolt Touke mpAMOH
y = —, B vacTHOCTH B Toukax (1/2; £1/2), (1; £1), ..
2019. l'opuzoHTanu BO3BRIMIEHHOCTH ONPeNelAlOTCA YPaBHEHHEM
72
h=20- T y%. IocTpouth ropu30HTAIM, COOTBETCTBYIONILE OT-

2018. Ilycth 2 = arctg =. IlocTpouTh nuuuu ypoBuel u grad z:

merkam h = 20mM, 19m, 18M, 16M u 11M. Hanpabaenme gradh
onpefenseT 3Aech HANPABIeHHe TUHUU Haubooee KPYTOro CKaTa, a Be-
IHYAHA — KPYIH3HY BTOTO cKaTa BospermennocTd. llocrponth grad A
BTouke t =2u y=1.

2 _

2020, Haiitm nanGoiplUyi0 KPYTH3HY NOBEPXHOCTH 2° = Ty B
Touke (4; 2).

2021. Halttu npouspoguyio ¢dyukunu & = In (¢® + €¥) B nampa-
BISHAH, TapaiielbHoM OHCCERTpHCE KOOPIHHATHOTO YIIa.

2022. Hatitu mpom3ponuyio yurnuu u = 22 + y? + 22 B Touke
(1; 1; 1) B manpaemennn 1{cos 45°; cos60°; cos60°} u mattta gradu
B TOH Me Touke u ero NAuny. llocTpouTh MOBEPXHOCTH YpOBHEH.

2023. llocTpouTs NMOBepXHOCTH YPOBHEN cKalApa u = 2 + y° —
— 2z u waliTu u mocTpouTh grad & B ToukaxX mepecesenusa ocu O ¢
TOBEPXHOCTBIO % = 4.
2y 2
2024. HaitTu npouzpogayio GYHRUHH ¢ = 22 + vl + ) B TOuke
(a; b; ¢) B nanpaBlesuu panuyc-BeKTOpa JTOH TOUKM.

2025. llyets 2 = sz_Hﬂ lMocTpouth Auuuu yporueit u grad z B
touke (—1; 2) u mafttu |grad z|.

2028. llycte ¢ = zyz. HaliTu mpousreonuyio i—? B HAlpaBlleHHH,

COCTaBAAIIIEM C OCAMHA KOOPIHHAT PaBHBIE YIVIEI, B A000H Touke m
B Touke (1; 2; 1).

2027. locTponTh IOBEPXHOCTH YPOBHel cRanApa 4 = x2 +y% — 22,
onpefnenuth grad 4 Ha NOBePXHOCTH, MPOXOAAIIeH yepes Havalo Koop-
IHHAT, H TOCTPORTD €0 B Te€X TOIKAX 9TOH NOBePXHOCTH, B KOTODHIX
y=0mz=2.

2028, Ilyctb w = /22 + y? + 22, Haittr grad « u ero numny.

2029, llocTpouTh U30MOBEPXHOCTH NOAA GYHRUMM U = —— — = 3;—2
c @
u HalTu IPOU3BOIHYIO OT % B Touke (a; b; ¢) B HanpaBiennn pagmyc-
BeKTOpa 9T0H TOYKH.

2
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§12. IxcTpeMyM PYHEUMH OBYX NepeMeHHEIX

1°. Heob6xoauMmuie ycanosua. Oyurnua z = F(z, y) Momer umers

8F
IKCMpeNyM TONBKO B TOIRAX, B KOTOPEIX —-— = 0m B = 0. JtH TOIKH
HA3RIBAIOTCA KPpumuvecKuMt, y
2°. Hocratounuie ycaopuda. OGosnauum uepes A, B n C sHavenusa
BF &F 8F

NpPOA3BONHEIX 922" 320y H oy B KPHTHYECKOI Touke (Z0; Yp).
Torna, ecan:
A B
1) B C >0, 10 F(‘”Ds yo) = Zmax TPH A <0, F(a‘?o, yﬂ) = Zmin
npa A > 0;
2) é g < 0, TO SHCTPEMYMAa HET;
3 % g« = 0, T0 YRCTPeMyM MomeT OHITH, & MOReT H He OHITE (COMHA-

TEIhHRIN Caydait).
3%, ¥cnosEu# pRcTpeMyM. Yrobm HaliTH YKCTpeMyM (yHEUAH
z = F(z, y) upu yoIOBHH, 9T0 & H Y CBA3AHH ypaeHeHwmeM o(x, y) = 0,
COCTABHM EcnoMoraTeasHyio $yarumo v = F(z, y) + Ae(z, v).
KoopauHaThl SKCTpeMaNBHON TOYRY (2] ) NOEHEL YIOBIETROPUTE TPEM
Bu du

sa_z=03 %

ypaBHeHHAM: (2, y) =0 = (), U3 KOTOPEIX M HAXOHATCA A,

zuy.

Haiitm skcTpemMym QyRRIAMT:

2030. z = 2% — zy + y* + 9z — 6y + 20.

2031. z = y,/z — y? — z + 6y.

2032. z = z° +8y3 —b6zy + 1.

2033. 2 = 22y — 42 — 2y. 2034. 2 = */%(z + y7).

2035. z = sine +siny +sin(z+y) mpu 0K 2<7/2 u 0
Ly< /2

1 1
2036, z=—+—npuz+y=2.
r Y

1 1
2 yz 2

2038. Onpeneauth pasMephl NpAMOYTONLHOIO OTKPLITOrO Haccelina,
AMEI0IIere HAHMERBIIYH TOBEPXHOCTE NMPH YCJIOBHH, YT0 ero o0bem
paBen V.

2039, TocTpouts smtanc 22 + 4y = 4 u npamyw 22 + 3y — 6 =
= ( u Ha sAnunce HalTH TOMKH, HauboJee u HaUMeHee yIaleHHEIe OT
T PAMOIL.

2040. Ha runepbone 22 — 42 = 4 uaitTu ToOuKy, HaUMEHEe YIATEH-
myio ot Toukn (0; 2).

2037. z =z + y npn
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2041. OupenenuTs pasMephl TUIUHIPA HAUOOABIIEro 00LeMa NpH
JCIIOBHH, 9TO €r0 NOAHAA TOBEPXHOCTH paBHa S = 67 M2,

2042. 1) B snaunc 22 + 3y? = 12 BnucaTh paBHoGepennublt Tpe-
YTOABHHE ¢ OCHOBAHHEM, IAPANIAbHEIM 0OABLIOH Ocm, TaK, 4TODHI
niaollanh TpeyroIbHHKA 6bIna HauboabIelt,

2) Oce Ox pacnonomena nHa rpanuue IByX cpel. Ilo kakomy nyrm
moamen npottTa ayy cBera u3 Touku A(0; @) B Toury B(c; —b), uTobn
BaTPATUThL HA TPOXOMIEHHE HTOT0 PACCTOAHHA HAMMEHbIEe BpemA
(¢>0,b6>0, c>0)7

a b
vpcosa vy cosf3
npn ycaoenH ¢ tg a+btg # = ¢, re v H v3 — CKOPOCTH CBeTa B AEYX CpeHax,
aaHu ,6 — ¥TJIbl TageHAA H TITPeJIOMIIEHHA.

Y razanue. HymHo HaliTu MUHHMYM dyHruEA T =

Haiitn skcTpemyMH QyaKkumii:

2043. z = 3z + 6y — 2% — zy — y°.

2044.z=w2+y2—2x—4\/9:_y—2y+8.

2045. z = 22% — 2y% + 522 + 2.

2046.z=3x2—2x\/§+y—8w+8.

2047, z = zy upu ycIoBum, uTo T2 + y° = 2,

2048. Halttu wmauboabimuft 06heM npAMOYTOIbHOTO mapajilelenu-
nefia npu YCIOBHH, YTO JNJIMHA €0 THATOHAIH PaBHA 24/3.

2049. 1) Ha napa6one y? = 4z ualtTn To4Ky, HamveHee YIAICHHYIO
or npamolt x —y+ 4 = 0.

2 2
x y
ZT 5
nnouanu. Ha#iTu 91y niomans.

B2
2050, OnpeneinTs padMephl KOHYCA HAaR0OJbIIEr0 00beMa TTPH YCII0-
BHH, 9T0 €ro (0K0BaA NOBEPXHOCTEL paBHa 5.

2) B snaunc = 1 BoHcaH NPAMOYTOABHHR HanOGOIbIIeH



I’'maBa 12
THOOEPEHIHAJIDBHLBIE YPABHEHHA

§ 1. lonaTue o THQPepeHIHAIEHOM YpABHEHHH

1°. OB KHOBEHHKWM JaAHbPpepeHUUATBHRM YpPaBHEeHHEM
7-T0 MOPAJIKAa HAIKIBACTCA YPAaBHEHHE BHIA

Fle,u, ¢, ¥, ... 4" =0, (1)

rie y = y(#) — HckoMaa ¢yHrnua. [Tobaa ¢pyHrIUA ¥ = @(z), obpamaio-
IaA ypaBHeHHe (1) B TOXNECTRO, HA3KIBACTCA PEUCHUEH ITOTO YPABHEHUA,
a rpabdur srolf GyHRIMU — uumezpadbHotd xpusofi. Ecnu pemenne za-
IaHo B HeABHoM Bufe ® (i, y) = 0, T0 OHO OGLIYHO HABKIBACTCA UHMEZPAAOM
ypaprenud (1).

Qyrsuma y = (z, Cy, ..., Cp), comepRaman n He3aBACHMEIX NPOH3-
BOJBHEIX NMOCTOAHHEIX, HA3LIBAETCA ofwtis pewenues ypasHernd (1), ecan
OHA ABJAETCA €ro PElMIeHHEM NpPH MIOGhIX ZHAYCHUAX MOCTOAHHWIX (', ...
.., Cn. Ecmu sra GyHRUHA 3aI8eTcA B HEARHOM BHME BEIpAMCHUEM
Pz, y, C1, ..., Cn) = 0, T0 9T0 BhIpameHHEe HAZKIBACTCA OOWUM HHINE-
epaaos yparHeHHA (1). Ipupamaa B Bepamenuu y = p(z, Ch, ..., Cy)
nin B Boipamennn P(z, y, Cy, ..., Cp) = 0 onpeneseHHBle 3HAYEHHA NO-
croaaaEM O, ..., Cp, TONy9aeM 2GCcmuoe pewente HIH COOTBETCTBEHHO
uyacmunid unimespas ypapHennd (1).

Ofparro, HMeA ceMeliCTBO KPHEHIX, S38JABAEMEBIX YPaBHEHHEM

P(x, y, C1, ..., Cy) = 0, u ucrawaaa napamerps Cy, . .., ), 3 crcreMs!
YPpaBHeHHI
dd and
(I>=D, E=0’“"F=D’
NOAYYNM, Boobme roropsa, suddepeHnuansnoe ypasHenre sraa (1), nad Ko-
TOpOTO @J}a‘:, y, Ci, ..., Cy) = 0 ABnsAerca ofIIMM HHTErPAJIOM.
2*. InpdepenuHasibHOe ypABHEeHHe UEePBOr0 NOPANKA
HMeeT BAL
dy
F (3: v E) =0. (2)
dy
Pemue ypaprenue (2) oTHoCHTeAEHO g, SCTH 9TO BOSMOMHO, MOy M
dy
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YpapHenne (3) onpemeaser waxdon k = tgo = % = f(z, y) nmTe-

rPaIBHON KPHBOH B TOUKe (; y), T. €. ONPEHeNdAeT Note HANPAsseHud HH-
TErpaIGHBIX KPHABEIX.

Eciym B Heroropoif ofnactu GpyHKmuA f(2, ¥) HENpepLIBHA H AMeEET Orpa-
HHYEHHYI0 YaCTHYIO IPOMSBOAHYIO fy (Z, ¥), TO ORASHIBAETCA, UTO Uepes Kawm-
Iy BHYTPEHHIOW TOUKY (Zo; Yo) HTOH obmacTh mpolifeT eXMHCTBEHHAA HH-
TerpaJIGHAA KpPHBAA.

B Taroii obaactu ypasrenue (3) mmeer ofmee pemenne y = (z, C),

nian obmmit uuTerpan P(z, y, C) = 0, 3 KOTOPOro MOKHO HAWTH €QHHCT-
BeHHOe JacTHoe pellleHHe, MM eIMHCTBEHHEIN YAacTHEINT HHTETpall, YOoBiIe-
TBOPAIIIAE HGYAALHUIH YCAOSURM: Y = Yo NIPH & = Xo.

2051. IpoBepuTs moACTAHOBKOH, uTo dyukuua y = Cz® apaserca
pemenvem nuddepenguanbuoro ypasuenna 3y —zy’ = 0. Moctpouts
HHTErPAJbHEIe KPHBBIE, TPOX0IALINE Tepe3 TOIKH;

1) (1;1/3);  2) (1;1);  3) (1; -1/3).

2052, lIpoBepuTh nOOCTAanOBEOM, yTo qnd PepenunaTbHbIE YpaBHe-
uua 1) y” + 4y =0 u 2) y" — 9y’ = 0 umeloT cooTBeTCTBEHHO OBIIHE
pemenus: 1) y = Cycos 22 +Cys8in 22 u 2) y = Cy+ Coe® +C3e~27.

2053. Mocrpouts mapaboar y = Cz2 upu C = 0, 1, £2 u co-
CTaBuTh JuddepeHuualbHoe YpaBHEHHE cemelcTBa TakuX napabod.

2054, locrponTh m306pamennn cemeficrsa; 1) oxpymmoctelt 72 +
+ y* = 2C=, 2) napabon y = 2% + 2Cz u cocraBnTh nx AudPepen-
TUANBHEIE YPABHEHUA.

2055, lloctponTh m3obpamennd noaefl manpaBieHuii, onpeneine-
MEIX KamIbIM U3 YpaBHeHuH:

dy _y dy dy
1) —= =: 2 —_= —_ —_= 2_
)d:c 2’ de YT 3) dzx yte
2066. Hocrpouth H3obpamenue moaA HanpaBleHHl, onpeneide-

MOI'0 YPaBHEHHEM d—y = /2% 4+ y2, ¢ NOMOLUBID OKPYRHOCTEH, BIOID
x

KOTOPBIX 1; 2; 3; ... Haprcoparh nprbanmenno HATEr pailb-

;y _—
de 2’
HYI0 KPHBYI0, IPOXONALIYIO Yepe3 HAYAI0 KOOPAHHAT.

§ 2. Indpdepennnansioe ypaBHeHHe NEPBOTO MOPAAKA
¢ pasgelAIIIHMHCA NepeMeHHBIMH.
OproroHanLHEIE TPAacKTOPHH

1°. TuddpepeHIHAILHOE YyPpaABHeHHUEe NepBOro NMOpPANKA
Pde+Qdy=0, (1)

rge P u () — QyHKOHH £ H Y, HASLIBAETCA YPABHEHAEM ¢ Pa3desfioujuMucs
nepesennbiay, ecin kKodddrmrents P u ¢ npn nnddepernunanax pasiara-
I0TCA HA MHORHATEIH, 3aBHCALIAE TONEKO OT ¥ WM TONEKO OT {, T. €. eClH
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OHO HMEET BH],

f(@)e(y) de + fi(z)er(y) dy = 0. (2)

Pasnemnp ofa yaeHa ypasHeHHA (2) Ha ¢(y) f1(x), nonyunm

fl£)dz  o(y)dy
fi(=) () =0 ®)

(O6muM uHTErpasoM ypaBHeHAHA (3), a caegoBaTensHo, H (2) Gymer

flz)de Py dy _
f1(z) +f o) -

2°. QOpToroHAIbHKIMH TPAeKTOPHAMH  ceMelicTha JHHHN
F(z, y, a) = 0 HazhIBalOTCA IHHHH, NIepeceKalOlIHe JUHUN JaHHOLO ceMel-
cTBa nox npAMEM yoioM. llpomnddepenunposae ypasHenue Fz, y, a) =0
Mo & A ACRIIYHE ¢ H3 TMOIYIeHAOT0 W JAHHOI0 YpaBHEHHI, TOMyIHM IH(-
(epeHUnaIGHOE ypaBHeHHe JHHHI manHoro cemeticrsa ¥ = f(z, y). To-
raa 6u¢¢efveuqt¢adbuua¢ YPGEHEHUEM OPTROZOHAANYE mpaexmoputl Gyder

Y=
flz, 9)

B caenywomux muddepeHnuanbHEIX YpaBHEHUAX: 1) HaliTu 06-
muif mETErpan; 2) NOCTPOMTH HECKOALKO WHIErPAIBHBIX KPHBHLX;
3) HafiTH vyacTHHIM HHTErpajl No HAYAJTbHBIM YCIOBHAM ¥ = 4 Ipum
r=—-2:

2087. 2y —y =0. 2058.zy +y=0.

2059. yy' +z = 0. 2080.y = y.

Hatitu obiiue unTerpaidbl ypaBHeHui:

2061. 22y’ + y = 0. 2082. = + 2y + ' (y + zy) = 0.

2063. 2 dr + (r —a)dp =0.

2084. 2st2 ds = (1 +t2) dt.

B caenywmux ypaBnennAx mailiTm 00mnit m wacTHHI mATErpaNsl
10 HAYANbHKIM YCIOBUAM:

2085. 2y’ /s =y, y= 1l npm z = 4.

2086. y' = (2y + 1) ctge, y=1/2 npm z = 7 /4.

2087. 22y’ +y2 =0, y=11mpu z = —1.

2068, llocTponTs mATErpanbAbIe KPHBLEE KaMRIOr0 H3 ypaBHeRMIT:
1) y'(2% — 4) = 2zy; 2) ¢’ + ytgz = 0, nTpoXoaaAlIue uepe3 TOYRH:
1) (0; 1); 2) (0; 1/2); 3) (0; —1/2); 4) (0; —1).

2069. Haitte rpmbylo, mpoxonAmyn uepes touky (1; 1/3), ecan
yraopof ko3¢ mumenT KacaTedbHOH K melt B Aw00#f Touke KpmBoit

BTpoe Goablile YIIoBoro kKoddduuueHta paiuyc-BeKTOPa TOYKU Kaca-
HHAA.

(4)
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2070. Kpuraa npoxonur yepes rouxy A(0; ¢), M N — npounspoan-
mad oponaara Kpubolt. QupenenunTs KPEEYK B3 YCIOBAA, YTO IA0CIIATb
OAMN = as, rie s — nnuuna ayru AM.

2071. HatiTn kpuBylo, IpoXoJAmyIo yepes Toury (¢; ¢), eciu noi-
KacaTelbHadA B M000N Touke ee paBHA YNBoenuol abcumcce ToOuku Ka-
cannd.

2072. Haittu kpueyio, TpoxonAwmy uepes Toury (—1; —2), ecan
NONHOPMATE €€ B KamIoHi Touke paBHa 2.

2073. 3a rakoe Bpema Teno, warperoe no 100°C, oxmanutca mo
25°C B romuaTe ¢ Temnepatypott 20°C, ecau 10 60°C omo oxmamma-
erca 3a 10 mnn? (Ilo 3akony HeloTona ckopocTh oxmamnenud Nponop-
NUOHATbLHA PA3HOCTH TeMIEPaTyp.)

2074. Harpysxa na kanaT BacAwero mocra (cm. pmc. 6) or Kammott
eNUMHUILI AIMHKE TOPU3OHTATLHON 6ankn paBua p. llpenebperan Becom
KaHata, HallTu ero ¢opmy, eClim HATAKEHHE KaHaTa B Hu3llell TOoure
npuHATh 3a H.

Yrasanwe. Boasmem Ha nyre OC (puc. 6) npomsBoasHyIo TouRy M.
Ha wacre kamara OM Oynyr meficTBOBAaTEH TPH CHIEL TOPH3OHTAALHAA H
(BaeBo or Touku M), PepTHEANLHAA — BeC pE W TAHTEHOMAJBHAA CHIA Ha-

tamenna T (Bupaso or Tousn M). daa paBHOBeCHA CyMMa NPOERIMI CHII
Ha Oz u Oy monmua pasHATBCA (.

2075. OnpeneauTh u NOCTPOUTH KPUBYIO, TPOXOIAIIYIO Yyepes TOUKY
P(—a; a), ecin orpesok AB miobolt kacaTembrolt K melf, 3akii0uen-
HEIft MEY OCAMH KOODIUHAT, NeMHTCA Toukol# kacaHuA M nononaw.

2076. HattTu oproronaibuhie TpaekTopun ceMeticTpa napaboa ay =
= 22, Mlocrpours ux.

2077. Hatitun oproromajbHBe TpaeKkTOpHH cemelicTBa Tmuepboa
Ty =c.

2078, Halitrn oproronanbrble TPaeKTOPHA cemeliCTBa MOayKyOmue-
ckux napabon ay?® = 23,

2079. Haittu opTorosalbHBIe TpaeKTOpuM cemeHCTBA DHIMHICOB
22+ 4y2 = a2,

Petiiuth ypapuenus:

2080. i’z = 2y. 2081. (2% + 2)y' =2y + 1.

2082, y'vVaZ +22=y. 2083. (L+z3)y'+1+y2=0.

2084. dr +rtgpde=0; r=2 upn ¢ = 7.

2085.y' =2,/ylnz; y=1mpuz =e.

20868. (1+ 23y’ +yv1+ 22 =2y; y=1npu z = 0.

2087. OupeneanTs KPEBYKW, NPOXONAMYyI ueped Touky A(—1; 1),

eciin yriaosolt roadulueHT kacaTedbHolt B J100olt Touke KpuBol pa-
BeH KBaJpaTy OpPAHHATH TOYKH KacaHHA.
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2088. Kpupaa npoxonur yepes rouxy A(0; ¢), M N — npounspoan-
nad oponaara Kpubolt. QupenenunTs KPEEYK B3 YCIOBAA, YTO IAOIIATb
OAMN = a(MN - a).

2089. OnpeneauTh u NOCTPOUTH KPUBYIO, TPOXOIAIIYIO Yepes TOUKY
(—1; —1), aaa woropoit orpesok OT, orceraemsili na ocu Ox Kaca-
TedbHON K KpuBolt B M0001t ee Touke, paBeH KRBAIPATY abCUHCCHI TOURH
KacaHuA.

2290. Igaﬁm OPTOTOHANBHEIE TPAeKTOPHH cemelicTBa runepbor z2 —
— 2y“ = a“.

2091, OnpenennTh KPHBYI0, pagnyC-BEKTOD JI000H TouKH KOoTOpol
paBeH OTPe3KY HOPMANM MemAY KpuBo# u ochio O.

2092. OnpefenuTh QuHUIO, €CIU MIOMIANb, OTPAHHYEHHAA OCAMH
KOOpAHHAT, 9To} JmAnell u Ipor3BONbHON ee opuunarolf, pasna 1/3
NAoIIafu TPAMOYTOIBHHKA, TOCTPOEHHOTO HA KOOPIHHATAX KOHEYHOH
TOYKH KPHBOIi.

$ 3. Tuddepenunansuele ypaBHeHHA MepBOro MOPAIKA:
1) ommopommoe, 2) aunetinoe, 3) Bepuynm

1°. OgHopoaHoe ypaBHeHHe. YpasHeHHe P dz 4 Qdy = ( Hasm-
BacTcA odMopodubis, ecH P u (} — onHoponunle GYHRIUHH OT £ H Y ONH-

dy

HAKOBOTO HM3MEpEHHA. Ono ONPHBOOHTCA K BHIOY E = @

(%) H pemaeTcA
moNCTaHOBROL g = % HIH § = uX.
x

2°. lunefinoe ypaenenne. JuddepeHnnancuoe ypapreHHe HABEL-
BAETCA AuNelinblg, ecllH OHO NEepPBOH CTeNeHH OTHOCHTENLHO WCKOMOH (PyHR-
OHH §f H BCeX ee NPOHABOOHHEX. JIuHeliHoe ypaBHeHHe IepBoro NOPAIKA
umeer eun y + Py = ). Ono cBOOHTCA K OBYM YPABHEHHAM C Pasuedd-
IOIIMMUCA NepeMeHHEIMH ToacTaHoBkoll ¥ = uwv. [Ipyroii cnocof pemrenuna
(eapusyus npouseosvrot nocmosKHol) COCTOHT B TOM, UTO CHAYAJA pe-
maeM ypasHenue Y + Py = (; noayuaem y = —Ae™ JPar  [operasamem
f}u piuenﬂe B NaHHOE YpaBHeHHe, cuHTad A $yHRIUeH &, U 3aTeM HAXOIHM

H

3°. ¥pasuenue Bepuynau ¢ + Py = Q" pemaerca Tar me,
Kak H JIHHelHoe, MOICTAHOBRON ¥ = uv WM Bapralreli TPOH3BOIBHON Io-
cmsm}ioﬁ. YpaeHenne Bepryiim UpHBOIMTCA K JMHHeHOMY IOICTaHOBKOL
=y .

Petiuth auddepennuaibubie ypaBHeHHA:

2093. yy’ = 2y — 2. 2004. 22 + ¢ — 2zyy’ = 0.
2095 B _%_1 2096. 1/ — oY — &
dt t s x
e'wz

2y
2097. ==
y’ + X X

2098. y’ cos ¢ — ysin ¢ = sin 2z.
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2099. 'z + y = —zy>. 2100. i — zy = —y3e~".
2101. zy’ cos ¥_ Y COS ¥_..
z z

2102. 22y’ = y% 4 ay. 2108. 2y +y=Ina+1.

2104, 22y%y’ + y2B =1,

B zamavax 2105-2107 maiiTm wacTAbIe HATETPabl 0 TAHHKM Ha-
YANBHBIM YCIOBUAM:

2105. y+ /22 +y2 — 2y’ =0; y=0 npm =z = 1.

2106. t2d—s =2s—3; s=1nput=-1l.
dt
' y 1
2107. 2y = ¢ (1+ln—); y=—mnprz=1.
VST

2108. HafiTu cemelicTBO KPHBHIX, MOAKAcATeNbHAA B N000# Touke
KOTOPHIX €CTh CpelHee apupMeTHYecKoe KOOPIHHAT TOUKU KAaCAHHA.

2109, HatiTu oproronaibnbie TpaekTopHH ceMeticTBa OKpPYRHOCTEH
22+ y2 = 2azx.

2110. Cnaa TOKa ¢ B UeNu ¢ cOUpoTmBiIenneM K, caMOmHIyKUnell
L v snerTpoasumylelt cunoit I yropnersopaer nuddepeHunalbHOMY
YPaBHEHHID

Ldé +Ri=F
dt ’

Pemnth 9T0 ypaBmenme, cunTad K u L NMOCTOAHHEIME, a BIEKTpO-
ABURYILIYI0 cuny F munetino mapacraomedt: F = ki. Havanbuble
ycaopuda: =0 upn it =0.

2111. Ha#itu ¢opMmy 3epKajia, OTPAMAIOIIET0 BCe Iy4u, BRIXONA-
uiue u3 JaHHON TOUKMU, HAPANJIILHO TAHHOMY HANPaBJIEHUIO,

YrasaHHe. Paccma’rpmaaﬂ IIOCKOE CedeHre 3eprana, NpHMeM B HEM
HaHHYIO TOYRY 38 HAYaJI0 KOOPOHHAT, 8 HIaHHOE HANPABRJICHHEe — 38 0Chb Oy

Racarensran B neckoMoil Kprboil B Toure M obpasyer OpaBHue yrarl ¢ OM =
oceio Oy, T. e. oTceraeT Ha ocH Oy orpezor ON = OM.

Pemnth andrdeperunaibuLie YPAaBHEHHA:
2112, zy + y* = (222 + zy)y’. 2118, (a® + 2%y’ + 2y = 1.

2114. 21 +2,/77 = . 2115. (22 + 1)y’ + y = =.
2116. y' —ytge =cigz. 2117. tds — 2sdt = t3Int dt.
2118. ¢/’ + zy = 2y°. 2119. y' + ycos 2 = sin 2.

2

Y Yy
2120.y’=§—5; y=1npuz=—1.
2121. 3%y +y* =z +1; y=—-lupu z = 1.
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2122. (1 — 23y —ay=zy®;, y=0,5mpu z = 0.

2123. OnpenennTh KpHEBYIO, NpOXomAmYyio uepes Touky A(e; a),
eCiTH PACCTOAHUE OT HAYANA ROOPIUHAT N0 KacaTenbuolt B mobolt Touke
KpuBoif paBuo abcimcce 3TOH TOYKH.

§ 4. TuddpepenmunansHbie YPABHEHHA, CONEPRALIHE
oud depeHIHANE] NMPOH3BEJeHHA H YACTHOIO

zdy—ydr x dz—zd
d(zy) = 2 dy + ydz; d(%):yw—zy; d(;):y = Yy

Tarne ypaBHeHHA WHOTHA JeTKO PeUIAIOTCH, eCIH COOTBETCTBEHHO MOJI0-
u ¥
WMUTE Y =4, Y= — HWIIH — = 4, Y = U&.
z z

Pettiuth auddepennuaibuiie ypaBHeHHA:
2124, 22 dy + 2y dz = dz. 2125. %z dy — y° doz = 22 dy.

Yrasaune. B npamepe 2126 ypapreHHe IPHBOTHUTCA K BAXY

y%i(%):dy w3 du = dy.

2126, ydz + (z — y®) dy = 0.
2127. ydz — (2 — y®) dy = 0.
2128. y cos 2 dz + sin z dy = cos 2z dx.

d
2129. tﬁ —s=¢%Int. 2130. 2242 + 1 + 23yy’ = 0.

2131. t2sdt + t3ds = dt. 2132. 2 dy — ydz = 2% dx.
2133. 2y +tgy = 2xsecy. 2134.y (ye“"'*’z +1) =zy'.

§ 5. I} pepeHnnaTsHble YPABHEHHA NEPBOTO MOPALKA
B NOIHLIX JTH)epeHHHATAX. TeTPHPYIONIHH MHOKRHTEND

1°. Econ B grddpepeHuraisHOM YpaBHEHHH

Pde+Qdy=10
g—j = g—f, To OHO mpuobperaeT Bum du = () U ero obmutt WHTErpan Oymer
“=C b o
2°. Ecan % a—g, TO NPH HEKOTOPEIX YCJIOBHAX CYIIECTBYET (PYHRIHA

#(z, y) Taran, yro pP dz + pQ dy = du. Ira Ppyrsuma x(z, y) HasKBaercA
UHMEZPUPYIOUUM MHAORHTEIEM,
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Ilui‘erpupylomﬂﬁ MHOZEUTENE Jerko HalitTu B caydadx.
aP/8y — 8Q/0x
Q
3Q/dz — OPJdy
P

Hrdpepenurancaple ypapHeHHA § 4 ABIAIOTCA YACTHEIMH CAYIaAMHE YPaB-
HeHHi1, pacCMaTPHBaEMEIX B HACTOAIIEM Iaparpade.

1) worma = &(z), Torna In u = | O(z) da;

2) rorna = ®;(y), Torma Inp = [ &,1(y) dy.

Pettiuth caenyiommue nuddepeHliinalbyble YPABHEHHA ¢B MOMHBIX
autreperunadaxs:

2
2135. (4 - y—g) de + Xy =0.
x x

21386. 3x2¢¥ dz + (2%e¥ — 1) dy= 0.
2137. e Vdz + (1 —ze V) dy = 0.
2138. 2z cos? y dz + (2y — 2%sin 2y) dy = 0.

Hatttu unterpupyolne MHOMHTEIU H pelIuTh Iuddepennuans-
Hble ypaBHEHHA:

2139, (z% —y)dz + 2 dy = 0.

2140. 2z tgy dz + (2% — 2siny) dy = 0.
2141, (e** — y?)dz + ydy = 0.

2142. (1 + 32%siny) de — zctgy dy = 0.

lorasaTh, 4T0 MeBhle yacTu clenylomux guddepeHIuATbHBIX YpaB-
HeHHlt CYTL Nolunle fuddepeHnalnl, H# pelMTh YpaBHEeHHA:

2143. (322 + 2y) dz + (22 — 3) dy = 0.
2144. (32%y — 4zy?) dx + (23 — 422y +12y%) dy = 0.
2145. (2 cos2y + 1) dz — 2%sin 2y dy = 0.

HailiTn mrTErpnpylOMne MAEORHTENN W PEIINTh ¥PABHEHHA:
2146, y2dz + (yz — 1) dy = 0.

2147, (2% — 3y?) dz + 22y dy = 0.

2148. (sinz + €¥) dz + cosz dy = 0.

2149, (zsiny + y) dz + (z%cosy + zInz) dy = 0.
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§ 6. InddepenunuancHple ypaBHeHHA NEPBOro MOpATKA,
He paspellieHHbIE OTHOCHTEALHO MPOH3BOTHOM.
Ypasbuenna Jarpanma u HKnepo

1°. Ecan ypaenenne F(z, y, ¥') = 0 Bropoil creneHH OTHOCHTEIBHO ¥,
TO OHO MMe€eT ABa peleHus orHocuteasto ' ¢ = fi(e, y) u y' = fale, y),
HeTpepEIBHELY OTHOCHTEILHO & U Y B HeRoTOpoit 06acTH, a reOMeTpUYecKU
ompeneaAeT B JMoGoft Touke (Zp; yo) 9TOM 0GIACTH ABa HANpaBICHUA HHTe-
IPATBHEIX KPUBAIX.

Tarne mudpdepennuancunie ypapHenna F(z, y, ') = 0, spome obmero
unrerpaia ®(z, y, C) = 0 1 YaCTHHIX MHTErPAJIOB, HHOTLA HMEIOT eme 0Co-
Goiti HHTErpaJl, He CONEepP/RAaIIMil TPOHBMILHON IOCTOAHHON 1 B TO e BpeMA
He ToTydaiomuiicA H3 00mero HH TPH KaKOM 3HAYEHHH IOCTOAHHOILL.

Ocobrlif HHTErpall, €ciM OH CYIIECCTBYET, MOMKHO MOAYYUTH, UCKIIOYHB
p =y u3 ypasuenn#t F(z, y, p) = 0 u Fj(z, y, p) = 0 unu me ucrmoynn
C w3 obmero maTerpana &(z, y, C) = 0 u &}, = 0. Teomerpuuecku ocobui
uNmMESPGA ONPENelAeT 02UbAIWYIY CEMEUCTES UNMESPARLNUIT Kpuetiz)).

2%, Ypaenenne [larpamma

yzxf(p) +(P(P): (1)

rie p = ¢, HHTETPHpPYETCA CIELYIOIIHM 00pPasoM.
Mpomudepennuponas (1) no #, Hatigem:

p=10)+ [=7'0) + ) L.

dz
9To ypaBHeHHe NHHel{HOe OTHOCHTEIEHO & H e Pemms ero, momyanm;
b

z = CA(p) + B(p). (2)

YpapHenua (1) u (2) 6ymyT napaMeTpHYeCKH ONpPeNelATh 0OMUM HHTe-
rpaa. HcRIOIHE 13 HUX TapaMerp p (eciik 570 BOSMORKHO), MOMyIAM ODmImii
unrerpai B popme Bz, y, C) = 0.

3¢, ¥Ypaeuennme Ruepo

y = pz +¢(p) (3)

ABIAETCA YACTHHM CiiydaeM ypaeHenwnd Jlarpanma. OHo mMeer ofmmit ma-
terpai ¥ = Cz + ¢(C) u 0cobbIif, ToMya0muiicA ACKIIOIEHeM TapaMerpa

p uz ypapHeHutt y = px + p(p) 1 & = —p'(p).

2150, llocTpouTh HECKONBKO HHTErPAJbHBIX KPHBHX YPaBHEHHA

y’? = 4y. Kakue [Be WHTerpalbHEIC KPHBLIC NPOXOIAT ueped TOUKY
M(1; 4)7

1) Cum. onpenencnne ormbarmek Ha c. 200
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2151. IocTponTh uHTerpalbubie KpuBble ypaBHeHua y'2 + y2 —
— 1 = 0. Karme nBe muTerpalbHble KPHEBIE TPOXOUAT Y€pe3 TOIKY
M(x/2; 1/v/2)?

2152, IlokasaTs, 9T0 WHTerpalbHBIE KPHBBI® ypaBHeHHHA TY'Z —
— 2yy’ + 42 = 0 colepmaTcA BHYTPH OCTPOTO YIIa MERAY NPAMBIMU
y = +2z. IlocTponTh mETErpajlbHbe KPABLE, Nojdarad B 00IIeM HH-

Terpane NocToAuHyio C = :|:§, +1, £2 u 1. 1.

2153. Pemuth ypaBHeHUA:
Dyy?+y'z-y)—2=0; 2)ey?+2zy —y=0

¥ NMOCTPOHTH WHTErPAbHEIE KPHBHIE,
2154. PeniuTh ypaBHeHuf, He COOepHAllHE ABHO ofHON H3 mepe-

MEHHHIX:
1
Ny=1+y"% 2e=2- 77
Yrasanme. O6ozpaums y' uepez p, nponndepeHIHPOBATL NepBoe
YpaBHEHHe 110 ¥, a4 BTopoe — IO .

2155, Hatitu o6mine u ocobule muaTerpaikl ypasnenntt Jlarpanma;

1) y=zay?+y% 2)y=2zy"+ . 3)2y= zy”
Y y+2

2156, Haiitn ofwnit m ocoGuitt mnterpansl ypasmenund Hiaepo m
TMOCTPOATh HHTEr PAIbHEE KPHBEIE;

1
Dy=zy—y% 2dy=zy-ay/1+y?% 3y=2ay+ 2

2157. HocTpouTh HHTErpalbHEe KpuBLIe ypaBuenus y'2 +y = 1.
Kakne npe mrTerpanbHble KPUBEIE TPOXOIAT weped Toury M(1; 3/4)7

2158. PeniuTh ypaBHeHuf, He COOepMAllHE ABHO OXHON H3 Mepe-
ay’

z
2159, Pemiuts ypaBrernme y = 2y'z + 5 + 32,

vennbx: 1) y=y2%+ 4% 2)z =

2160, Haiitn ofwnit 7 ocoGutt unterpansl ypasmenud Hiaepo m
NOCTPOUTh HHTErPAlbHbIE KPUBbIE:

1
1)y=y'rc+g; y=ay +y +y"°

2161. Ha#iTu kpuBywo, RacaTelbHEe K KOTOpOlt 06pa3yloT ¢ ocAMH
KOODIHHAT TPeYrolbANK TOCTOANAON IIomany, paBrolt 2a2.

2162. Hatttu KpuBylo, KacaTedbHasd K ROTOPOH OTCEKaeT HA OCAX
KOOPIHHAT OTPE3KH, CYMMa KOTODHIX paBHa 4.
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§ 7. Ind¢pepeHunanbuble YpaBHeHHA BBHICIHINX MOPATKOB,
HONMYCKAIHe NMOHMKEHHe NOPAJKA

1*. Ypaenenue BHHa y(“) = f(») pemaerca NocieHoBaTEILHBIM
N-KPaTHEIM HHTEIPHPOBaHWEM NpaBoll yacTH. IlpH KammoM HHTEIPHPOBA-
HHH TIOJYI8€TCA OJHA TPOMBBMIBHAA NMOCTOAHHAHA, & B OKOHUATENHEHOM pé-
BYIBTaTe — 1 NMPOAIBOABHHX TOCTOAHHEIX.

2°. Ypasueuue F(z, 3y, y") =0, He comepmammee y B ABHOH dopMe,

noxpcranoBRoit ¥ = p, ¥ = é NPABOIATCA K BHIY

dp
F (a:, P, 5) =0.
3°. Ypaemenue F(y, ¥, y") =0, He comepmamee z B ABHOH (opme,

d
noxcranoBroit ¥ = p, ¥’ = °P_ pﬁ TIPHEOTHTCH K BHAY

dz

d
F (y, P pﬁ) =0.

Pemnth ypabuenns:
21838. 1) y"' = 35 HAUATBABI® YCIOBHA: §f = 2, ¥=149y"=1

mpuz = 1; 2) ¥’ = 4cos2z; y=0, ¥y =0upnz =0; 3) ¢’ =
1

T 1422
2164, 23y" + 2%y’ = 1. 2165. gy’ + y2 = 0.
2166. y” + ¢’ tg x = sin 2z. 2167. ¥ + 2y(y')3 = 0.
2168. y"zInz = y'. 2169. " tgy = 2(¢")2.
2170. 1) zy” — y' = 2% 2) y" + 2xy"? = 0.

2171, OnpenennTs KpuBYK m3rufa ropu3onTaibrOl (ankm, oduH
KoHel KOTOpOH HAaIMyXO 3alelaH, a HA APYro# NelCTEYeT COCPenoTo-
yeHHad cula P (Becom 6ankn mpenebpeyb u CYHTATh U3THO HACTONbKO
mankim, 910 1 4 2 &3 1).

2172. OnpeaenuTh KpuBLIE, ¥ KOTOPHIX PafuyC KPUBM3HEI BIBOE
foaplue IAHHEL HOPMAIH.

2173, OnpenennTh KpWBHE, ¥ KOTOPBIX PaJHYC KPHBH3HH PaBeH
IAHHE HODPMAJH,

2174. Ha orpesre [0, 1] onpenennTh KpEBYKW, KacamwIUYIOCA OCH
Oz B Haualle KOOPAUHAT, €CIu KPUBU3HA ee k = 2, T. €. PABHOMEPHO
rapacTaer BIoab ocm O (nepexodnas wpmsad). llpunArs npnbin-

menno, 910 1 + y'% ~ 1.
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Pettiuth ypapuenus:

1 In2 3
H— —_— — — ! —_ i
2175, y = oZa y R y¥=1lupu z 1
2178. (1 + 22)y" + 22y = 23. 2177. y"y® = 1.
d?s ds

2178. 2yy" = (¢')2. 2179. t— + — + ¢t =0.

vy" = (¢') a7 T ti=0

2180. 2yy” = 1 + y'2. 2181. y"tge =y + 1.

2182. OnpeaenuTh KpuBble, ¥ KOTOPHIX PaguyC KPUBU3HBEI pPaBeH
Ky0y OIHHEBI HOpMAJH.

2183. B unrepsane (—# /2, 7/2) onpeneanTs KPHBYI0, KacalOMIy-
ioca ocu Oz B Haualle KOOPAUHAT, €Cllu KPHBU3HA ee B J000H Touke
k =cosz.

§ 8. /Inneliupie ogHopoaHbIe NudbepeHUHAIBHEIE YpaBHeHHA
¢ NOCTOAHHBIMH K03(pHIHEeHTaAMH

OaHoponHoe auHefiHoe AuddepeHNHaNBEHOe YpaBHeHUe

¥ ™ + o1y 4+ pay =0, (1)
rie p; — (PpyHRUNA &, HMeeT oflnee pelleHHe BHIA

y=Cin+Cava+ ...+ Catn, (2)
rie vy, ¥2, - - ., Yn — JHHEHHO HE3ABACHMEIE YaCTHEE PelleHHA YpabHeHHA
(1), a €y, Cs, ..., C;, — NponsBoILHEIe NOCTOAHHLIE.

Ecim kosdpunments py, pa, - . ., Pn yPaBHeHAA (1) NOCTOAHHEL, TO YaCT-
HBIE pelleHYA 31, ¥2, - .., Yn HAXONATCA C MOMOINILI0 XAPAKTEPUCTHYECKOTO
ypaBHeHMA

P4 pr* 44 p, =0 (3)

1) KammoMy BelllecTBEHHOMY RODHIO #* = ¢ ypaBHeHHA (3) KpaTHOCTU m

COOTBETCTBYIOT M MACTHHIX pellleHutt e%%, ze®?, ..., £M™—1e%%,
2) Ramno#t mape MHHMEIX KOpHelf r = « + $i KpPaTHOCTH ™ COOTBET-
CTBYIOT M MApP YACTHAIX PEIeHHI:

e*®cosfx, xe*Zcosfx, ..., x™le*?cosfz,

e*® gin Bz, ze¥sinfz, ..., «™ e ginfs.

Pemnth ypabuenns:
2184, y"”" — 4y’ + 3y = 0. 2185, y" — 4y’ + 4y = 0.
2186, y’ — 4y’ + 13y =0. 2187.y" — 4y =0.
2188. " + 4y = 0. 2189. 3" + 4y’ = 0.

d*z dz d?p
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2192.%+2%+23=0; mput=0s=1, §=1.
2198, " — 54" + 8y — 4y = 0.

2184, y1V — 16y = 0. 2195, y" — 8y = 0.

2196. v + 3ay” + 3a%y' + a®y = 0.

2197, Y1V + 4y = 0. 2198, 4y1V — 39" —y = 0.

2199, OupeneanTd ypaBrenne KonmeGannii MaATHRKA, COCTOAIIETO
U3 MacChl M, NoABelIeHHON HA HuTH AauHOl ! (COmpOTHBIeHHeM Hpe-
HeGpeyb U NOJ0KHUTD, YTO NIPH MAIOM YIie ¢ OTKIOHeHHA 8in & & ).
OupeneanTs nepuox KoiebamnA,

2200. Ipa onnraKOBEIX IpPY3a MONBEIIeHHl K KOHOY IpyARunkl. [lox
JefCTBHEM OTHOTO T'pPY3a NPYMUHA YNNuHAeTCA Ha ¢ cM. Onpeneauth
IBr/KeHHE NIepBOro I'Py3a, ecim BTopoit ofopeercd (CONpPOTHEIeHHEM
npenebpeus). Onpeneaurs nepuon Koaebannd.

2201. Pemiuth 3anauy 2200 ¢ yyeToM CONpPOTHBIEHHA, HPONOPIU-
OHANBLHOTO CKROPOCTH JBHKEHUA.

Pettiuth ypapuenus:
2202. y" + 3y’ + 2y =0. 2208, 4" 4+ 2ay’ + a®y = 0.
d%z de

» ! _ _ a2 = 0.
2204, y" + 2y’ + 5y =0. 2205, o 2dt 3z2=0
a2z d%s ds
2206. — 2z = 0. 2207. — —=0.
qz twe=0 @t =0

2208. iy + 23, + 3z =0. 22009,y — 3y” + 4y = 0.
2210. yIV — 3y” — 4y = 0. 2211. y!Y + 8y" + 16y = 0.

2212. Hafttu unTerpaibuyl Kpupylo ypasmernd y' — y = 0, Ka-
calomyioca B Touke (0; 0) mpamott y = z.

§9. Inneliupte HeonHopoxHble AHG(epeHUHANLHEIE
ypaBHeHHA ¢ MOCTOAHHBIMH KoS{pHmHeHTaAMH

1°. Ocuoenoe croficTro. llycrb naHul ypaeHenws:

™ 4 =D+ ..+ poy = f(z) — meomHOpomHOe, (1)

v™ 4 1=V + ...+ ppy = 0 — onHoponHoe (2)

H NycTh # — ofwee pemenHne ypaBHeHMA (2), & yi — $GCMNOE pelmeHwe
ypaeHeHHd (1). Torma o6uee pelenue y ypasHeHHA (1) 6ymer

y=ut+mn. (3)
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2°. Metonm HeompemedneHHHX RosdphunueHTon. lpu mocro-
AHHEIX Py, D3, ..., Pn YACTHOE DEIEHHE ) HAXOTHTCA Memodos Meonpede-
ACHHBIT KoadPutitieymos B CACAYIONINX CIYYaAX:

1) f(z) — mHorounen;

2) f(z) = e™*(acosnz + bsinnz);

3) f(z) ecth cyMMa UM mpoU3BeNeHUe MPENLIAYIIAX GYHRUMIA.

B prux cayuadx uacTHOe pelleHne fy HMeeT TOT me bud, ure H f(z),
OTIMYAACKH OT HEe TONbRO KOIPOHUMEHTAMH.

Hcrmoyenna cocTaBaAT ocobble CIy1aH, KOTaa:

1) f(») — mHorouaemn, Ho r = ) — KopeHb XApPAaKTEPHCTHYECKOIO ypaE-
HEHHAA KpaTHOCTH k;

2) f(x) = e™ (acos ne + bsinne), Ho » = m =+ ni ecTh KopeHb Yapak-
TEPHCTHYECKOr0 YPABHEHHA KPATHOCTH K.

B 31uX 0COORIX CIYYaAX y; oTAHvaeTcA oT f() He TONbRO KO3 GHUMEH-

TaMi, HO ellle ¥ MHOEHTeICM a:k.

3°. MeTonm BapuanMu NpOoUIBOABHKIX MOCTOAHHK X. Bonee
OBIIHM MpPHEMOM peNIeHUA HEOHOPOAHOTO JHHEHHOT0 YPABHEHUA AMIAETCA
Meron JlarpaHma, UK #emod capuayitt NPoU3SOABHBIT NOCTROAHHDIL,

Ecnu 3 u y» — He3aRUCHMEIC YaCTHLIE pellicHuA ypapHenusa ¢ + py +
+ gy = 0, To pemenne ypasneHna ¥+ py’ + gy = f(2) no Merony larpansa
HAXOTHTCA B Bude ¥ = Ay + Bys, the A u B — ¢yHRUMYU &, YAOBIACTROPA-
WIIHE CHCTEMe YPaBHEHUH

Afyl + ny2 = 0)
Ayl + B'yh, = f(=).
Orcrona

th Y2

i yﬂf("')
A== )

Br - yﬂf(x)
= —w s .

bl

Pettiuth ypapuenus:

2218. y” — 2y’ + y = €%, 2214. i — 4y = 825,
2215. " + 3y’ + 2y = sin 22 + 2cos 2z.

2216. " + y = z + 2¢€°. 2217. y" + 3y’ = 9.
2218, y” + 4y’ + by = 522 — 32z + 5.

2219. y" — 3y’ + 2y = ¢°.

d%z
2., — H .
2220. 72 + k*z = 2ksin kt
2221. y" — 2y = 2ze~°. 2222, y" — 2y’ = 2% — 2.

2223. y" + 5y’ + 6y = % + =%,
2224, i + 2ki + 2k%c = 5k?sin kt.
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2225, y" + y" =6z +e~%. 2226, yIV — 81y = 27¢3%,

2227, ¥ + & = 3t2. 2228, y" + 8y = =27,
2229. 1) # +4& + 4z =€ %; 2)a®*Ftaz=1.
1 e2w
2230. v + 4y = . 2231. y' — 4 = .
¥ty sin 2z y ¥ +5y Cos T
2282. y" — 2y +y =22 2238.¢y" +y=tgm.
=2
"o . " ' — .
2234.1) y +y' =1 Dy +4y +ay=—3

22385, Exnrnua macckl aemmerca no ocm Oz mon meiicTBuem no-
CTOAHHON CHAL ¢, HANPABACHHOR N0 OCH, WPU CONPOTUBIEHUU NBH-
MEHUI0, YHCIEHHO PABHOM CKopocTu Jpumenud. HaltTu sakou nem-
menud, eciim npu { = 0 umeem £ = 0 m cropocth v = 0.

Pettiuth ypapuenus:
2236. y"’ + v — 2y = 622, 2287. " — 5y + 6y = 13 sin 3.

22388, y" + 2y’ + y = €°. 22389. " + y' + 2, 5y = 25 cos 2z.
2240. 4y" — y = 2% — 24z. 2241. y"' —y=e°.

d?s ds
2242, — +2— +25 =243 -2,

e Tig T

2243. 1) ¢ — 2my’ + mPy =sinma;  2) a3y’ —4dny = 8.
2244, ¢V 4+ 5y + 4y = 3sin 2.
2245, y"" — 34" + 3y — y = €°.

Cnenylomue ypaBHeHuA pelIMTh METOJOM BapHAluu NPOU3BOML-
HBIX TOCTOAHHBIX:

2246. 4" + 4y’ + dy = e~ F In z.
2247. 1) y" +y =

;. Dy 4y = .
cos3z’ )y +4y sin? z
xr

VA — 22

§ 10. Ilpumepnl gu} PepeHNHANLHBIX YpaBHeHHI
Pa3HLIX THNOB

2248, y" - 2y’ +y =

Onpenenuts Tun auddepeHnualbHOrO YPaBHEHUA U PEIIUTH ero:

2249, y' + 1%} — =, 2250. ' + ytgz = tgz.

2251, (z — 23)y' + (2% — )y =23,



222 I'n.12. An¢depenunaibabic ypaBECHAA
2252. (1 + 23y + y(z —v1+22) = 0.
2258, t2ds+ 2sdt = ' dt. 2254, 2y’ = 4(y + /7).
2285. 2zyy’ = 2y% + /yd + 4.

2256. zy” + ' =Inz. 2257, yy" — 242 = 0.
2288. i — m2y = e~™%, 2289. y'zlnz +y =2Inz.
2260, oy’ + yIn % = 0. 2261. 2y +y = y3(x — 1).
2262,y — 2y + o =22, 22688.y" =y +y'2.

d® d
2264, Eg - 3d_f — 28 =sint + 2 cost,

2265. 1) sintds = (4t sin? % + 3) dt; 2) yy'z -y =1.

2266. 1) ¢y’ + y(etgz + 1) =secz; 2)y"+y=e"".
3z
e
2267. 1) ¢~ 3¢/ + 2y = 70 2) vy =y"y.

2268. Iunuuap paguyca a IM u Maccolt m = a3 Kr nnaBaer B Boje
IpH BepTUKANbHOM HodomeHnH ocH. HaliTu mepmon romebanus, ro-
TOpO€ NOAYIHTICH, eCilH UAIAHIAP HEMHOTO NOTPY3HTH B BOLY H 3aTeM
ornycTuth. ConpoTuBienue ABUMEHHIO NPUHATH NPUOIUREHHO PAB-
HBIM HYAI0,

2269. llonniit meme3HRIN 1ap ¢ paguyYcaMH NoBepxHocTeft ¢ u 2a
mMeeT MOCTOARAYI0 TemMIepaTypy Buyrperneii noBepxuoctn 100°C n
umapymuoft 20 °C. OnpegenuTh TeMnepaTypy BHYTPH CTEHKU HA N000M
paccToAnuu r oT nenTpa (a € r € 2¢) u mpu r = 1, 6a.

dar
Yrazanue. CHOpocTh MafieHHA TeMTEPATypPHI I B NMPOBONHUKE CO
T

CTAHOHAPHRIM pacupeliedeHUeM TEMIEPATYPhl 00paTHO WPONOPUHOHAILHA
NJIOMANH NONEPEeYHOT0 CeueHnA.

§11. lInnetinoce muddepenumansHoe ypaBHeHHe Jilaepa
Wy D b e T+ e = ()

YacTHoe pelreHue OfHOPONHOTO ypasHeHHA (npH f(2) = () MomHO HalTH
B BUfe y = 2", INle ¥ — MOCTOAHHOE YHcno. JIIA HaXOMACHUA r HYEUO NOJ-
CTaBHTh § = 2° B O HOpOAHOe JHGbdepeHUHATEHOE YPaBHEHUE U DEIIUTH
MOIYYEHHOE XaPAKMEPUCTIUYECKOE YPaBHeHHe OTHOCHTeNBHO v, JIpH sroM:
1) KammoMy BeIIECTBEHHOMY KOPHIO ¥ = G KPATHOCTH 7 COOTBETCTBYeT
m vacTHBIX pemenutt z°, z%Ine, z%(lnz)?, .. ;
2) wamuoli mape MAMMEIX KopHell r = o= 3f KPATHOCTH M COOTBETCTBYeT
M Nap 9acTHEIX PemeHuii:
z%cos(flnz), z%cos(flnz)lne, ...;
2%*sin(flnz), z“sin{flnx)lne, ...
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Heomnopomnoe auddepeHnuanbHoe ypaBHeHHE JHIEpa PEIIacTea MeTo-
AOM BapHAallHH MOCTOAHHHIX.

Pemnth ypaBnennA:
2270. 1) 23" — 3ay' + 3y =0; 2) 2%y" — 2y = 0;

3) 22y" + 22y’ — n(n+ Dy = 0.
2271. 1) 2%y" + 52y’ +4y=0; 2) 2%y + 2y’ +y=0.
2272. 1) zy" + 2y’ = 102; 2) 22y” — 6y = 12In=z.
2273. 1) 22y — 22y’ + 2y = 4a;

2) 2%y" + 32%y' + 2y =6In=.
2274. 1) 2%y" — Azy’ + 6y = 25;

2) 3:2 W +ry +y==z.

§ 12. Cacremspl anHelHBIX THQEPEHIHATLHBIX YPABHEHHI
¢ MOCTOAHHLIMH K03 dHIHEHTAMH

Pemnth ypaBnennA:

dz dzr dy
2275.d +y=0, pr E—3w+y.
dz 4 dy R
2276.d +z—y=¢€, dt—w+y—e.
Yrazanue r 3amaue 2275. llpoanddrepeHunporas neproe M3 ypasHe-
HHIf Do {, UCRAIOYaeM H3 TPeX YpDaBHeHHI Yy H %
dz dy
2277.5— —2— 44z —y=e"
i T gt =T
i—: + 82 — 3y = 5e~.

2278. ¥ — 4+ 4z —y =10,
i + 4y + 4y — 24z = 16€°.

Pettiuth ypapuenus:
2279. 5+ 3z +y=0,

v—24+y=0, 2=1, y=1oput=0.
2280. £ =y, §§ = x + 2sht.
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§ 13. Tunefinnie quddepeHuuaIbHLIe YpaBHEHHA
B YACTHHEIX NPOH3BOAHBLIX BTOPOr0 NOPAIRA

(MeTon xaparrepHCTHE)

2281. Hafttu obiee peienne (cofepmalnee ABe IPOU3BOIbHLIE
byrRUAn) ypaBReHwnil:

2 2 2 1
D2t oo pSto0 3 2L ooy,
Oz Oy dy? dz0y zy
?u z
4) —— =2a¢—+5b.
) dz Oy ay +
du
Yrazanue Nodomurs — = z.
8y
%z
2282, HattTu wacTHOe pellleHue YPaBHEHHA 922 = 0 mo Havalb-
HEIM YCIOBHAM: Z = §°, % =y mpu z = 1.

2283, llpeoGpaszoBaTh ypaBHERHE

0%y 0%y 0%y
dz2 482: oy + 36‘y2 =0

K KaHOHHvYeckold dopme u HaliTH ero obillee pellleHHE.
2284, lIpeobpazoBaTh ypaBHEHUE

0%u 0%u 2u
20°% 2078 _
o T g0y TV 52

K KanoHH1eCcKOH (dopme m HaliTu ero obllee pemenne.

B cnenyromnx nnd dpepennnabAbIX YPaBHeHHAX HalTH 00lIHe pe-
1lIeHHA, a eCllu JaHhl HavalbHbLIE YCI0BUA, TO U YACTHLIE PellleHud:

&%u &%u &%u

2285. ) —433: By +43y2 =0.

Py 0% ) ou
2286. 322 W_O’ % =siny, %_ynpnx_o.

&%y ?u ou
2287.:«:W+ym_0, v=2y+1, %_ynpnx_l.
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Pu 0% ou
2288.t26?—w62 0; 2m,a—w2npnt=l.

Haiitr yacTnbie pemenud OIrgdepenIHaTbRbIX YpaBHEHHIH;

Py 0Pu Ou ou
2289, — 6‘t2 +m+a—0, H—O, a_—m—lnpnt_o.
2y 2
2290. 4a2z gz ‘;:2‘+2 23 O,u:[},%:axnpnt:ﬂ.
,0%u 0% du
2291. a 6 322 = g 4= f(z), i Flz)mprt=0.



I'masa 13

IBOMHLBIE, TPOMHBIE H EPHBOIAHEAHLIE
HHTETPAJIBI

§ 1. Bruncnense mromaaH ¢ MoMOIbIO
IOBONHOIO HHTEIpaIa

1°. Aeotinvis unmezpaaos 0T HenpepuIBHOI GyHKUnK F (2, ), pacupo-

CTpaHeHHHIM Ha OrpaHH4eHAY0 ofaacts (S) maockocTn #Oy, HasHBaercA
Npexen COOTBeTCTEYmell NTByMepHON HHTETPAIEHON CYMMEL

[[Fevaa=im Y Fewiusn,
i k

max Az, =0
(5) max Ay =+0
e Az; = 2o — 24, AYr = Ye41 — Y& M CYMMa pPACTIPOCTPAHEHA HA Te
BHAYEHHA i H Kk, VIl KOTOPHIX TOYRH (¥;; ¥x) mpuHAmIemaT obaactu (S).
Ilnomans S obaactu (S) onpemenserca popmyuoi

S=ffda:dy.

(s)
2°. Ecnu obmacts (S) onpenenderca HepapeHcTBaMH @ < 2 < &, p(2) €
£ ¢ € ya(®), mpuyeM KamIaA U3 HEMPEPRIBHKIX KPHBHIX ¢ = th(2) H y =
= y2(x) nepeceraerca ¢ BepTHRaIBO & = X (23 < X < &2) TOABKO B OXHOM
TOURe, TO

b ya(z)
ff Fle, y)dz dy =fda: f F(z, y) dy,
(%) e pz)
y2(®)
Ie NIPH BEIMMCICHHH HHTErpala F(#, y) dy peTHYHHY & mOJaraioT mo-

vlz)
CTOAHHON.
3°. Ecam ofaacts (S) onpepeaserca mepasencteamMu b € ¥ < I, z1(y) €
< 2 £ #2(y), NpHYeM RamAad U3 HENPEPHIBHEIX KPUBKIX 2 = 21(y) U 2 =
= #2(y) mepeceraercaA ¢ ropHsoHTamblo ¥ = Y (th < Y < ya) TombKo B
onuott Touke, TO

i z2(y)

ffF(a:, ¥) dxdy:fdy f F(z, y) de,

(5) A mly)
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z2(y)

Tfie MPH BRIYUCACHUY HHTETpala F(z, y) de pernyMHYy y moJaraior mo-

»1{y)
cToAHHOM.
4°, Ecnu obaacts (S) ollpelellcHA B MOJAPHEIX HOOPAHHATAX HEPABCH-

cTBaMH @1 < ¢ € 92, r1{p) € r £ r2(p), To WIomane sTol obmacTu
!'2(‘:9)

¥z
S=ffrdrd:,o=fd<p f rdr.
®1

() r1{)

3amncath ¢ nOMOINBLI0 TBONHKIX HHTErpajloB M BhIVHCIHUTHL Wm0~
magm, OrpaHHYCHHDBIC JTHHHAMH:

2202, zy =4, y=2z, z=4.

2293. 1) y= 2%, dy=12% y=4;2) y =22, qy=22, 2 =12

2204. 2 =442, z+3y=0.

2295. ay = 22 — 2az, y= 2.

2208, y=Inz, 2 —y=1lmy=-1.

2297, llocTpouTh 06MACTH, NAOIIANM KOTOPHIX BRIPARAIOTCA UHTE-
rpajamu:

V2a2—z2

a z a vaz_yz a
1) fda:fdy; 2) fdy f dz; 3) /d:r: f dy.
0 0 0 a—y 1]

x

HamennTh nOPANOK HHTErPHPOBAHHA.

Yrazanue. Yrobel moayuyuTe ypaBHeHUA NUHUY, OTPAaHHYHBAKOIIHX
obIacTh, HY®HO Mpedelhl HHTErpaaa mo dz NPHPABHATH &, 8 MPeNeakl HHTe-
rpaxa mo dy NpHPaBHATH .

2298, llocTponTh 00/TaCTH, MIOIIANH KOTOPHIX BEIPAMAKICA HWH-
1 2—z2 0

0
Terpamamu; 1) f dz / dy; 2) / dy / dz. H3mernTh nNOpPAIOK
0] xr -2

MHTETPUPOBAHUA H BHIYUCIHTH nnomanﬁ. *

2299, BHuymCAHTP MIOIIAlb, OrPAHHYEHHAYID JHHAAMHA © =
= a(l — cos@) u r = @ U PACIONOREHHYIO BHE KPyTa.

2300. BriyuciuTh nioiiafib, OTPAHUYEHHYIO npAMON rcosy = a
H OKPYRHOCTBIO © = 24.

BLIYHCIUTE WO, OFPAHUYEHHETE THHHAMH:
2301. zy = %, zy=2d%, y= %, y = 2z.

Yrazaunme. B zagaue 2301 BHIrogHe nepeiiTH K HOBEIM KOOPIHHA-
TAM LY = % H ¥ = v, NOCHe Wero NIOMANb ONpemeldeTcAd To HopMyie
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b oy
f || du dv, toe J = g: g; 7 HaabIBaercA AkobnaHoM. B 3apaye 2302
v Bv

NONOEATh §? = ux, vy® = 3, a B 3amave 2303 nepeiiTH K 0GODIIEHHEIM
MOMAPHKIM KoOpAHHATAM £ = rcos® ¢ u y = rsin’ .

2302. 3% = az, y* = 16az, ay® = z°, 16ay® = 23

2303. 22/3 1 y2/3 = ¢2/3,

BoruucianTh niomann, OTpanAYeHHLIe THHHAMH;

2304. y==z%, y=a+2.

2305. az = y2 —2aymy+ 2 =0.

2308, y =sinz, y=coszme =10,

2307.y  =a?—az, y=a+=z.

2308. r = 4(1 + cos @), rcosy = 3 (cnpaBa oT npAMoii).

2309. r = a(l — cos ), ¥ = @ U PacHOIOREHHYIO BHE KapPIHOHMIEL.

2310. zy =1, zy =8, y* =z, 3> = 8z,

2311. llocTponuTs oGmacTn, nJI0MAany KOTOPEIX BEIPAKAITCH HHTIE-
rpafamu:

ViR 8-

b z a 4
1) fda:fdy; 2) fdy f dz; 3) /d:r: f dy.
a a 1] \/W 0 2ﬁ

Hamennth NOpANOR HHTErPHPOBAHHA H BBIYUCIHATL MJIOINAIH.

§ 2. IlenTp Macc H MOMEHT HMHEPIMH IUIOLIAIH
¢ PaBHOMEPHO pacmpefenenHolt Maccolt

(npu maerHocTH =1)

KoopauHATHI NIeHTpa Mace IAOIMATH S ¢ paBHOMEPHO pacmpenelcHHoH
Ha Heif Maccoii:

zded de d
so=dfzledy -, Hydedy (1)

MoMeHTEI HHepIIUH mAOIIamM S:

J,,-:ffyzdzdy, Jysz:u?da‘:dy, Joszr2dxdy. (2)

() (5) (5)
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Onpeneauts neHTp Mace MAOIIAAH, OTPAHUYEHHON THHHAMH:

2312. y = 0 u ogHON MOMYBOJHOM CHHYCOHIHL ¥ = &in Z.

2313. y=2%, 2 =4, y=0. 28M.y’=azuy=u=z.

2315. 22 +y2 =a?uy=0.

2316. OnpemennTh DeHTP Mace IJIOMALH, OTPAHAYEHHOH acTpon-
noft 22/3 4 y?/3 = ¢2/3 g ocew0 Oz.

Yrazaune. llepeiftn K 0000MeAHEIM TOJIAPHHM KOOPIAHATAM

z=rcosSy ®m y=rsinSep.

2817. OnpenennTe MOMEHTH mHepUnH Jz, Jy u Jo Naomwann npa-
MOYI‘;IJI]:HHR&, orpaHuveHHoro quuuamMu & =0, z = a, y = 0 n
y=b.

2318, OnpemgeanTs MOMEHT HHEPLHH OTHOCHTeNBRO Ocum O NI0-
Ilanu, OrpaHHyeHHON JuHuAMH ¥ = 2/2, 2 = a, y = a.

2319. OnpegenuTh MOMEHT MHEPUMHM OTHOCHTENbLHO ocu Oy Wiao-
mann TpeyroibrnKa ¢ Bepmuramu A(0; 2¢), B(a; 0) n C(q; a%.

B samawax 2320-2323 onpenenanTh NOJAAPHBI MOMEHT HHEPIHH
N0UIANY, OTPAHUYEHHON THHHAME:

2320. 2 +y=a, =0, y=0. 2321 r%=qa?cos2¢p.
2322, QKpy®HOCTLIO ' = @.
2323. y = az, z=a.

Oupeneaurp UEeHTP Macc:

2324, Tlomycermenta mapaboan y?> = az, ¢ = a, ¥y = 0 (upm
y > 0).
2 2

2325. llonysaannca — 2o 1, oTcevennoro ochio Oz.
&
2326, OnpenennTh MOMEHT HHEDIHH OTHOCHTENBbHO ocm Yy Nio-
mafu, orpaHHYeHHON JHHNAME § = a + :c_’ y=2zuz=0
a
2327. OnpeneauTh MOMEHT MHEpIUM OTHOCHTeNbHO ocH (O Wio-
maln TpeyroibrmKa ¢ Bepmuramu A(l; 1), B(2; 1), C(3; 3).
OnpenenuTs MOAAPHEIN MOMEHT WHEPUMH IJIOMIANH, OTPaHUYEH-
HOH IHHHAMH:
r. ¥y
2328. —4+>=1,2=0, y=0.
a + b b y
2829, y=4—-22uy=0. 2830.r=a(l —cos¢).
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§ 3. Brruncnente ofbemMa ¢ MOMOMIbLI0 IBOHHOL0 HHTErpaia

(O6beM Texa, OrpaHHYEHHOTO CBEPXY NOBEPXHOCTHIO 7 = F(z, y), cCHA-
3y — IIOCKOCThI0 z = ( H ¢ 6OKOR — IMIMHAPUYECKOR MOBEPXHOCTEIO,
BHIpe3atolnelf Ha IiockocTH Oy obmacTe (S), paeH

=ffzda‘:dy=ffF(a‘:, y) dz dy.

(%) (5)

BriyncnuTh 06beMul Tell, OTpaHMYeHHBIX MOBEPXHOCTAMM:

2331. z = 2?2 + 32, :c+y=4, z=0,y=0, 2=0.

2382.z2=x+y+a y>=0azx, x=a, 2=0, y=0 (upu y > 0).

2333. (z +y)2 +az = a2, z=0 y= O, z2=10 (IIOBerHOCTB
nocrpouth no cevenuam: ¢ =0, y =0, 2 =0, z = h £ a; cm.
3amavy 546)

2334. 22 + y? = a?, 22 + 22 = o (cm. 3anauy 552).

2335. 22 = a2y, m_a z=0,y=¢a, y=0.

2336. az = 22 — 32, z=0, r =a.

2337. 22 =2y, 2 +y = a.

2338. 2+ y+2=3a, 22 +y*=a? z=0.

¥Yrasanue B samavax 23382344 mepetiTH B MONAPHEIM KOODIMHA-
TaM.

2339. z = mz, 22 +y? =a?, z=0.

2340. az =a? — 22 —y%, z=0.

2341. 22 + y? + 2% = 442, 22 + y? = o? (Bue nunuuApa).

2842. 2% + y% + 2% = a%, #® + y* + az = 0 (BuyTpH UMAMHADOB).

z
2343. llepBriM 3aBUTKOM Telukouja Yy = & tg — BHYTpU HHIAHHIDA
a

2% + 4% = a® u mockocThio z = 0.

2344, 22 = 2az, 2% + y? = az.
2?2

z
2345.;:1—?—6—2,Z=0.

Yrasanue. B zapavax 2345 m 2346 nepeiitu ® obobmeHHEIM (991IH-
ITUYECKUM) NONAPHHIM ROOPIUHATAM: & = arcosy, ¥ = brsingp.
2
b2
2347, 22/3 4 23 4 213 = a2f3 (nomomuth z = rcos®@, y =
= rsin® ).

2
2848, z = cel~F* /)~ (/¥) 5 +
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Briynenuth o0beMEul Tell, OTPAHUYEHHBIX HOBEPXHOCTAMU:
2348. z=a—2, Y*=azxn z=0.
2349, z =22+ 4%, y=2%, y=1, z=0.
2350. 3% + 2% = 4az, Y =az, 2 = 3a (BHe UMAHHIDPA).
2 2 2 2
z z¢ oz Yy
2351.§+b—2—1, a—2+b—2—1.

2352, Konouna z2y? + h%2% = o%y? 1pu 0 < y € h (cm. 3amawy
559).

2353, 12/3 4 ;2/3 = 23 32/3 4 y2/3 — 42/3,

2854, 42 =16 — 22 — 4, 2 =0, 22+ y*> = 4 (Bue uuaunznpa).

Yrazaunme. B zagmauax 2354-2358 nepefiTH R IONAPHHM KOOpIAHA-
TaM.

2355. 22 = (x + @)%, 2%+ y* = a®.

2358, z = L

P z2=0, 22+y? =1, 22+ y* = 4.

2357.az=a22+42, 2=0, 22 +y? L azx = 0.
2388. az = a2 — 22 —y?, 2 = 0, 22 + y? £ a2 = 0 (Bmyrpu
NUIUHIPOB).

372 y2 22
2359.§+b—2+c—2=1.

Yrazanue. llogomuts 2 = arcose, y = brsine.

§ 4. Ilroman: KPHBEIX NMOBepXHocCTel

Inomane o yacTn moeepxHoctu F(z, y, z) = 0, npoeruua koTopol Ha
ITocKocTh 7z = () onpefenser obaactk (0.), papHa

o= [ SO F O O o, o, -

|8F/8z)
N
_(/:{ —|3F/32| de dy.

Ananoruyno NpH NpoeRTHPOBAHWH HA NRe IPYIHe KOOPTHHATHRIC ILIOC-
KOCTH IIONYYHM

N N
G—ffmdxdz, J—//Wdydz.
(o) (72}

(73}
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Briynenuts miaomank:

2360, loepxrocTn muaunnpa 27 = z2, oTceserHON MIOCKOCTAMA
y==z/2, y=12x, z=2v2.

2361. llopepxHocTn Komyca 22 = 2zy, oTceueHHOM MIOCKOCTAMM
g=any=anpuz=z0uny=0.

2362. lloepxuocTn kouyca y + 22 = 2, pacmolomenHolt BHYTpu
IadArHIpa x2 + y2 = a2,

2363. lloBepxnocTu @z = 2y, pacnolomenuolt BHYTPH UHIHHADA
22 +y? = a2

2364. lloepxuocTn kouyca 22 + y? = 22, pacnonomennolt BHYTpu
IrAREIpa 22 = 2pz.

Bhiypcauts mromans:

2365, [losepxuocTn unarELpa &2 + 22 = a2, pacmonomenHolt BHY-
Tpu nunuugpa 22 + y? = a?.

2366, lopepxuocrn mapa z2 + y2 + 2% = &2, pacnonomennolt BHY-
Tpu nuauuapos &% + y? £ ax = 0.

2367. llopepxuocTn napaGomonma z2 + y? = 2az, pacnoaoKenHoM
BHYTpu Nunuuapa 22 + y? = 3a2.

2368. C momompi0 ABOMHOr0 HHTErpaja ONpeNeilnTh IJI0MaNb ya-
CTu 3eMHON MOBEPXHOCTH, OrpaHnyeHHod Mepuiuanamu 0° u 3°, 9rBa-
Eopogiolg napaaiaensio o°, Paccmorpers vacTurit crnyyalt npr o = 30°,

§ 5. Tpolinofi HHATerpaa H ero NPHIOKEHHA

Tpotiusie uwmezpaaos or hyuruun f(z, y, z), pacHpoCTpaHEHHRKIM Ha

obaacts ( V), Ha3EIBAETCA NMpedell COOTBETCTEYIOMmEl TPeXMepHOi HHTeIpalb-
HOll CyMMEIL:

fffF(z, ¥, z)dedydz= lim ZZZF(&:;, ¥, 2e) AeiAy; Az,
i § ok

max Az, =0
() max Ay;=+0
max Azy=+0

rle Az = i1 — 25, AW = Yi41 — Y5, A2k = Zp41 — 2 H CYMMa pacipo-
CTpAHeHA Ha Te 3HAUCHHAA j W &, INIA KOTODHX TOYRH (&;; Yj; %) MPHHAMLITe-

mar obimactr (V).
Ecnu o6nacts (V) onpenenena HepapeHcTBAMU

agzgd nE)<ygyw(r), zuky <2<y,

T
ya(z)  zalz,y)

fffF(z, Y ﬂdmdydz:idx f dy f Flz,y, z)dz.
V)

a wilz)  =aalz,y)
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lpu Fz, y, z) = 1 nomydaem obbem V. HoopnuuaThl IeHTpa Macc oHO-
pomHOrO Teaa 06heMoM V' BRIMUCIAIOTCA Mo dopMymam:

1 1
Lo = F//]zda‘:dydz, Yo = F‘///yda‘:dydz,
V) V)
zczéfffzdxdydz.

*)

2369, Onpenenurs 00beM Tejla, OrPAHHYEHHAOI0 NOBEPXHOCTAMH
az =22+ y2, 2az = a® — 2% — y2,

2370. Oupenenurs 00beM Tejla, OrPAHHYEHHAOI0 NOBEPXHOCTAMH
224+ 9% — 22 =0, 22+ y® + 2% = a?, BuyTpH Komyca.

2371. lloxazaTh, YTO MOBEpXHOCTh Konyca x> + y2 — z2 = 0 menur

o6bem mapa z2 4 y® 4+ 22 = 2¢z B orHOWeRHA 3 : 1.

2372. OnpemenuTh Maccy MupaMuIhl, 06Pa30BAHHON MIAOCKROCTAMU
z+y+z=a, 2=0, y=0, z= 0, eciiu 1A0THOCTL B Ramuoil ee
TOUKe paBHA alllUIMKaTe Z 9T0H TOUKH,

Onpemenurh IMeHTp Macc ONHOPOAHOrO Tejla, OTPAHUYEHHOTO MWO-
BEPXHOCTAMH:

2818 z4+y+z=a, =0, y=0, z=0.

2874.az=a*— 22— y%, z=0.

OupeneanTs MOMERT WHEPUHH OTHOCHTEAbHO och ()7 Teda, Orpa-
HUYEHHOTO NOBEPXHOCTAMH (IIOTHOCTD p = 1):

2878, z=0, y=0, y=4a, z2=0, z+ z=a.

2876. 2+ y+2=av?2, 22+ y*=a? z=0.

2377, Oupeneants 00beM Tella, OTPARMYEHHOTO 3aMKHYTOH mNo-
BEPXHOCTHIO!

1) (22 + 92+ 222 =a%z; 2) (22 + 4%+ 2B)% = az(2? + 47).
Yrasanmne. llepefith K chepHIecKHM KOOPIHHATAM TIO HOPMYITAM & =
reinfcosp, y = rsinfsing, z = rcosy; snemenT obwema dV =

r2sin 8 dr dp d8.

OupenennTs 00beMEL Tell, OTPAHAYEHHEIX TOBEPXHOCTAMH:

2378. az = 22 + 2, 22+ y? + 2% = 242,

2879. 22+ 2 — 22 =0, 2=6 — 2% — /%,

2380. az = 2% + y?, 22 = 224+ 2.

2381, OnpenennTh Maccy Telna, OTPAHMYEHHOTO NOBEPXHOCTAMH

224+ y?2 — 22 = 0 m 2 = h, ecilum NNOTHOCTHL B KAKNOH TOMKE €ro
paBHA allVIEKaTe ST0i TOYKH.
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2382. QnpegenuTs MacCy Tella, OFPAHHYEHHOTO NOBEPXHOCTAMH
2+z2=2a, z+z=a, Yy =az, y=0
(upm y > 0), eclim NAOTHOCTH B KARIOH €ro TouKe DaBHA ODIWHATE ¥
9T0i TOuKM.

2383. OnpenennTe TeHTP Macc OIHOPOXHOrO TOMyIIapa 2 4 yZ +
+22=4a2, z=0.

2384, OnpenennTb MOMEHT WHEPUHH O0THOCHTEABHO Ocu (07 Telna,
OTPaHHYEHHOT0 NoBepXHOoCcTAMH 22 = 2a2, 2= 0, 22+ y? = az.

2385, OnpenenmTh 00beM Tela, OTPARMYEHHOTO NOBEPXHOCTHIO
(22 + 4%+ 2%)2 = azyz (nepelitu ® chepuyeckum Kooprunatam) (CM.
3agavy 2377).

2386, OnpenennTh mMaccy ChepHYECKOTO CJIOA MERIY NOBEPXHO-
cramu 22+ y? 4+ 22 = a® m 22 + y? + 2% = 442, ecan nnorHocTHL
B KamIolt ero Touke 00paTHO NPONOPUHOHANEHA PACCTOAHHIO OT TOUKH
10 Hauama KoopauHAT (mepeltTu R chepuueckum KOOPAMHATAM).

§ 6. Kpusomnnetinnii materpan. Qopmyaa I'puna
1°. Onpenenenne RpHBONHHEWHOro HuTerpaaa. llycTe mHa

nyre A B, cnpaManemoli RpUROH, onpeneTcHa HempepEIBHAA hyuruma Pz, y,2).
PagobheM myry Ha wactu Toukamu A(zo; Yo; zo), Mi(®1; th; #1),
vy Ma—1(®n1; Ynm15 2n-1) M B(Zn; Yn; 2a) L yeTs 2;—2i-1 = Az;. To-
13

raa alimo 3. P(x:, i, %) A¢; Ha3RIBACTCA KPUSOAUHETHDIE UNMESPAAON,
Ll |

B3ATRIM 0 JYTE ffB, U 0003HAYAETCA f P(z, y, z) de. AnanormyHo ompene-

AB
amiorea uarerpansl [ Q(z, y, z2)dy, [ R(z,y, z)dzm [ Pde+Qdy+

—

AB AB AB
+ Rdz rar cymma npeanaymnx mETerpanop. HakoHew, BcTpeuaercdA eme
KPHBOIMHEHHHIN HHTeTpaJl BAIA

" Tt ——

fP(a:, y, 2)ds = ALiEDEP(x,’, ¥, %i)Asy, tme As; = M M;.

— =

AB

2°. BuuncieHne KpHBEoAWHelimoro mHTerpaaa. llycrts Kpm-
pas AB safaHa ypasHeHHAMH & = f(t), y = @(t), z = 9(t), a napamerp ¢
IpU NepeMellleHHH Toykn M (1) no ayre AB® OHOM HATpABRICHHH U3MEHA-
eTcA MOHOTOHHO; TOTAA

tp

f P(z,y, 7)dz = f PLF®), o(t), $(0)]F/(2) dt,

£
AR A
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T. €. 6Ce nepeseHnbic U duddepenyuadst Mo IHAROM KPUBOIHHEHHOTO HH-
TETPalla HYIHCHO 6BIPA3UMD Heped 00ny nepesennyio (1) u ee Juddepenyuaa

(dt) us ypasnenuti xpusod.
3°. MexaHHYecKoe BHAUYEcHUE KPHBOMUHeHHOTO UHTeTpa-
na. Huterpan suma f Pdz+Qdy+ Rdz onpegenaer pabory mpH mepeme-
AB
LIEHUY eTHHUULI Macchl o fiyre A B B mone, o6pasosannom cunoti F{ P; @; R}.
4° Cnyyvaii monmHoro auddepennnana. Ecau B HeroTopoit ofia-

cru (V) Pdz+ Qdy+ Rdz=du, 10 [ Pdz+Qdy+ Rdz=up —ua,

—

AB
T. €. paBeH PaBHOCTH 3Ha4eHHH QyHROuM %(z, ¥, ) B Tourkax B n A U ne

aasucum om nymu unmezpuposanus AB, Baaroro B obaactu (V).
5°. ®opmyaa F'puHa

dea‘:+Qdy=E£')[ (g—f—g—j) dedy

(©)

mpeobpazyer KpUBOMMHEHHRIN HHTerpaa oT Pde + Qdy, BaATHI (IpoTHB
yacopoit c*rpe.lmu) mo IFaMKHYTOMY KROHTYPY (C), B JpoitHolt HHTerpasa mo
obaacth (S), orpaHHYeHHON HTUM KOHTYPOM.

6°. Maom axns, orpanuerHasn KoHTYpoM (C):

S=%‘?§zdy—yda:.
(€)

2387. Haner Toukn A(2; 2) m B(2; 0). Beruucants f(a: +y)de:
(©)
1) no mpamott O A; 2) no ayre 04 napaboasr y = %2; 3) no aomauo#
OBA.
2388. Mlaunt Touku A(4; 2) u B(2; 0). Brruucants
f(w+y)d:c—xdy:
(©)

1) no npawmoit OA; 2) no aomaroit OBA.
2389. Pemnmuth 3amavy 2388 maa unTerpaia

/ ydz+ zdy.
{©)

lovemy 3Mech BeluuuHa UHTErpala He 3aBUCHT OT MYTH UHTErpPUPO-
BaHAA?
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2390. ans1 touku A(e; 0; 0), B(e; a;0) u C(e; a; a). Buiuu-
C/IUTH HHTErPaj

/ydm+zdy+a:dz

o npamoit OC w no aomanott OABC',

2391. lome obpazoano cuioit F{P; Q}, rne P=2z -y, Q =
= z. lloctpouts cuny F B kampnotft pepmnre Kpagpara co CTOPOHAMHA
2 =Za v y = Lta u BEIUMCAHTL paboTy NpH NepemMeNIeHUY eNUHUITEL
MaccHl N0 KOHTYPY KBaipaTa.

2392. Tlome obpasoano cuioit F{P; Q}, rne P =24y, Q =
= 2z. lloctpours cuny F B nawame kamunoll weTBepTH OKPYRHOCTH
z = acost, ¥ = asint U BEIYUCAUTE PaboTy Mpu HmepeMellleHHH efu-
HALBI MaccH N0 OKPYARHOCTH.

Pemnth 917 Me 3amauy npm yciaosmm P =z + y, @ = 2. llowemy
3nech paGora papua 07

2893, Ilone obpasoeano cmiolt F{y; a}. Onpemennte pabory upm
nepeMelIesuy MacChl M M0 KOHTYPY, 00pa3oBaHHOMY MOMAYOCAMH KO-
OpPOMHAT H TepBoil weTBepIbIo YINIANCAa T = ¢ cost, y = bsint.

2394. Ilone obpazosano cunott F{z; y; z}. Buluucauts paboty npu
TepeMellleAnH eTHHHIEL Macchl 1o Jomanolt O ABCO, coeaunameii
toukn O(0; 0; 0), A(0; a; 0), B(a; a; 0), C(e; a; a).

2395. Hanucathk u mpoBeputh popmyay I'puna nas

f(m+y)da:—2mdy
(©

10 KOHTYDPY TPeyroibrmKa co croponavun ¢ =0, y=0, 2+ y=a.
2396, BLiyncinTh WHTErPaibl;

1) / 2ayde + 2* dy; 2) f cos 2y dx — 2z sin 2y dy;

AB AB
3) /tgyd:c+msec2ydy
AB

no mobott nuuuu or Tourn A(1; 7/6) no B(2; x/4).
2397. llpumennus popmyay I'puna, BRIVHCIUTE HHTETDAT
§vtdo+ @t u)dy
(©)
o kouTypy AABC ¢ Bepmnnamnu A(a; 0), B(e; ¢) u C(0; a).
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2398. OnpefenuTh KPHBOMHHENHKIM HHTETPAIOM IIOLIANL DIIH-
mca £ = g¢cost, y = bsint.

2399, OnpenennTh KPHBOTHHSHHEIM HHTErPAIOM IUIOIAAbL NETIH
wpmBolt #° + 22 — 2 = 0 (cm. pmc. 48 na c. 304).

Yrazaune. llepeiftn B napaMeTprYecKAM YPAaBHEeHAAM, IOJIORHE Y =
=zt.

2400. OnpefenuTh KPpUBOIUHENHEIM HHTETPANOM IIOMIANL HETIU
mexaproBa amcra x° 4+ y° — 3azy = 0 (cm. yrasamme K 3amave 2399 n

puc. 79 ma c. 334).
2401. C rawoft culloff mpuTAruBaer macca M, paBuoMepHO pac-

IpenelenHad N0 Bepxmell MOAYOKPYRHOCTH T2 4 y? = a?, maccy m,
COCPEIOTOYEHHYIO B HAyalle KOOPAUHAT?

¥razanue. llyers ¢ — nuseliHaa maoTHOCTE, ds — BJAEMEHT HAUHKL
HOMYORpY®HoCTH, § — yron pagmyc-Bertopa ¢ ockio Oz, a X u Y — npo-
eRUnA cHiEl TpuTAReHnd. Torga

X=’/’kmp:;s€ds‘ Y=’/'km,usm9ds’

p2
(<) (<)
rie k& — TPaBATANHOHHAA NOCTOAHHAA.
2402. Janu Toukn A(—a; @) u B(e; ). C karofi crnmoft macca M,

paBHOMEpHO pacmupefeleHHasd no oTpesky AB, nputaruBaer maccy m,
cocpenorouennyio B Touke (0; 0).

2403. MTauwr Tourn A(e; 0), B(0; a) u C(—a; 0). C rarolt cumoft
macca M, paBnomepro pacnpenenernnad mo adomanoit ABC, npurdra-
BaeT MacCy M, COCPeNOTOYEHHAYI0 B Havalde KOOPIHHAT.

2404. Janwut Tourn A(0; 1), B(2; 5) u C(0; 5). Brumcants

f(x+y)dw—2ydy:
©)

1) mo mpamott AB; 2) no ayre AB mapabonm y = z2+ 1; 3) no
nromanoii ACB,

2405. Jansl Touku A(—a; 0) u B(0; ¢). Briuucauts paboTy cuint
F{P;Q}, rne P =y u Q = y— 2, Ipu IepeMelleANH ESHHALEI
maccel; 1) no upamoii AB; 2) no aomano#t AOB; 3) no ayre AB

2

z
mapaboiu ¥y = ¢ — —.

2406. Ilokazath, uTo

fydx+(w+y)dy
(C)
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0 11060MY 3aMKHYTOMY KOHTYDY papeH uymdio. llpoBepuTh, BHIYUCAHB
2

FHTETPA] 10 KOHTYPY (HTYDHI, OorpaHHueHHOl NHHAAMH ¥ = %~ H
y=4.
2407, Hancate w nposeputrh Qopmyay I'puna 04 muTerpaia

de dy
y =’
(&)
BaaAToro no koutypy AABC ¢ Bepmunamn A(1; 1), B(2; 1) u C(2; 2).
2408, C moM0Imb0 KPHBOIHHEHHOTO HHTETPala ONpeNelnTb IVI0-
magk QATYpH, OTpanuyeHHOl acTpoumoit £ = ¢ cos® t, y=a sin®¢.
2409, C moM0ImIbs0 KPEBOIHHEHHOTO HHTETPaja ONpeNeluTb IVI0-
mafhb, OCPaHHYEHHYIO KpHBOH y2 +zt-22=0. (I[epeﬁm K mapame-
TPHYECKUM YPABHEHHAM, NONOMUB Yy = 2t.)

§ 7. loBepXHOCTHRIE HHTEIPAIEL.
Qopmyasr Ocrporpamcroro-Taycca m (Tokca

1°. MosepxuocTHHe mHTerpaas. llycts F(z, y, 2) — mHenpe-

phiBHasA QYHEUHA B z = (2, y) — YPABHEHUEe TMOBEPXHOCTH 5, NMpHYEM
cymecnyior 225 Y |, 0¢(2, 4)
dz 8y

Hoseprrocmubiil uHMmezpas nepeozo muna NpedcTABIAET cobott mpemen
HHTeTpalibHoO CyMMAI:

f f F(z,y, z)dS = lim > F(zi, wi, w)AS;,
%) i=1

rae AS; — mromansk i-ro 3nMeMeHTa NOBEPXHOCTH S, TouRa (4] ¥i; #) Opu-
HAINERUT ITOMY IINEMEHTY, NMPHYEM MARCHMANBLHEIN AHAMETP HIEMEHTOB
pa30ueHHA cTpeMHTcA R Hynw. Ecau npoernua ¢ nosepxHocTH S Ha maoc-
KocTh #(Jy OJHOZHAVHA, T. €. BCARAA NMPAMadA, NapalnedbHad ocH (Jz, nepe-
ceRaeT MOBEPXHOCTh S JAMINE B ONHOHM TOURE, TO COOTBETCTBYIOINUY MoBepX-
HOCTHHII HHTeTpPaJl IepBOro THIA MOAeT OHTE BEIYHCIEH Mo (opmyie

ffF(a:, y, 2)dS =

%)
=({)/F[z, ¥, ¢(z, )] 1+(W)2+(W)2dwdy-

Ecau P = P(J,‘, Y, Z), Q = Q(J.‘, Y, Z), R = R(J,‘, Y, z) — Hemnpe-
puibAble $yrrumE 7 ST — cropona moBepxHocTH S, XapakTepmayeMas Ha-
NpaBienneM BHeImHeld HopMaim nfcos a; cos 8; cos ¥}, To COOTBeTCTBYIOmHMIi
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MOBEPXHOCTHRIY MHTErpad BTOPOTO Pofia BHIPAMAETCA CACHYIONIHM 06pazoM:

fdeydz-l—deda‘:-l—Rdxdy:ff(Pcosa-l—Qcosﬂ-l—Rcosqf)dS.

(54) (5)

2°. Qopmyaa Octporpancroro-laycca:

(Peosa+ Qeos B+ Reosy)dS = P —Q+—R dr dydz,
I/ [/ (G5 %)

rge «, f H -y — yIaLl BHEEMHe HOPMAaIH 3aMKHYTOM NOBEPXHOCTH .5 H 0CAMH
KOOPIHHAT, & V — o0beM Texa, orpaHMYeHHOro 9Toil MoBepxHocTEIO. llep-
BHIl MHTErpal MOAKHO 3AIACATE B BHIE

47(3F+Q )gﬁg

re F(z, y, 3 = ( — ypamHeHH¢ MOBEPYHOCTH, a 5, — INpoeruua S Ha
maockocTs 20y

3%, Qopmyaa Crorca:

fPﬂ+Q@+R@=

R 0@ 8P HR 9@ oP
ff[(_‘_z) m*(az az) 5*(—‘3—3,)""”]"‘3’

rge «, 3, 4 — yOIbBl, 00PAasOBaHHEE OCAMH KOOPAHHAT ¢ HOPMAJLID K IO-
BEPXHOCTH S, HAIPABIEHHON B TY ee CTOPOHY, ¢ KoTopoit 06xon koHTypa C
PACCMATPHBAETCH IPOHCXOIAIIHM IIPOTHE YaCcOBOI CTPElRH.

2410. BrIyucanrhn

/ (zcosa+ ycos B+ zcosy)dS

(5)
Io BepxXHeH MOBEPXHOCTH NIOCKOCTH & + ¥ + 2 = @, PacIolomeHHod B
TIepBOM OKTaHTE.

2411. Beruucants
f [#%cos (n, i) + y? cos (n, j) + 2% cos (n, k)] dS
(%)

o Bepxuell NoBepxHocTH Napaboaonna 2% 4+ y2 + 2az = ag, pacmoiio-
ReHHOIl Bo Bropom okranTe (Tme z < 0, y > 0, z > 0).
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dr dy
a

Yrasaune. llpuBensa mETErpan K suay f (33 +4+ az2) , Te-

(5:)
peliTu K MONAPHEIM KOOPIMHATAM. ¥Toll i GydeT M3MEHATHhCA of 7/2 ;o 7.

2412, Hanucath u mpoBeputh ¢opmyny Ocrporpaigckoro 1aa us-
Terpana

/f [:c cos (m, i) + ycos (n, j) + zcos(n, k)] ds,
(3)
B3ATOr0 MO NMOBEPXHOCTH LIApa z2 + y2 + 22 =d?.

2413, Harncate u upopepnth dopmyay Ocrporpamckoro-Laycca
AAA uuHTerpana

/ [% cos (n, i) + y* cos (m, j) + 2% cos (n, k)] dS,
(5)

B3ATOr0 N0 HAPYAHOH NOBEPXHOCTH Tella, OrPAHHIEHHOTO NOBEPXHO-
cramu 22+ y? +2az = a2, 2 =0, y = 0, 2z = 0, BuyTPU mepBoOro
OKTaHTa.

Yrazanue. [Ipolinoft MHTErpad mo MIOCKHM TpaHAM Tela paeeH 0,
nbo, Hampumep, Ha WIockocT 2 = 0 M cos (n, 1) = 0 u cos (n, j) = 0.

2414. llonaran B dopmymne Ocrporpancroro-Taycca P=z, Q =y,
R = z, monyunTb dpopmyay 1iaA obbema:

V= %[ [z cosax + ycos B + 2 cosy] dS.

(5)
Beruucinnte no stott ¢popmyne obbem 3IIAANICORIA
2 2 2
x Y z
——+=+==1
a? t b? t c2

2415. llonaraa B dpopmyne Ocrporpanckoro—Taycca P = %, Q=
ou Ou

uR= 5 (1. e. monaraa sertop {P; Q; R} pasunim grad ),

// Audmdydz:[[j—zds,
V) (5)

I0Ka3aTh, ITO
Pu Py %

I‘)IBA‘H-:w-FW-l-m

— onepartop Jlanaaca.
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2418. [lpoBepuTh NOAYyYEHHYIO B TpeNLIAyielt 3anaue GopMyay 1aa
pyERUME % = z2 + y2 + 2% Ha NMOBEpPXHOCTH z? +y " +2°= a?,
2417. IloxkazaTh ¢ momollibio popmyasl (Tokca, 4TO

/yzda:+mzdy+mydz

©)
Mo M06oMY 3aMKHYIOMY KOHTYPY paBen myal. I[poBepuTh 3T0 BHI-
yucldenuem unterpana no koutypy AOAB ¢ sepmunamu O(0; 0; 0),
A(1;1; 0) u B(1; 15 1).
2418, Hanncats w nposeputs popmyay Crokca miA muTerpaia
f(z—y)d:c+(m— z)dy+ (y — z) dz,
(©)
B3ATOr0 no korTypy AABC ¢ pepmuramu A(e; 0; 0), B(0; ¢; 0) n
C(0; 0; a).
Yrasanne. [poiiHoif mETErpan MomHO B3ATE 10 M0G0l IOBEPXHOCTH,

NpoxogAmel Yepes epAMerp TpeyroisHAKa ABC, HaNpHMep N0 INIOCKOCTH
z+y+r=a.

2419, Hamrncate u unpopepnth dopmyay Ocrporpamckoro-Laycca
AAA uuHTerpana

/] [2%cos (n, i) + y®cos (n, j) + 2° cos (n, k)] dS,
(5)

B3ATOr0 Mo MOBepXHOCTH mMapa 22 + y? + 22 = a2,

Y razanue. Tpotinoti HHTErpan npeobpazoBaTh k chepHUYECKHM HOOp-
AUHATAM.

2420, Hancats w nposeputs popmyay Crokca miA muaTerpaia

f:c(z— y)de +y(z — 2)dy+ 2(y — z) dz
(©)
70 KOHTYPY Tpeyronbrnka ¢ Bepmmuamu A(e; 0; 0), B(0;¢;0) n

C'(0; 0; a) (cm. yrasanme K 3amaue 2418).
2421. C nomomsio popmyasl OcTporpanckoro—Taycca BEIYUCIAUTh

//m3dydz+ > de dz + 2> dz dy,
{5)

B3ATHIH N0 HAPYAHOH TOBEPXHOCTH NHPaMmlEl, 00pa30oBaHHON IJIOC-
koctAaMu 2+ Yy +2=@a, =0, y=0, 2=0.



I'masa 14
PAIBI

§ 1. Uncaopsie pAnl

1°. Pam #y + tio + tia + ...+ ty + ... HASKIBAETCA CTOCAUUMCA, ECTH

cyMMa Sy, €ro n NEPBRIX YWICHOB MPH 7 — 00 CTPEMUTCA K KOHEUHOMY Npe-

meny S: lim 8, = 5. Yucao § HazuiBaeTcA cysmmoti CXONAIETOCA PANA.
n—oo

Hecxonamutica pal HagEIBAeTCA PACTOORUUMCA.

Jlna cxomaMocTH pAfa Heobrodumo (Ho He NOCTATOUHO), YTOOHI u, — ()
mpH 1 — 0.

2°. HaTerpanpHHY NPH3HAK CXONMMOCTH DANA C TONORHTEND-
HEIMH yORIBAIOIIAMHA WIEHaMH:

Ecm u, = f(n), rae f(z) — yOnBawoman QyHROMA, B

]of(a‘:) de — {A, TO DA CXONMTCA,
1

00, TO PAN PACXONHTCA.

3°. Tpusuar [Janambepa CXONUMOCTH PAAA ¢ MONOMHTENbHBIME
YIeHAMY: €CITH
< 1, TO pAm CXOOHTCH,
=r< > 1, To panm pacxommurcsd,
=1, TO BONPOC OCTAETCA HEPEIICHHEIM.

. Upii
lim —+
n=od Uy

4°, CpaBHeHHe PAOLOBR C NOAOEHUTCIRHEIMH 1NCHAMH!

wytuetuzt...+u,+...; (1)
ntvetuvs+...+va+... (2)

1) Ecmn u,, < v B pan (2) cxodumes, To crodumcs u pan (1).

2) Ecau 4, > vy ¥ pan (2) paczodumca, 10 pacrodumcs u pax (1).

B°. PAm c Weped YW IMHMHACA 3HAKAMHA Hy —uUstug—us+...
CXOMHTCA, €CIIH ) > ¥y > Ug > ... H ﬂli’n(}o uy = 0.

6°. AbconmwTHAA cXogHMOCTE. Pan
itz tus+...+un+... (3)
CXOJHTCA, €CJIM CXONHTCA PAN

ua| + Jua) + Jus| + . ..+ [un| + ... (4)
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B sroM cayyae pAnm (3) HasmBaeTcA abcotomuo cxogamumcA. Ecau me
pan (3) cxomurca, a pan (4) pacxomurca, To pan (3) HA3LBAETCA YCAO6HO
(HealbCcomIOTHO) CXONAMMMCAH.

BBI]IOJIHHGTCH " HGOﬁXOJIHMOe yCioBue CXOIHMOCTH pAla:

3 5

2422, + + +8+

6
1 1+1+
3 5 7
4 6 8
3+9+27+81+

HecmemopaTh 10 mwHIErPaIbHOMY NPH3HAKY CXOOMMOCTh PANa:

2425.1+1+1+%+...

2

1
2423. - 1 + 5+

2

31 ° 1 1
2426.1+\/Z ﬁ m
2427. 213+323+433+
2428’1J:12+1J:22+1+132+"'
2429‘1J:12+1f22+1f32+"'
2430.321_1+521_1+721_1+...
281, 4Ly

21n%22  31n%3  4In24
Hccnenona'rb mo npu3naky Janambepa CX0IMMOCTD pAIa;

6 8
2432.3+9+ 7+81+
8
2433.1+§+§+a+...

1-2-3
135 N
m5.1+2?3+223 +o e
2436'%14_23-!4:2-54'-6;2-47-!6-lg+”'
M.t =t Em AT

1-2
2434.1+m+ +.
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CpaBuenneM ¢ rapMoHUYeCKHM PANOM HIIH ¢ YOBIBaIOIIEH nporpec-
cueii uccileNoBaTh CXOOMMOCTh DAIA:

2438.14—i = =

\/§+%+ﬁ+.”

1 1 1

2439.1+2_5+3_52+4.53+...

1 1 1 1
M40.E+m+m+m+...

2441. Metonom cpaBHeHHA PANOB MOKA3aTh, 4TO PAX 172 +
z
1 1
+ + + ... upu |x| & 1 pacxommTcA, a npm |z| > 1
Trat T T pu |z < 1p ; @ npu |z]
CXONUTCA.
¥razaHue. JIIA cpaBHeHHA B IEPEOM cllydae 3aMeHUTE &2, 24, 2%, ...

cTHHHUaMH, RO BTOPDOM CIO¥49ac OTGPOCHTI: B 3HaMCEHATEIAX cTHHHIEL.

Hatttu cymmy paga:

1 1 1
2442.1_2+2_3+3'4+...

YrazaHnue. Pagnomurth u, Ha 3MeMeHTapHRIe APObH.

1 1 1

2443.1_4+4_7+7.10+...

HCCJIBJIOB&TB CXOOIHMOCTE pAla:

1 1 1
2444, 1 — —+ — — —+...

V2 V3 V4

1 1 1
2445.1—3—2+5—2—7—2+...
2446. 1 1 1

2In2 3In3 ' 4lnd

sinee | sin2¢  sin3o
2447.
1 + 22 32

1
2448, TloxkasaTs, yTo cyMMa S YCIOBHO CXOOAIIErocA pAxa 1 — 3 +

1 1
+ g - Z +... ¥YMEHLIIHUTCA BABOE, €ClIH NOCIe RamIoro moJdomuTeNhb-

HOI'0 49/Iena pAlda nOMeCTHTbh IBa nOCIeIYWIIHX 0TpHHaIe/IbHBbIX, H
¥YBEIUYUTCA B mOJTOpa pada, eCIH mOCIe KaRIbIX ABYX DOJORHTENL-
HBIX W/IeH0B nOMeCTHTIb O0IHH OTpHuaTBJIbHHﬁ.
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245

HecnenopaTh cXonuMocTh paga:

1 1
2449. 14+ —+ —+...
3v/3  5V5
1 1 1
2450.1+—101+—201+—301+...
1 2 3

2451. 1+14+ 1+24Jr 1434

+...
3 5 7
2452.].+-Z'+ §'+ IE-+...

1 1 1
2453.1+4—2+7_2+1—02+...
1

3 5 7

2454.§+2—2+2—3+2—4+...
21 41 61

2455.?4-?4‘?4-...

2 4 6
2456.—+§+§+...

1
1 + 1
1 1 1
2458.1—2—34-3—3—4—34-...

1 1 1
2450, 1 — — + — — —
2a2 + 3a? 4q®

Haiitu cymmy paga:

1 1 1

2460.1_3+3_5+5.7+...

1 1 1

2461.1_2.3+2.3.4+3.4_5+...

2457. 1

+...

§ 2. PapHoMepHaA c¢XoTHMOCTh (YHRIHOHAALHOTO PATA

1°. CoroByNHOCTE 3HAYEHHI £, NMPH KOTOPHX PyHMKyuoHassusit pal

wy(2) +us(2)+ ...+ un(z)+ ...

CXOOHTCH, Ha3EIBACTCH 06AGEMBI0 CZOIUMOCTRY JTOTO pAna.

(1)

@yrruma S(z) = le Sn(%) HasbBaeTca ero cysmmol, a PasHOCTE
N=+02

Rp(x) = S(2) — Sp(2) — ocmamxos pama.
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2°. Pan (1) HaBHIBAETCA PAGHOMEPHO CTOOAWUMCA Ha oTpeske [a, b],
€ClIH AJIA BCAKOLO £ > ( MomHO HaliTu Tarott Homep N, utompun > N u
mioboM # Ha orpeake [a, b] Gymer BhIMoMHeHO HepaBeHcTRO |Ry(2)| < €.

3°. lpnauars paBpHoMepHON cxomumocTH. Pam (1) cxommrea
abcosomHe H pasHoMepHo Ha oTpeske [a, B], ecnu cymecTayer uMenonoit
CXONANHICA PAJ ¢ TONOMHTENBHBIMY YIeHAMH

aa+ce+ez+...Fcn+...
TaKol, uT0 |tn(2)| Ccn Mpua L 2 < b,

2462. Onpenennth 1pu |#| < 1 cymmy m ocraror paAma 1+ x +
+ 22422 +...m MOKa3aTh, 4TO0 OH CXOXHTCA PABHOMEDHO Ha OTpe3Ke
[0, 1/2]. Tipm kakom n ocraTok |R,(z)| < 0,001 aaa mwoGore & na
9ToM oTpeske?

2463, llorasaThb, yTo pAXN

z+z(l-z)+z(l-z) +=z(1-2)%+...

CXOIUTCA HepasHomepro Ha oTpeske [0, 1] u pasnomepro Ha oTpeske
(1/2,1]. Hpu wakom n ocrator |R,(x)| < 0,01 naa mwoboro z na
orpeske [1/2, 1]7

2? 23

2464, IloxasaTs, 910 PAL 1~ 73 + 3 CXOIHTCA PABHOMEPHO

ua orpeske [0, 1]. IIpu kakux » u n06om 2 wa sToM oTpeske |R,(z)| <
<0,17
z3 23
+ +
1428 (1423)2
nepaenomepro npu ¢ > 0 u pasnomepno npu = > 1. Ipu rarom n
octaTok |R,(2)| < 0,001 aaa xoboro ¢ > 17

1 1 1
Vit t+ 3v1+ 3z t+ 321+ 5z

+ ... cxonnTcA paBuoMepHO B mrTepBaie 0 < © < 00,

2465. lloxazarh, yto pan 2%+ ... CXONUTCA

24686, llorasare, yTo pAd +

1

+ 3B/1+ 7z

IIpn kakom n (m M06OM HeoTpruaTeNbHOM %) ocTaToK prAma |R,(z)| <
< 0,017

YrazaHue. Cpa.BH_HTB JaHHEI pAd ¢ YUCTOBEIM CXOOANIUMCA PAIOM.

1 1 1

1
2+l Z+dl2t9 el
CXOLMTCA PAaBHOMEDHO Ha Beell ymcaoBolt ocu. Ilpu kakom 1 (m mw0Gom
z) ocrarok pama |R,(z)| < 0,0001?

2467. llorasaTh, uTo pax
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2468. lloxazath, uTo pan
1 1 1
2et]) GtDE+d)  ErRE+

cxonmTIcA paBHOMepHO K — B maTepBate 0 < < 0o, llpu kakom n (n
nwbom & > 0) ocrarok pana |R,(z)| < 0,17
2469, Ilorasarb, yTo pAN
1 1 1 1
itz  VEto Vaiiiss Vi

cxonuTcA paBrOMepHO B mHTepBaie 0 < 2 < co. Ilpn Kakom n ocTaToK
pana |R,(z)| < 0,017

§ 3. Crenennsie pams

Mycrs mam crenenHoi pAx
o+ ar12+ a2+ ... Faaz®+... (1)

Yucio R HaswbBaerca paduycos crodumocmy paza (1), ecau npm |z| < R
PAX CXONUTCA, a Opu |¢| > R — pacxonutcA. K MomHO HaliTH UIU Hecle-
noBaHUeM abCoMOTHOM cxomuMocTu pAna (1) no npusHaky JanamGepa, nan,

n

KOIA4 BCe @i ONIHYIHE 0T HYIA, no popmyse B = lim . B wacTHocTH,

n=00 |G 41
eCciIH STOT Npexed paBeH oo, 0 pax (1) abcosmoTHO cxommTea Ha Beeif ocn O,
CrenenHoll DAL CXOBHTCA He TONLKO GOCOAIOMNO, HO H PAEHOMEPHO HA
moboM oTpeske Ifa, b], nemamem BHyTPH unmepsasa crodusmocmu (—R, R).

OﬂpeﬂeﬂHTb HHTEepBal CXOIHMOCTH pAlda U HUCCISeTOBATH €ro cxo-
JHAMOCTh Ha I'PaHHUAX UHTepBala:

z x2 x3
170 14 7S+ ot g+
X 2‘:3 2‘:5
2471. 1 — + - +...
5v/2 523 531
2 3
2472, 14 22 4z 82~ ..

NN N
o0 xn oo (_w)ﬂ—l
2473. ngl al” 2474, ’El n .
2475, 50 22

n=l 4/ (3‘1’1 - 2)2“.
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0.1) $entony g £ 1T
2476. 27 onl —_—
n=1 ’ n=l (n+ l)n

E+1?, @H1? | ()
2.4 3.42 4.48
20 —-3 (2:-3)? + (22 -3)°
1 3 5 o
Onpenenutsh uHTepBal CXONUMOCTH PALA U HAHTH €r0 CyMMY:

2479. 1+ 22 + 322+ 423+ ...

2477, (¢ + 1) + +...

2478.

x
Yrasannme. na Haxompenua cyMMEl S HaliTh cHauana / Sdzx.
0

3 25 LT

T
2480,z — —+ — — — +...
3 + 5 7 +
Yrasaune. Haiithn cHagsana —.

dz
2481. 1+ 3z + Hz2 + 723 +...

Yrazanue. (60o3HAYUB CYMMY pAfa Yepes S, COCTABHTh BhIpameHHe
S — Sz B BUIle CYMMUPYeEMOTO pATA.

m(m-—1) , m(m—l)(m—Z)xa_l_”.

1.2 ~© 1-2.3
S S

Yrasaune. llorazars, yto — + — = S, # pemnTs 5T0 aEddepen-
m m
OHAaIBHOE YpaBHEHHe.

2482. 1+ ?m+

OHPEI[BJIHTB HHTepBAJI CXO0IHMOCTH pAla H HCCIeI0BaIb ere CXo-
JHAMOCTh Ha I'PaHHUAX UHTepBala:

22 422 823
2483. 1+ + +
V5.5 /9.52  1/13.58

2 4 6

+...

i i i
+ - +...
3.2/2  32.3/3 3%.4/4

oo 10%g™ 2n=-1
2485. 5 ——

n=1 '\/‘E

-1 (-1)2% (z-1)®
2487. 1.2"' q.92 K .93

2484. 1 —

T
o2n—1°

>
2486. 5 (—1)*1
n=1

&
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2¢ +1 22 +1)2 (22 +1)3

2488, 22T +(m+ ) +(x+ )
1 4 7

OupenelnTs FATEPBAI CXOOWMOCTH PANA W HallTH CyMMY:

2489. 1 — 322 4 524 — 728 4 . ..

+...

Yrazauue. [Ina HaXomIeHHA CYMMBI S HaMTU cHayama f Sdzx.

22 28
2490. r + — + 3 +.
Yrazaumue. Haiitu cHavaga —.

dz
2491. 1 — 4z + 722 - 1023 +...

Yrasaunme. Cocrabutk BEIpamenue S+ Sz,

§ 4. Pagu Teftnopa n Marnopena

1°. Popmyaa Maraopena:

f’(U) f"(U)

f(z) = F(0)+ 224 ..+ R(), (1)

) 1]
rie Ra(z) = %f‘“)(ﬂx), 0L o<1
20, tDopM};na Tettnopa:

f(z) = (z—a)'+...+Ra(z),  (2)

He-a+ 550

tae Bu(2) = E= D f0a 4 8z )],

3% Pangu Mamlopeﬂa u Tei#tnopa. Ecau B popmyaax (1) r (2)
R.(z) = 0 npu n — oo, T0o U3 aTHX HOPMYI MOTYYAOTCA GECHROHEUHRIE
pAALL:

fz) = (0)+f'(0) +f’;(,0) +..., (3)
f(:t:)=f(a)+$(z—a)+%(z—a)2+..., (4)

cxogamueca K f(&) IpH Tex 3HATEHAAX &, NPA KOTOPHX le R,(z) =0.
TR 00
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4°, PagnomeHHe B PALK 3JeMeHTAapHH X GyHRIHH:

. ¢ 2t 2
3 5

. © oz CXOHATCA K COOTBETCTBYIOIIeH

slmE =& — ﬁ‘l' B {YHRUAA NpPH BCeX 3HATEHHAX I;
22 21
cosx=1-— §+ v
m m(m—1) ,
A4+ =14+ Ta:+ Tm + ... — SumomuaabMbiti pAA; OH
cxomurcA K Sunosy (1+ &)™ npm |z| < 1;
In{(l+2)=2- %+%— ...cxomureA ® In{142) npu -1 <2 £ 1;
2 2

arctgz = « — ?+ T - CROMHICA K arctg z mpu |z < 1.

2492, Pasnomuth B pAj No cTeneHAM & Gynkuuun: 1) cos (z — «);
2) sin®z; 38) ze®; 4) sin (m:c + %) H HAACaTh H WCCIEN0BaTh (Pop-
MYAY OCTATOYHOTO 4IEHA.

2493. Hamncath neppbie Tpu 4feHa Pa3lomeHusd B pAL GyHKIUU
f(z) =1n (1 +€¥).

2494. llo popmyne Marnopena HanucaTh PasiomeHne B PAL MO CTe-
menAM ¥ Oumoma (14 ~ " u NOKa3aTh, YTO MOAYIEHHBIH DAN CX0-
auted mpu [z] < a.

2495. C noMoIb10 61MHOMUATBHONO P NOKA3aTh, 4T0 Npu || < 1

1 _ 2 3 _x~nmtl)
oo = 1% +6e" - 10 +..._nz_; 57— (=2)" .

2496. ( nomollbio 6UHOMUATBHOTO PAda MOMYYMTh pa3lomeHue B
pAnL pyHKRIHYN
]_ 1 2 1 * 3 4 1 * 3 * 5 [

Viz T tEat T mat
2497. Pa3nomuThk B pAld N0 cTemeHAM & GYHRUHM:
1) In 11-2; 2) In(2 — 8z + z?); 3) In (1 — = + 22).
2498. HuTerpupopanueM NONy4eHHOTO B 3afave 2496 pama mamu-

cath pax mad In (z + 1+ 22).

+... upu |z| < 1.
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2499. Paznomuth ¢*/° B pAJ MO CTeNeHAM 2 — @] HANUCATH W UC-
cjledoBaTh (OPMYITY OCTATOYHOTO ujieHa pAAa.

2500. Paznomnts dynkmuw f(z) = z° — 3z no crenenam = — 1.
2501. Paznomuth 24 no cremenam z + 1.

2502. PasnomnTh B pax 1m0 creneram & + 2 pyrrunw f(z) = — n

B | =

HCCIE0BATh CXOAMMOCTD prfia Mo mpusnary NManambGepa.
z
2503. Pasnomuth B panu ¢pyuruuu: 1) f(z) = cos 3 0 crenentin

7 ) T
=5 2) f(z) = sin 3z no cremenam z + 3

2504, Pasnomurs B paa no crenenam £+ 1 ¢pyrrunio f(z) = ¥z u
HCCAeI0BaTh Mo npusnaky HManambepa CXONMMOCTD NMONYYEHHOTO PAIA.

2505. Pasnomurs B pAx no crenemAM 2z ¢ymrumm: 1) 2%
3
2) cos (m:c + Z) F HANHCATb M HCCIeN0BaTh ()OPMYIEI OCTATOYHBIX

YIIeHOB Pa3lIomeHusd.
2506. Paznomuts dyuruuio f(z) = 21 — 422 no cremenam z + 2.

2

2507, PasnomuTh B PAL N0 CTENEHAM w—§ dyuenuw f(z) = cos®z

¥ HAOHCATh H HCCIeN0BaTh GOPMYIY 0CTATOYHOTO WISHA PAIA,

2508, Pasnomnth B pAx mo crenenAam * — 1 ¢ynkmupo f(z) =
L
= sin 3
2509. Pagnomuth B paj 0o cTenenam ¢ —4 ¢pyunnuio f(z) = /z u
AcCAeNoBaTE MO Npu3nary JamamGepa cXoOmMOCTE IONMYYEHHOTO PAIa.
2510. C nomolibio 6UHOMUATLHOTO PAda NOKA3aTh, YTO
1 1 1-3 1-3-5
—— =14 =22 24 264+ ... & 2| < 1.
=13t et + pu || <

23. 3!

2511. llouneHHBIM UHTETPUPOBAHUEM PANA, MOTYYEHHOTO B 3aJave
2510, sanHcarb pag gad arcsin .

§ 5. Ipunoxenna pANOB K MPHOIHMEHHBIM BRIMHCAEHHAM

2512, Hanncarh OmnoMHAIBABIN DAL IIA 4/l + & W BEIYHCITATH

4/1,004, 4/0,992, /90, orpannunBIIAch ABYMA wieramu paAga. Oue-
HUTH NOTPEIIHOCTE.

2513. Hanucath GuHOMHANBHLEIN pAX AOA &1+ & u BrluHCIUTH
¥1,008, ¢/0,991, v/130, orpanuyubiiiuch IBymMda wienamu pana. Oue-

HHTBb NOTPEIIHOCTD.
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2514. Brulvyuceauts sin 12°, orpasuyuBImuch ABYMA WiIeHAMH PALa
174 Sin &, 4 OUEHHTD TOrPElIHOCTb,

Yrazsanue. z = 12°, p panuanax ¢ = «/15 = 0,2094. Bepxuiow
TpaHHIY MOTPEITHOCTH ONPENeTHTh U3 yenosua ¢ < 0, 3.

2515. [lenenuem wyucnutensa Apobu Ha ee 3HAMEeHATels Mo-

1
14 22
1 o0
AYYHTh PadiOReHnne 1+ a2 =2 (—1)“'1 £2"~2 y, NPOMHTEr pHPOBAB
€T n=1

TIow/IEHHO NOJAYIeHHBIH PAN, HaNucaTh pasiomenne B pAL arcig x.
1 o) (_1)?1—19:2?1—1
25186, llonaras ¢ = —= B pasaomennu arctgz= ) e —
n=1 n—
NONYYUTH PAN NAA BRIUUCIEHUA 7!

hatd —1yn-1
T = 2\/§§ W.

2517, BuuncinTh 7, B3AB NATH 4/eHOB pANa 3amain 2516,
2518. C nomolnbio monyuewHoro B 3agave 2497 pana

142 3 &b
lnl _2[m+?+?+...]

-

BHIYACAHTE In 2, In 3, In 4, In 6.

Yrazanue. llomomus =2 HallTH z H T. 1.

— &

sin e
2519. Onpeneauts B Bulle pAIOB UHTEr PAlIkl dru [ —dz.
z z

2520. Onpenennts B Bume pana ¢ymnxmuio $(z) = fe_"cz dr un

0
Bhluucauth $(1/3), B3AB cTOABKO ulEHOB, CHOILKO HYHHO [ TOTO,
yT0o0B NorpemnocTh 0bl1a menbe 0,001,

=
2521. Onpeneants B Bulle paja ¢pyunnuio $(z) = [ Y1+ 22dz
o

u BEIuucauth ®(1/5), B3AB CTOMBKO 4lEHOB, CKOIbLKO HYRHO JJIA TOTO,
yTOOKI MOTpelHocTh Ohlma menbine 0,00001.

2522. Hafttu B Buje prla pemienue ypapmenus y” = 2%y ¢ na-
vyalbHHMA yeiaoBuAmm: npr e =0, y=1, ¥ = 1.
2523, Haiitn mepBele ueThIpe wilena pAlda, ONpelelAIIero peme-

uue ypasuenna (Purkatn) ¥’ = 142 — y? ¢ HAYATLHEIME YCIOBHAMH:
y=1upux=0.
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2524. Hanucath B Bufe paja pemenue ypasuenusa Beccena zy” +
+ 4 + 2y = 0 ¢ navanbrbIMu yoaoBuAMu: y =1, y' = 0 mpu z = 0.

2525. Boraucnnte +/1,005, §/1,0012, /0,993, &0,997, 110,

/70, /40, orpammumBMINCH IBYMA WIeHaMH OHHOMHATBHOIO DHIA

" m{m — 1)z?

1+ ) =1+mm+T

2526. Beruucauth cos 12°, orpanuyuBIIuch AByMA 4leHAMU Pas-
nomeHnA B pAX cos . QUeHHThb TOrpeIlHOCTS.

+ ..., 4 OIlEHHTh NOrpelrHoCTh.

2527, llonaras B pasmomennn B pAL arcsinz (3amawa 2511) z =
= 1/2, BHYACANTD 7, OrPAHHIHBAACH TPEMA WICHAMH PAL4.
Yrazamue. CHauana BRIYMCAHTL NePBHI H3 0TGpPOINEHHEIX JACHOR,

38TeM BHIPA3UTE JeCATHUYHON ILPOGBIO ROEOLIN H3 OepBEIX TpeX YIEHOB C
NorpemHoOCTEIO0 HE fonnme nepeporo 0‘1‘6])0]]18H'HOI‘0 qJeHa.

1 1
2528. llons3yach TOMIECTBOM % = arctg 3 + arctg 3’ HANUCATH

BEIPaZ&enTe IIA T Yepe3 CYMMY IBYX (eCKOHETHKIX PAINOB.
2529, llonaraa ¢ = 1/N B pasnomennn In (1 + z) B pAx, m0IyInTh

P OpMYIILI:

1 1 1
In{(N+1}=In N+ [F_W+—3N3_'“]’
) lg(N+1)=lgN 40,4343 |~ L 4 L _
g - g 1 N 2N2 3N3 P
2530. 3uaa In2 = 0,6931, Buuncantb In5 u In 10 » nokasars,

yTo mMogynbh M = ST == 0,4343.

2531. Brruucants Ig 101 u 1g 102.
2532. Onpenenuth B Bufe pAga AAUHY AYTU SIIHICA.

0,5
2533. Bulyncnuth [ v 1+ 23 dz, B3AB CTONLEO YIEHOB PANA, CKOTBLKO
0

HYRHO JJA TOT0, YTOGBI NOrpenIHocTh Onlia menbie 0,001,

2 2

2534. Onpenesants B Bulle pana dyurumo (z) = [cos% de n

1
BHIYACJAHTE P (5) ¢ ToanocThio mo 0,000001.
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2535. HanucaTh nepBble TpH ulleHa PAla, ONpefedaloliue pelieHue
ypaBuenns ¥ = z° 4 y?, yIoBierBopAomee yciaoBmi: y = 0 Ipu
z=0.

2536, Hanucars B Bune pAna pemenne ypasaernd §" + zy = 0 ¢
HaualbHEIMM yeaoBuamu: mpu 2 =0, y=1, v =0.

2537, Harmcate B Bume pANOB ypaBHERHA Nepexonmnoll KpmBoif,
BIOJIb KOTOpOl KpnBu3na & nmapacTaeT MPOTOPIHOHATBHO IJAHE IYTH S,

d s
Yrasanme. Ha ycnopua cT(p = —, rae ¢ — nocToAHHAan, HAHTA ¢ H
5

3aTeM pPelInTh ypaeHeHHA dx = dscosy u dy = dssin .

§ 6. Pan Telimopa nada GpyHROMHM OBYX NepeMeHHEIX

@opmyny Teftnopa naa PpyRRUAH OBYX IepeMeHHEIX MOKHO HANHCATE B
TPeX CIeIyIOIIHX BHOAX:

Fle+h y+1)=F(z, y)+

1 a 8 1 a
+1 [ha‘H%] F(z,y) +

2

Fe,9) = Fla. )+ [0 - 0 + (v - D] Flo, D+

+% [(a:—a)%‘F(y—b)(%] Fa,8)+..., (ID

dz  d2%z drz

A2=F+T+...+—

— (II1)

t=xo+0Ax ’
y=yo+0Ay

2538. Hanucath pasnomenue Gpyurunn F(z+h, y+1) no dpopmymne
Tettnopa (I), ecin F(z, y) = 2% + 2y + 2.

2539. Pasaomuts dymrumio F(z, y) = 22 + 22y? no cremenam
z—1uy—2 (popmyna (II)).

2540. Pagnomuts ¢yurnuio F(z, y) = In (2 — y) o cremenam z
" ¥ + 1, manucaB wienk 1-70 m 2-T0 NOPANKOB H OCTATOYHBIHA ulleH
(popmyaa (I)).

2541. Pasnomuts dynruuio F(z, y) = sin (mz + ny) no cTemenam
Z " Y, HauucaB wiensl 1-ro, 2-ro u 3-T0 MOPAIKOB W OCTATOUHEIN UileH
(popmyna (II) mpu a = b = 0).

2542, Pa3nomuTh N0 CTENEHAM & H Y QYHKIUIO e~ =Y (dpopmyaa
(I1) npm a = b= 10).

2543, Onpeneauts nprpamenne Az QyERInn z = 22 — oy + y2
(popmyaa (I1I)) u BHIYMCAUTH €r0 NPH YCIOBHM, YTO & U3MEHAETCA C
2 mo 2,1, a y uamendercd ¢ 3 mo 2,8,
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2544. Onpegenuts mpupamenue Az Qpynruun z = cos (az — by),
ranucag xea wiena ¢popmyasl (III) n ocraTounkitt waen.

2545, Oynxnuio F(z, y) = 2%y pasaomurs 10 cTenenam  — 1 u
y+ 1 (popmyaa (I1)).
2546. Oynrunio F(z, y) = arctg % pasnomUTh Mo cTeneHAM & — 1

H Y, OTPaHAYABIINCE wieHaMn 1-ro m 2-ro TopAIKOB.

2547. Paznomuth GyurUm0 z = y* no crenenam z — 2 u y — 1,
HANHCAB WIeHH 1-To m 2-I'0 NOPANKOB, n BEraucinTh 1,121,

2548. Onpeneantsh mpupamtenue Az 1aa Gpyurnuu z = 22y — y u
BHIYACAUTD €0 ¢ TourocTbl 1o 0,0001 npu ycaoBmm, 1To & n3Mensd-
erca ot 2 po 1,99, a y — ot 5 1o 5,02.

§ 7. Pap Oypre. Hurerpan QOyprne

1°. Onpenenenue. Pynxyus f(2) nassieaemes ydosaemsopawuiets
yeaosuasn Jupuzae na ompesxe [a, b], ecnu ona Ha gToM oTpesKHe:

1) uMeeT ROHEUHOE YUCAO PA3PLIBOB, TPHYEM BCE OHU MEPBOTO POAA;

2) mMeeT KOHETHOe YHCAO SRCTPEMYMOE;

2°. Qynroua f(x), yoosmerBopawmad ycaoeuaMm Hupnxie Ha orpeske
[—!, {], Momer 6BITH onpenenena Bo BCeX TOYRAX HTOTO OTPe3Ra pados Dypve:

BO BCex Toukrax (g, b).

ﬂ‘."l'..",‘]
'

_GL ¥ L L g sin 2T
f(z) = 2+!§[aﬂcos 7 + by, sin 7 (1)

rie
1 1
=7 [ f@yoos T2 dn b= [f@sn e (@)
-1 -1

Ecau f(z) = f(—=2), T. e. f(x) — dyHRIUA vemnas, T0 b, =0 u

f(a:)=a2—o+§a,,cosnlﬂ. (3)
Ecum f(z) = —f(—z), T. e. f(z) — QyREBUEA Hevemnas, T0 6, =0 1

nrxe

Fl@)=) bysin T (4)
n=1
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Ecau ¢yurnuio f(z), onpeneneHnyio panoM (1) Ha orpesre [—I, [], mpo-
NOMEUTL MO MEPUOTHYCCKOMY 3aKOHY ¢ IepuogoM 2I, moTpeGomam, uTOOLI

f-0)+5(+0)

f) = 2 , To OHa Oymer oupemensaTbea pamoM (1) m Ha

BCEM CBOEM IIPONOJI/REHHH,
3°. Ecau ¢dyuroua f({z) aGcoawmuo ummezpupyesa B TPOMERYTHE

(—o0, 00) (T. e. f |F(z)| d= cxo,n,u‘rca) U ymomneTBopAer ycnomuam Ju-

PHXIIE Ha BCAKOM KOHETHOM OTPE€3Ke, TO OHA MOMET GHITH NMpeNCTaBIeHA HH-
TerpasioM Dypre:

. 400 oo
flz) = p f f f(t)cosa(z —t)dt =
0 —eo oo
= / [a(a) cos az + b(a) sinax] de, (5)
rie

/f(t cosatdt u bla)= /ft)smatdt (6)

Paznomutrs B panst Oypbe caenyoine nepnoguieckne GYHKIHE C
nepuogoM 2m:

2549. f(x) =1npn 0 < ¢ < 7 m f(—2) = —f(z). C nomowsw0
MONY4EHHOro pAfa MOKA3ATH, YTO

=

pl,1 1w
3 5 7 T 47

2550, f(z) =2 mpun 0 € ¢ € 7 m f(—2) = f(z). C nomowsw
MOIYYeHHOr0 pAjfa MOKa3aTh, YTO

2
1 + + + 7+ =3
2551. f(z) = 22 npu —x g 2z € 7. ( moMONIIbIO MOMYYyeHHOTO PANA
TOKa3aTh, 1TO

1 1 1
1)1- +32 42

2)1++++=

+...=

SENEE

K npp —7w <z <0,
2552.f(x)_{ﬂ'—$ HPH O.,\(\SG‘S\?T.
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Paznomurs B pag ypbe mepuoiuyeckue GyHKUnn ¢ mepuonom 2
2553, f(z)=1mpu 0 < 2z <l u f(—2z) = —f(2).
2554, f(z)=1-2mpun 021, f(-2)= flz), I=1.
_JO npr —l<2g0,
2555. f(z) = {m . 0o <L
2556. f(z) B obnactu (0, 2) samana rpagurom (puc. 35) u npo-
IOIReHA: 12 10 YeTHOMY; 2) 0 HeYeTHOMY NeprOIMIECKOMY 3aKOHY C

mepnonom 2{ = 4, PaznomuTh KamIyo b3 3TrX Qyarunit B pax Oypse.

yll

Puc. 35 Puc. 36.

2557. PacnpocTpanenue Telsla B cTepsiue NauHol ! onpemenderca
YPaBHEHHEM
10u 0%

a2 0t 0z
rie u(x, t) — TemmepaTypa, u yCIOBHAMH
1) rpapuunbive: u =0 upu e =0 nnpn z = {;
z mpu 2z < 1/2,
l—2 mpu z>1/2
Onpeneants mMeronom Dypee Gynrouio u(x, t).

2558, llpononbasie KoebannA cTepAAA MTHHON [, ¥ KOTOpOro oluH
kouel (npu z = Q) sarpenien, a apyro#t (npu 2 = !) ceobozen, ompe-
IeNAITCA YPaBHEHHEM

2) HAYANBHEIME: U = { npu t = 0.

1ot _ o
a? 012~ Oz’
rie u(z, t) — mponoibHoe cMelIeHue, H YCIOBHAMH
Ou
1) rpannynbivu: 4 = 0 npu z = 0; 3 = 0 mpu 2z = I;

2) mavaabaeivm: % = f(z), 6‘_? =0upnt=0.

Onpeneants mMeronom Dypee Gynrouio u(x, t).
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2559. llonepeynnie KomebanuA crepmuA AAunoio [ ¢ 3aKpemieH-
HBEIMH KOHLAMH ONpPeleIAIICA YPAaBHeHHEM

10 o
a2 gt2 ' gzt

U JCAOBUAMU
2

dz?
du
2) mavaabnbive: 4 = f(z) u —— =0 npnt =0.

at

Onpeneants mMeronom Dypee dynrouio u(x, t).

1) rpannyabivu: 4 =0 u =0mnpue=0uz=1

B samavax 2560-2562 manncare maTerpan Oypbe 114 PyHEOHH:

2560. f(z) = {; e 0< N U f(—e) = —1(a).

2561, f(z)=e¢ P nprz 2 0 = f(-7) = f(z).

2582. f(x), sagannoii na orpesre [—2; 2] rpapurom ra puc. 36 n
PaBHO# HYAKI0 BHE TOr0 OTpPe3Ka.

Paznomuts B pagsl Oypbe GYHRUHH:
2563, f(z) = =~

mpud <z £ 7,

f(=2)= f(z), flz+27)= f(a).
2584. f(x) = |sin z|; ¢ ToMomBIO NOAYIEHEOr0 PANA TOKA3ATH, YTO
1 1
13735 571772

N npu 0z g /2
2565’f(x)_{‘n’—$ pu ?T/2Sx\<\?r
25668, f(zx)=znpr 0 < 2 <1,

f(-2z) = f(2), [flz+2])=f(e)

u f(-2) = - f(=).

1 mpu -1 2<0,

2567.f(m)={m e 0cac1 BIE+2)=S@).

2568. f(z) =¢" upn - <z <l u f(z +2]) = f(z).
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2569. Meronom Dypbe pellluTh YpaBHEHHE

Pu_ o
otz fx?
NpH YCIOBHAX:
1) u=0mnpuz =0, 8—:=0npnm=fr;

2)u=f(x)ng—?=0npnt=0.
2570. Hancatp mrTerpan Mypbe I1A OyHKIHH

1 mpu 1<z,
f(x)_{[) mpu |z| > 1.



OTBETHI

1.AB =9, BC = —6, AC = 3,9—6 = 3. 3.5(2+v2), 90°, 45°. 5. 20.
6. 5v2. 7.(5;5), (5; =3). 8. B(0;2) u B(0; —4). 9.z = a+ 2 -7,
npn ¢ > |b| mBe Tourm, npu ¢ = |b| onua, npu ¢ < |b| Fw ommoit. 10, A (5; 0).
11. Tenrp (L; —1), R=5. 12.np,AB = —2, mp,AB = —4, |AB| = 2//5.
13. B(5; 8), |E§| = 3v2. 14. B(4; -3). 15. —4, 1, 3. 16. 18/2.
17.(0; 2,9). 18. B(4; 0), B1(=$; 0). 19.lentp (2; 1), R=5. 21.X =7,

Y = —1; 543, 22, M(1;4). 23. M(13;16). 24. 2 = %

1+mg
26. B 26cM or meHTpa mapa Maccoit 100r. 27. (1;2,5). 29. OC = 5,

24/3

oD = - 30. (3; 3). 31.9. 33.13. 34. (1; 3), ecan cunn Hampa-

BJICHRL B ONHY CTOPoHY, u (25; 27), eciu — B pazHhle cToponku. 35. (1; —1).
10v/2 #1 422423 n+tya+ys 38 37 13

6. ——. M.z = Y = 3 A5 3)

39. C1(3; 0), Co(—7;0). 40. M(2; —6), N(5;8), P(—4; 1), k = 7/3.
42. 224+ 42 — 62 — 8y =0, A n O nemar Ha oxpymuocTH. 43. 2 —y—2=10,
2

D u E nemar Ha nuuuu, 45. 22442 = 8. 46. y = +z. 47. %+y2=1.

2
8.y = %—x+2. 49.y = +22. 51.(1; 0), (3; 0), (0; 3). 53.y% = 8(x—2).

54. 2z —y+5 = 0. Tourm B m D nemar ma auaun. 55. x4+ ¢° = 4.
2

57y = "’T+1. 58. Ve + 2P+t 22— V& -2+ W —-2)F = 4
w2y = 2; npu & = £1/2, +1, +2, +4, y = 44, 2, +1, +1/2; no stum
TOYRAM MORHO NOCTPOMTH KpHEY. 59. 1) y = 24 3; 2) y = —z + 3.
60. ) y=2v/3-3;2) y=—2/3-3. 62.y=—1,5z 63.1)k=2/3,
b=-2,2)k=-2/3,b=0;3)k=0,b=-3; 4) k = -3/4, b = 3.

65. k=1,b=1y=2z+1 66.1)§+_12=1; 2) _:/3+%=1.

6. y=042 -3y =0, y=4; 42 - 3Jy+12=10. 68.%—%:111:121

_§+23;y =1. 69. npOzE = 8, ]Ipoyzﬁ = 6, |E| =10. 70. Au
C' — Ha npamoit, B — «enmes, a ) — eaumer npamoii. T1. Hepapencrsa
ompenenAT: 1) Bee TOYRM, NemallHe ¢BHINEs upAMot y = 3z + 1 (mo-
AFILIOCKOCTD); 2) Bce TOURH, Jemamne sHARe» mupamoli y = 3z + 1; 3) Bce
TOYRM, JeMalire ¢BEmes TpAMOl ¥ = 4 — 2z u Ha camoil pAMoll; 4) ToukH,
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Demainue ¢Humer mpamoti y = 4 — 2. 73. 2 — y = ta. T4, Yepes ¢
CeRyHI KoopHmHATHL TOURH M 6yayr ¢ = a + mi, y = b+ né. Hcrmouns

- — b
t, moayYuUM ypaBHEHHE TPACKTODHH: 278 - y_. 7. 1) y= 23 — 2;
n

m
Ny=—2vV3-2 T6.k=15b=5 Tl.a+y—4=0,2—y+4=0;y=3,

— LY _ FoY _qu Y —
y=0. 78 zxy==l M. J+s=lu+E =1 s;.y_i2(3:+3).
81. AB = 44/5, npOzE=4, npoy1ﬁ=8. 82. 1) arctg e 2) 45°; 3) 45°;

a2 — 32

4) 0°; 5) 90°; 6) arctg 86. 52+ 2y +4 = 0, 52 + 2y = 25.
88. x —3y+2=0,52—y =4, 3x4+y = 12. 89. 28°, 12°30/ u
139°30'. 90. y =3z my = —lz. 91. 2 —by+6 =0,04+y = —4.
92.y=2x—6,y=—2z+6. 93.(3; —1), (3; 8), (—9/5; 3/5); 45°, 71°34’,
63°26'. 94. (5/2;5/2). 95. AE: 28 — by = —4, AD: 2 -2y = -2
Vv29. 96. A = 18°26/, B = 26°34', C = 135'. 9OT. z+ 2y — 11 = 0.
98. tgA = 4/3, tgB = tgC = 2; § = 16. 99. (1; -1), (8/3; -2).
100. 224y = —4, 22—y =—4, 2e+y=4. 103.2,8;0; 1,4. 105. /13/2.
106. k = £2. 107. [Ipe upaMule, napamnensuse gauHoi: 42 — 3y 20 = 0.
108. 82 — 15y +6=0,82— 156y =130. 109. 2 —y=0uz+y—4=0.
110. 32—y =12uz+3y=4 Ml zt+y=2mmdc+y—8 =0.
112. 31z +26y = —21. 113. z+3y = 2. 114./10. 115. 3z —4y+10 = 0;
=2 116. h = 18//34. 117. llpamure: 24+ y = Ou 2 — 3y = 0;
paccrosrmA: di = 242, da = 0,4+/10. 118. Nlapa mpameix: & + 2y = 0
Hz+2y=10. 119. 24+ 3y =0udc+y =0. 120. 11z 4 22y = 74.
121,y =—2/2uy=—-32/2. 122. 2+ 2y=4. 123. y =0, 2z + 3y = —4;
y=—4,224+3y=0;24+2y=-2,y = —2z, tga = % 124. 18°26', 108°27/;

Sa = 26%/3. 125.4%/5. 126. A = 36°52', B = 127°52'. 127.4(/10++/5);
20. 128.2x—y46=0,2—4y=4,2:x—-3y4+2=0. 129.y =242, 2—-bHy =6,
y=—2, 2y=2c. 130. +/10. 131. Toura IBHmeTCA IO CTOpoHaM KBagpaTa,
OrpaHIYEHFOT0 NPAMEIME & —3y = 5, 3z4y = £5. 133. k1 = hy = 6//6.
134. (3/5; 19/5), (—9/5; 17/5). 135. (4; 5). 136. (0; 2), (4;0), (2; 4),
(-2;6). 137.y—z =2, 242y =4,2r+y =8 138. 1) B(% 1);
2) C(—1; —5). 139.y = 2z+6; 12/v/5; LDAB » 53°. 140. 2 +y* 48z —
— 8y = 0; Au O — ua oxpymHocTH, B —pHe ee. 141, 224424426y = 0.
143.(0; 0), (-2, 5; 2,5). 144.(z—1)*+(y—1)% = 1 nam (2 —5)2+(y—-5)? =
=25. 145. tga = —2,4, a = 112°37". 146. (z +4)2+ (y+ 1) = 25.
147. 22 4+ 4 — 8y = 0. M49. y=4z/3ny = 0. 150. 3 = z(a — 2).
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151 (x —3)2 442 = 9. 152. 224 (y— %)2 = a’;. 153. 22 4 4?2 = a2
154. 2+ y? = az. 155. 22+ —6y—9=10. 156. 1) (3; —2), R = 6;
2) (—5/2; 7/2), R=4;3) (0; —7/2), R = 7/2. 157. 224y +4y = 0; (0; 0),
(2; -2), (-2; -2). 1588. 22+ 3 +az+aey=0. 189. y =0, 15248y =0.
160.90°. 161. z+y=3. 162. 22+ 3y’ +az =0. 163. (z - 2)2 + 3* =
=16. 164. 224+ 3% = 2ax. 165.a = 4,5 = 2, ¢ = 2V/3, e = V3/2.

2 2 2 2
166.1)“’—+%=1;2)”—+y—=1. 167.5:1,4;3;4;48'5'.9:096'
0,8; 0,6; 0,28; 0. 168. @ = 150 wm &, € = 1/60. 169. +——

2
e_‘f,r_4 V3, = 44+ 3. 170.64+y8_1 r=11,r = 5.
171 4/3. 172, /0,4 173. (2/7; +4/3 /7) 174 ( 15/4 :I:\/ 63/4).
2 2
175.—+£—1 176. +——1 178. = +y = —+——1.

bz
2 2 2 2
179.?+?=1mm ?+—=1. 180.—+—=1‘e=\/§/2 r=3,

= 9. 181 /2(a? +37). 182. (£4v2/3; 1/3)u go, —1). 183. (=5; 7).

184. (++/15; £1). 185. 224 4y% = 16. 186. 2 +§— 1. 187. e =+/5/2,
2
53°08’. 188.r =1, = 9. 189. 1) f_ﬁ _
2

22y 2
190’5“? 1; 24/3 u 6+/3. 191 o -5 =1 192.¢% -y =
= a%. 193. (0; £av/2); 90°. 194. y+ 2 = :I:ga:. 195. b, 2arct.g%.
196. \/%, b>a. 197.1)e=2;2) e =secwr. 198. y < -3, y < —|z|.

x2? y2 2 yg 2 2

199°I_ﬁ=1' 200.27—;:1(1‘[})1127)0). 201. 2% — y* =
2 2 2 2 2 2
=a? 202. 2. - ¥ =1 203.‘”--%: 1 (nm%-f-ﬁ:-l).

at b2 16
204. (0; 0) m (6; +2v/3). 205.y = :I:%(a: +5). 206. (—9,6; +3/119/5).

2
207. (£/6; £/2). 208. (—4; 3) m (—4/7; —38/7). 209. E - Zz—é =1L
2 2 2
2102 - L — 1 (mpue>0). 20 y=3- “’T 212, 32 = 8(z + 2).

a?  3a? R
a
bza‘:2 216. (a‘: - g) + ¢ =p%
2
z

(2,:|:p) 27,y = -2, 218, (3; 23v2). 219. 40cm. 221.* = pa.

214.1) 3 = 92; 2) y = —22. 215,y =
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2
222, =darmy=0. 224. 92 =8(2—12). 2. y=2 — %, O1(2; 1).
226. 1) y* = —da; 2) y = 22, 227. y® = —3z. 228. (0; 0), (6; £2/3).
220. 2 =0,z +y+2=0. 230.y = —/3(z +1); 16/3. 23L.r = 7,4,
d = 9,25, 232. Nupertpuca # = +3,2, e = 1,25, » = 10,25, d = 8,2.
2

233. % +y2 = 1. 234. 22 — y2 = 12. 235. ConpAmeHHBIH THAMETP
y = —;, ay = by = +/10. 236, Conpamennsiii guamerp 4y + ¢ = 0; 81°.

b
237. YpapHeHUe MHaMeTpa ¥ = —&, €ro AAHHa +/2(a? + b%). 238.y =1, bz.
a

239.y=2. 240.8x—9y+25=0. 24l.y =2z +3. 243.1) 2+ 2/3y=8;
N2wety=13) et2y=-2. 245. 2 —y = 15. 246. y = 122 + 6.
247. 2 +y = VaZ+ 52 240, y = 2y + 4/2.  250. YpasHennme Hop-
mama MN: a?yoz — b2zoy = c2xoyo. lomommm y = 0, maiimem abemmccy
Tourn N nepecedeHna HopMamu MN c oceio Ox: #, = e2zg. Torma
FN =c—¢€%xp = er, F{N = c+e%zy = ery, 1. . rOpMane M N gesmr FFy
B OTHOITNIEHHH 7 : ) H NM03TOMY ecTh buccentpuca. 252. Hopmans k mapaGoae
y? = 2px umeer ypasHeHMe Yo + pY = Yo(p + To). llonomus y = 0, Hatinem
21 = p+zo, FM = 2, —g = §+xo = FM, 1. e. ZFMN = Z/FNM.
253. (+3,2; £2,4). 254. Inamerpnl y = z H y = —z/4, yroa 59°02'.
255.y = z/4. 256.4z —y=16. 257.arctg3 A 71°31’. 259. 2+ y+2=0.
260. 1) 04(1;2); 2) tgp = % 261. 5) X2 +4Y?2 = 16; 6) Y? = 4X;
TN X2-4Y2=4;8)Y = X2/2. 262.1) X2+4Y?2=16; 2) X2 —-4Y2 = 16.
263. X2 -Y2=8. 264.1) XY =6;2) XY =—6;3) XY =4;4) XY =

= — 6. 268. Ypasrenne crpym: y = 16(z — 22); y =3mopu z = 0,75Mm.
2

269. y = b (y— z—g) 270. 22 + 32 + 4z = 0. 271 1) 45°; 2) arctg 2.
ge?

= 2 . . -
TR cosp’ 273. y* = 24« + 327 (runepGoua). 275. 1) In

X2 y?
ammc; 2) ramepbona. 276. 1) - + - = 1, Oh(3;-1);2) X2 -Y2=9;

) Y2=2X;4) X2 =4Y. 277. X? + 2Y? = 4. QorycH B cTapoii cucTeMe
(1) | (-1;-1). 278. (e + 1)+ =4. 279. (z—-3)2+(y—3) =
o2 2
=2 280.2+3y=0 28l y%=4(zx+4). 283 =2 v _
av/b

2M2. y=ztgp—

16 12

284. 22 + y? —ax — by = 0. 285. - 286. Ocnopanne AB = 2a, BHICOTA

a2

VB

0D = %, Iomanb . 287. 3a ravamo npameM Toury O, meaamyw AB
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B orHomieHHH AQ : OB = m, a 3a ock Oz — mpamyn OB; nycts OB = a,
TOraa KoopanHATH T09ek A u B 6yayr: A(—ma; 0), B(a; 0). YpapHenne uc-

koMoit muaum: (m—1)2%+(m—1)y? = 2maz; npu m # 1 oxpymuocTs: z2+

2
yi= mmala*:; npu m = 1 npamas: & = 0. 288, Toury O upumMem 3a Hauamdo,

a OB — 3za ocv Ox. Ypapnernne nckomoli munun: (¢ — b)(x? + ¢?) = 2abz;

mpu ¢ # b ompymHocTh: x2 + 2 = ¢ 7% TpH @ = b npamaa: x = 0.
a —
289, 2(k%z% +y*) = a?(k?+1); snnunc npu k # 1, oxpymuocts z2 +y* = o?
2 2
npu k= 1. 290. % + % = 0. 291. 3a2\/3. 292. arctg % ~ 36952,

293. (da; +a). 204. A(V6;0), B(2; -2), C(—-2v2; V2); SAABC =

2
= VI+VE+VE. 206.2V3; y = g—2. 207. 2T V3 0. (a: - g) 4y =

2
_ 9’ 252 _q g _ labl
=15 209. ax —by+a*+ b =0;d = g
HeHAA nowienwo, noayunM 4(y — z) = (y + z)(y — ), orciona: 1) y = a;
2) # +y = 4; CAeIOBATENLHO, TOYKH MEPeceyeHUA napabon JemaT Ha mpAMol

Y = & HaH Ha upAMoil & + y = 4; HallgeM &; = 2, r» = —6; IAHHA XOpEEI

_ o\2
8/2. 301.30. 302. 27 + 4% = a(z +y). 303. (-2

2_
meaTpoM (2; 0)). 304. zy =4. 305.y = Fbz+20

8
_ 2
01(2; -3). 307. % - % = 1 (rumepbora ¢ nenrpom (2,5; 0)).

308. Mycte M (2; y) — toura smmnca. Torna FM+ WM = AF+ AFy unu
V(= a2+ (y— a)?++/(z + a)2 + (y + @)% = 4a; 32% —2zy+ 3y* = 8a?;
mocaie nosopora ocedt Ha 45°: X2 +2Y2 = 442, 309.cosp = -

VitigTe

2 1
= —, siny = —; HoBoe ypapHeHue X2 — Y2 = 4. 310. 322 + 8zy —
\/5 b4 \/5 Yp + Bzy

— 3y? = 20; noeopoTom ocelf Ha yroa ¢ = arctg (1/2) IpHBOZHTCA K BHIY
X2 -Y? =4 (cm. 309). 311.y% = 2pz + (e® — 1)z2. 313. 1) llapa npa-
MHX y = +22; 2) Toyra (0; 0); 3) MHHAMaA okpymHocTh; 4) Toura (3; 4);
5) mapa mpamux ¢ = 0, y = —z; 6) napa npaMeix y = =+4; 7) mapa

. 300. Briuuras ypae-

+ 3% = 1 (saamnc ¢

. 306. X2 Y2 =4

2 2
npmvrmxy:a‘:ny:%. 314. 1) (1;—1),%+YT=1; 2) (2; 1),
2 2
X2 -Y? =9 3) 2X? +5XY +2Y% = 8. 315.1)}2{—4+YT=1;
X2 Yz Xz Y2 X2 Y2
N ———=1.816.1)—+—=1,2) ———=1. 317.1) Y2 =
)T ™% U e ik s )

=2v5X; 2) napanpameix  — 2y =3+ 1. 318.1) 3y =22 — T+ (2 —2);
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2) toura (2; —1); 3) 4y = -2z — 3+ 1. 319. 4X? —Y? = 8; uentp
(2;0); tgp = —1/2. 320.5(x — 1)2 + (y — 2)2 = 9. 321. llopepryB ocH
2

Ha —45°, momyaum Y = % + ;ﬁ. Ypapnerme +/z + /¥ = \/a onpe-
measer nyry AB wroii mapabonsr (puc. 87), Ha woropoif x L a MWy € ¢
322, (z —m)? + (y—n)2 —e?(zcosa +ysina+¢)2 =0; A+ C=2—e%;
§=1-¢2 323.1) Napa mpamux z % 2y = 0; 2) Toura (—2; 2); 3) mapa
Xg fX g X Y

4 = 20 5
325. 1) Y2 = 4/2X; 2) npammue a:+y = 2:|: 1. 326. 1) y =2 —2%1;

2) Sy=2—5+2(x+1). 327. 1) 722 — 2y + Ty* — 482 — 48y + 144 = 0;
)zl +dey+y? +6x+6y—18=0. 328. (z—y)2 —2a(z +y) +* =0;
Y?=av2X. 329. 2" —dzy—y* —de+8y-12=0; X*-Y? = 3,2v5.
385, 1) r = 2 9) p= B gyg 8B 0) gy
cos sin ¢ sin (3 — )
= 2¢cosp. 338.1) ryax = 5 opu ¢ = 135°, 315°%; royn = 1 npu ¢ = 45°,
225°; r = 3 mpm ¢ = 0°, 90°, 180°, 270°; 2) rpax = 3 npm ¢ = 0°, 120°,
240°; rmin = 1 npu ¢ = 60°, 180°, 360°; 3) rmax = 2 npu ¢ = 90°, 210°,
330°; rmin = 0 npr ¢ = 30°, 150°, 270°. 339. 1) ryax = a Tpu = 30°,
150°, 270°; r = 0 mpm ¢ = 0°, 60°, 120°, 180°, 240°, 300°; 2) r = ¢ npmu
¢ = 45°%, 225°%, r = —a mpu ¢ = 135°, 315° r = 0 mpu ¢ = 0°, 90°,
2
180°, 270° (cM. c. 334, puc. 83). 340.1) 12 = — ;N r=a; 3) r =
cos2<p
=cos(<§ ;4)tge =1;8) r=acosyp; 6) r2 = alcos2p. 311}z =g;
2) 224y = Qay, 3) zy=a%4) ey = 2a; 5) (22 +y?—az)? =a (a: +32).
P 2
2. ) =+ ¥ =19 2 _¥ 3) 4% = 6z. 343. r——:l:b

2579 16 9 sin @

1
4. r=0B+ AB = —a( % sin ¢) HIM B ICKAPTOBBIX ROOPIMHATAX y° =
cos

npAMEIX ¥ = ¢, ¢ + 6y = 0. 324. 1)

z(z — a)? 2 _ 2 2 2 _ o2 2
= e s 345. FM“ =vr*4a“—2racosp, 1M* =r“+a“+2racos g,
FM?.FiM? = (r2 + a®)? — 4r%a? cos® ¢ = b4, orcoma r* — 2a%r2cos 2p =
= b —qat. 346. 7 = a(l + cosy); (22 + ¥* — ax)? = a?(2? + 7).
347. Mlycts €' — ueHTp HemomBumHOro Kpyra, () — IEHTP CMEIIEHUOTO

kpyra u M(p; r) — mewxywas toara. Tak kas ZOCCy = LMC1C = ¢
HC0=0M-= 3% OM || CCy. Cnpoertupopap aomanyio COMC,

na C'Cy, noayunm gcosgo +r+ gcosgo = @.Orcona r = a(l — cos ).
348.1) rpax = 5 mpu = 0°, 180%; rin = 1 mpr = 90°, 270°; 2) rypax = 4



266 OrpeTsr

npu = 90°, 210°, 330°; rmin = 2 mpu » = 30°, 150°, 270°; 3) » = @ npu
¢ =20°180° r = —a upu ¢ = 90°, 270°%, r = O npr ¢ = 45° 135°,

. R _ absin (8 — a)
225°, 315°. 350.r = s —o)+bm(F—p) 351, 1) +y2_1
2
x

2) T —-y¥¥=1;3)y* = z. 352.7%2 = 2c%cos2p; (22 +3°)2 = 2c2(a:2 —3%).
Ha puc. 80 momomeHo ey/2 = a. 353.+ = b+ acosp. 354. Uz AOAM:
r=0M = OAcosy, no usa ACAB: OA = 2asiny, orryaa r = asin2p.
358. Mycts Toura A Ha ocu Oz, Toura B Ha ocu Oy u LOAB =1t. To-
ria z = BMcost = BCcos®t = acos®t, y = AMsint = ACsin’t =
= asin®t; nrag, ¢ = acos®t, y = asin®t, orryma 223 + 23 = ¢2/3,

2
360. 3 = }%. 361. (3y° + 2%)? = 42%(a® — y?). 362. B momApHmIX

roopauHatax r = OM = AB = BDsiny = atg@sing; B HIeKapTOBEIX
3
¥ = asz (pmc. 85). 365. O6osnaums uepes ¢ yron ayua OA ¢ Oz, Hali-

. 8 3
meM & = 2actgt, y = 2asin’t. Hcrmouns i, noayurM y = =y _:‘402
367. 2 = a(t —sint), y = a(l — cost) 368. » = a(cost +¢sint), y =
= a(sint—tcost). 369.y = zcig E' 370. 2 = (R+) cost—r cos (R-:: )t ’

y = (R+ r)sint — rsin , THe { — ¥TOJ NMOBOPOTA JIMHAH HEHTPOB.

(R4 )t

371. z = (R — r)cost + rcos R_rt, y = (R — r)sint — rsinR_rt.

374.X=EX,-=8;Y=Z§’, = -2, OM = \/m 2?;/ﬁ.
375 VB12v3. 379.1) c= 2T P 9 a=2—b. 380. c_—(a— b).
2
381.m+p_n,0?—3(m+n %—3@ m), ﬁ-3(m n),
?:3(2n—m), DA = 6(m —n). 382.@-2(n—m), (W: 2n+m,
ON =3m+n, MN = 2m —n. 383.6v/3. 384. X = X; + Xz + Xs =
= -3,Y=YY,=6,0M=+9+36=3y5 385.1)a=3c—b);
2) ¢ = 2b— a\/3. 386. OM = r = 5v/7; cosa = 0,52, cos § = —0,3v/7,
cosy = 0,4v/2. 387.r = T; cosax = 2/7. 888. 8 ~ 52° mam 128°.
389. M(3v2; 3; -3), r = 3(\/2_i+j—k). . u=2%i—6j+3k u=".
1. OC = i-2j+k, OC = /6; AB = k—4j—1i, AB = 3/2.
392. Roneu B(4; —2; 5) nau By(4; —2; —7), cosa = 2/7; cos f = —3/7

cosy = £6/7. 393.a = 2b —0,8c. 394. v = 3+/5, cosa = _V
395, cosa = cos § = cosy = 1/+/3. 396. 45° mum 135°. 397. D(4; 0; 6).

398. ¢ = 2b — 2a. 399. 135°. 400. B = ' = 45°. 401 cosp =
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= 1//10 = 0,316; ¢ = 71°35. 402. cosp = 2/+/B = 0,894; ¢ ~ 26°37".
403. 60°. 404. arccos(0,8. 405. 90°. 406. np,a = 4\/5/3. 407. 2.
408. 1) 2 +/3; 2) 40. 409. (a + b)? = ¢? 4+ b2 4 2abcos  (Teopema roch-
nycor); (a+ b)% + (a — b)? = 2a? + 2b? (coticTBo AMaronaneit napamiesno-
rpamma). 410. 7. 411. R = y/(a+ b+ c+d)? = 10v/4 4+ 2¢/2 ~ 25,3H.

ey (2m—mjm 5 —
412. /7T n +/13. 413. cos (&, m) = Jem—np 1 = o cos (&, ) =
= —2/v/1. 414.5/6. 415. OM = 2(i +j + 2k), ON = 2(i + 2% + k);
cos@ = 5/6. 416. cosp = 2/+/7. 417. cosp = 0,26\/10; ¢ ~ 34°42'.

418. D(-1; 1;1); o = 120°. 419. mp,b = AB-CD _ ¢ 4o0.0M =
A oM -ON
= +/(2n+m)? = /7, ON = /(3m + n)2 = /13; cos gM gN
17 17 4\/5

_ 1 0 ) ]
= 55T = To.05 ™ 0391, # = 27°. 421.120°. 428.80]Tm, cos 6 = =,

424. a+/6. 425. cosp = —1/4. 426. a x b pasmo: 1) —6j; 2) —2k;
3) 6i — 4j + 6k. Ilromaxr pasma: 1) 6; 2) 2; 3) 24/22. 427.24,5. 428. /21,

= 4,2, 420.1) 2(k—1i); 2) 2ax ¢; 3) ax c; 4) 3. 430. Ilno-
Mafb TApalIelorpaMMa, TOCTPOEHHOIC Ha NHATOHAJIAX NaHMOTO NMapallie-
JorpaMMa, BIBoe GOJBIIe NVIOMANT JAHHOTO NapajienorpamMma. 431, 504/2.
432. 1,5+/2. 433. 3/17, Sa = 3V/17/2. 434. S = 7/5, BD = 2:/21/3.
435. [a+b| = |a—b| = /5, S = /6. 437.1,5. 438. V = 51, sepan.
439.V =14, H = 7/3/3. 441.c =5a+b. 443.2,/2/3. 44.V = 14,
H=+/14. 445.c =a+2b. 446.V = |(a+b)-[(b+¢) x (a+c)]| = 2]abc]|.
47. mxn) - p=|mxn| -1 -cosa =sinacosa = 0,5sin2c. 449. 52.

451.cosox = g, cos = 7 COS~y = g 452, x+4y—2z = 2. 453. 24y = 20,
454.3: y+z—a 455. 2y— 3247 = 0. 456. 3y+2z—0 457. 22 +y = 0.

2
458. 2 +E 1. 459. z+y+2=4. 460. Z+3+__1 462. coser = 3,

cos B = —3) 087 = %; a = 48°11', 8 = 131°49, v = 70°32'. 463.z —

—2y—32+4+14=0. 464.3z—4:=0. 465. z+y =4. 466.2+4+Z—1

467. 1) 45°; 2) 78°30'. 468.x — 2y — 3z = 4. 469. 22 + 3y + 4z = 3.
470. 22+ y+z = a. 4TL. 22-2y+2=2. 472.22—y+2=5. 473. 32—y =0
mz+3y=0 474.3. 475./6. 476.2v2. 477.1) ¢ — 2y + 2z = 11,
2—2y+2z=-1;2)e+y—22=0ue+y+z=0. 478.1) z—8y+9z = 21;
Ne—y+2z2=0nz—y—2=0 479.(1;—1;2). 480. 3z —4y+2=11.
481. 2y — bz + 10 = 0. 482. YpaeHeHne WIocKocTH & + ¥ — 27z = 0; yroa
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ee ¢ mIockocThio z = 0: cosp = v/6/3 ~ 0,8165, p = 35°15". 483. %.
2abe

484,y = 2. 485. . 486.2x+2y+2=20u2x+2y +
¥ a2b2 + a?c? + b2c2 4 ¥

+ z+4 = 0. 487.Tz+14y+24 = 0. 488.1) (5; 4; 0) u (7; 0; 2); 2) (0; —4; 0)

H(20,2). 489. 2 = —2+3, y = —2+5; ﬂ= y=8 _ =

1 1~ -I

490.”‘14=$=§. 491.P{0;0;1}. 402. ) P=5;2) P=i+k;
I y—2 z-

3)P = j+k. 493.‘”;’ =3"4 =2_53;cosa=0,3\/§,cos,6=0,4\/§,

cosy = —0,5v/2. 494. 2 = 2, z = 3. 495. Uepes ¢ ceryHN ROOPAMHATHI
zr—4 y+3 z-1
ToukH M Oyayr ¢ =4+ 2, y=-3+3, 2 =1+1¢; 7 = 3 =
46. 1)z =2+t y=1-2,2=—-14+34;2je=1+{,y=1—1, 2 = 2+¢.
497. 1) a‘:;a _ y—b z-—c

0 1
z;a = y;b‘ 498. cosp = % 499. cos p = % 501. Hanmpapaarommit
t+4 y—3

perrop P = N xN; = i+ 3j+5k. YpapHenua mpamott: 1 5

502. 3z + 2y = 0, z = 4. 503. 0,3v/38. 504. 4/2/3. 505. (4;2;0

,UI0 BHAUAT £ = @, Yy = b; 2) z =cm

o

]

—

(3; 0;2), (0; —6; 8). 506,z =6 —3z, y = -2z + 4; ‘”_36 = % = %;
cnenn: (6; 4; 0), (0;0;2). 507, % - 92L4 - % 508. P{0; 1; 0}.
1

509. P{1;1;2}; o =8 = arccos—. 510, =-3 2z -z=010.
{ } B 7 y 7 ;

511. llpreeneM ypaBHeHHA K RKaHOHHYecKoli gopme: — = % = z;

T _y-4_ = - = 17048’
H 7 =3 = § cosp = 71 g 0,952, ¢ = 17°48'. 512, Hamnm-
z—2 y z—1/3
caB YpaBHEHUA JAHHOH MpAMob B BUIe =3= , MOTYYUM
YDABHEHHE HCKOMOH IpAMOI: .1:-;— 1 = y;? = ZTQ. 513. A(0; 1; 0),

AM{3; -1; 4}, P{1;2; 2}, d = /I7. 514.siné = 1/v/6. 515. [t obenx
mpaMuix Am + Bn + Cp = 2.2+ 1(—1) + (-1} - 3 = 0, Ho Toura nep-
Boit (—1; —1; 3) He JemnT Ha IIOCKOCTH, & Touka Bropoit (—1; —1; —3)

Je®mUT Ha maockoctu. 516, y + 2 + 1 = ( | ypaBHeHHA mpAMoit MoAHO

3amHCaTL B BHIE 332 = y;_l = %) B17. s — 2y + 24+ 5 = 0.
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518.82 — 5y +2—11=0. 519. & + 2y — 2z = 1. 520. g = % = %;

17°3%'. 521, (5; 5; —2). 522. (6;4;5). 523. (5;5;5). 524. (3;3;3).
AAPP, 1 2 _y-1_ 7

525.d = = . 526.2+2y—5:=0.527. >~ =¥~ _*
Bxpy - 3 2eety-52=0. =5 T

528. (1; 1; 2); 70°. 529. (—1; 2; 2); 30°. 530. (6; 2; 0). 531. (3; —1; 1).

532.2—y—z = 0. 533.(—1; 3; 1). 534. 2 y4 z+11‘ 535. Touru

Ha npamerx: O(0; 0; 0) m A(2; 2; 0); HanpaBaAOmMe BEKTOPH NPAMBIX:
P{0;0; 1} n P1{2; —1; 2}, d = r:_, ><Plf1| = j_ 536. 1) C(1,5; —2,5; 2),
R=12,5/%2;2) C(0;0;a), R= a 537. (a: -1 +(y+1)2+(z—-1)2=1.
538. .1:2+y +zz—8.1: 539, »2 +y + 22 —a(a:+y+z)—0 541. 2 =
=2ax—z2 542. 22 +y? = 2az, 22422 = 2ax, ¥ +2% = a®. 5. (I} T; )
R=4. 545. (3Y -2Z)? =12(3X - Z). 546.1) y =0, 22 = a’ —az (napa-
6oxa); 2) z = 0, y* = a®—az (napabona); 3) z = h, z+y = +/a(a — h) —
npAMasd, Tapa/uleabHad £ +y = a (cM. puc. 59 ma c. 320). lnaungpuieckasn

2

noeepxHocts 222 + (y — z + 2)2 = 8, dopma TeHn r + M =1—

ganunc. 548. 2z —y + 32 —7 = 0. 549 22 + (y +4)% + 2% = 4.
_ a2 2

sso. B2 20 L YT ges (- )2 4y — )2 = 4(e — 2).

36 18
2 2
554.2 =4, z+y=2. 555 2 :;yz = i—z 556. h%z2 = 2pz[h(y+a) —az].
557. (0; a; 0), nanpapasAwmas — ORPyRHOCTE z = &, &2 + (y — @)% = a?.
558. Bepmuua (0; 0; 0), nanpasaawomaa — napabona z = h, 22 = 2hy.
559. Mpr : = 0 z = a; mpu y = h 2? + y° = a?; npm ¢ = *c npa-

at—c
MEHEe 7 = +————y, T. €. TOBEPXHOCTh 00palcBaHA NBHAREHHEM INpHA-

—

Molt, mapannedbHON INockocTH y(Oz M Mepecekarmimnedt oxpysHocts ABC
{cm. puc. 65 na c. 321) m ock Ox. 560.a) z = 22 + ¢%; 6) /2 +22 =
=22 56l 1) 2 = e~ "H7); 9) ; = ey 562. 9(z? + 22) = 16y°%.
563. 22 + 22 = z(y +a). 564. a) zZ + 2% = ¥ 6) 22 = 22 4+ yF.
565. lloepuye ocm Oz u Oy BoRpyr ocu Oz Ha 45°, NoayYnM ypaBHeHHA
MOBEpPXHOCTY H maockocTd B BHIe 222 = X2 — V2, X = av/2. Orciona

2 2
cedeHHe: X = a\/_, 2}’2 + — Z =1 — sanunc ¢ noNyocCAMH G'\/§ H a.
+ y 2 22ty 2%

22
yzc+22 = | (zBynoaocrHmIll ru-

(o,trﬂonouoc'mHﬁ ranepGononn); 6) 0_2 -
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2zl 22 _g(1-¢
nepfoionx). 570'Z+§_ 3(1+22, 178 _3(1 2) H
. 571.z=;[(c—z)cost+(c+z)cos

R ]
+ +
o Sw

14

—

02’4 6 ? . 2242 22
y=- [(c—z)sint + (c+2) 31211 (¢ -|; a)] ,;rmyna % - 0—2(1 —:os c;) =
=1l+cosa; npu a = 90° %—%=l,npna=120° a‘::;y -
- ﬁ:l, npu o = 180° M—£=O(R0H}rc). 572, x2+y2—az.
c 4q2 c? 2
ST4.c+y=4,2-y=xo+y=2s0-y=2 575 -+ +2 =1
24y

576. 22 +y? —2? = —24? (aEymonocTrEN! rUnepboaonn). 577.2 = — a

578. 9z = £ 13z. 579. 4y = +3z. 580. 1) Cdepa c uentpom (0; 0; @) m
panuycoM R = a; 2) napaGonoun BpameHHA Borpyr Oz; 3) unamuHAp; 4) ru-
nepboaudecknit mapadosonn; 5) Konyc; 6) napabonmyecknii DMAMHAD; T) Ko-
Hyc; 8) napaGonoun spamenna; 9) konyc; 10) munuump. 58l.z+y=2+z,
t—y=2-—z2z+y =23(z—2), 3y—=) = 2+2. 582 224y =
— 20z 583z = a—StY  5eq 0y = 3. 5853z +dy = 24
e -4y =12z, 2 = (0, 32 = 4y. 586. 26. 587. —38. 588. 7. 589. 2a.
590. 1. 591, sin(a+ f)sin(a—3). 592. —10. 593. 4a. 594, —2b%

595. —2x. 596. —4a>. 597. 144. 598. 72. 599. (z — y)(y — 2)(z — 2).
600. 1. 601. sin (8 —a). 602. 10. 603. JemaT Ha mpamolt y = z + 2.

z y 1 x y 1
604. 1) 2y v 1l =0;2) [ 2 38 1| = 0. 605. 10. 606. amn.
z2 y2 1 -1 51

607. a(z — z)(y — z)(y — x). 608. 4sin asin® %. 610.1) 21 =2, 22 = 3;

Ne1=0,22=-2. 6ll.2=5,y=—-4. 612. 2 = %, y=1. 613.2=0,
y=2 6l4.x=m, y=2m—n. 615.5; 6; 10. 616. —1;0; 1. 617. Tk,
8k, 13k. 618. 5k, =11k, —Tk. 619. 2 = y = z = 0. 620. HecoBMecTHA.

621. Heonpegenenna: ¢ = 2+ 52, Y= 5- 72. 622. HecopmecTHa, 624. 2;
—1; 3. 625.1; —1; 2. 626.2k, k, —4k. 62T.2 =y=2=0. 628, -k,
13k, 5k. 629. Heoupenenenna: y = 7 — 3z, z = 18 — Tz. 630. 1) 12 + 5¢;
2) a®+b%; 3) 5—124; 4) —2+424; 5) 4; 6) 1+4. 634.1) 2 (cos i—ﬂ + isin %Tﬂ),
2) 2sin% (cosE + isin 2) 640. 1) 32i; 2) 64; 3) 4(1—1); 4) 23+ 2V2)5;
3 3

5) 8i. 641. sin 3o = 3sinacos? o — cos® e, cos 3o = cos® @ — Fsin® acos a.
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642-cos]¢3—ﬂ+isink%;k=0, 1,..,5 643.1)1, “;*‘/_ 2) —i *iz‘/g’;
8) i, —5— ifﬂ” :4) 1+14, —1,36+0, 365, 0,365 — 1,36i. 644. 1) :I:%;

)\5/_(003<p+331n<p) @ = 45°, 165°, 285°; 3) £2(v/3 +4), £2(— 1+i\/_)
645. 1) —2, 1+i/3; 2) £1+ 4. 646. 1) In2 + mi; 2) 11112+— 3)

1) In /a7 + ¢ +iarctg 2; 5) glnz— Zi. ear. sin (nz/ 2) sin [(" +1)/ 2]"‘

. sin (2/2)
g, T/ BOL DI 50, 1) T2, 3y maar — w2

651. 1) 41/2¢™/4; 2) 22713, 3) (f2e~ /4, 652 1) 5{cos0 + isin0);
2) e~*i/2; 3) 23'3"‘-" 1. 654. Tourn payTpH prracueﬂrpom Clzo)ur=5.
655. 1) 84; 2) 512(1 — i4/3); 3) —27. 657. 1)
p=10°72° 144° 216°, 288°. 658.1) 2, —1+i+/3;2) £24, +/344; 3) 3,
+3i. 659, 31“.2”:. 660. 1) —1, 2, 3; 2) 5, ﬂ 661. 1) 2, = 3,
zo=4, 23 = -2 2) 2y = 1, 23 = =2, 234 = £i\/2; 8) 21 = -2,
23 = x1/3;4) 21 =1, £23 = +i/2. 662.1) A =49/4> 0, vy = 2,
‘U1=1,21=3,22,3— 3:;%‘/_ 2)A 0,21=4,22=Z3=
= —2 663.1) A <0, p=060° z =4cos20°, z3 3 = 4cos(20° = 120°).
o B | fla} [ fB)Y| k |k | A | AB
665. 1 | 2 [-10] 4 [ua|s]omn]|-0,13 18 <z<1,86.
1,71 1,87 -3,2| 0,36 | 22 [ 26 [ 0,14 [ —0,01
666. 2, 15; 0,524; —2,66. 667. 1) 1,305; 2) 4 u 0,310; 3) —0,682; 4) z; =

= 1,494, x5 = —0,798 (31 Haifmeno mo dopmyne x = ¥2x + 2, a £3 —

; 2) cos ¢ + isin @, roe

4 -
no gopMmyne &z = 34-2—32)' 668. 1) —6, —1  i/2; 2) —1; 2; 2.
669.1)A—11ﬁ>0 thh = 3, 11 = =2, 5 =1, 223—_1:|:5h/§;

2)A=—4<0,<p=45,zl=2\/§cosl5°=1+\/§,z;;=—22,z3=
=1—\/§;3)A=0,21=—2,22,3=1;4)HOJIOH&HBQ?:Z—Q,]IOJ‘I}"-LH_M
—42=0,A=0n=-2,29=23=1; 2y = —4, 29 = 23 = —1.
670.17611—215 671. 1) 1,17; 2)307 672. 1,67. 675.0 < .1:<1
68l.2y =0, 2, =4 683. 1)z > -22) -3<2<33)0<g¢e
<4 684.1) 4 2<0;2 1<a‘:<3 685.1)2: 0;2):&&4.
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686.1) 2kr <z < (2k+1)m 2) —A< 2 < +4. 687.1) F(0) =1, F(1) = 1,

F-1) =3, f(2) =38, fle+1) =a’+a+1. 688. 1) b+ a; 2) 2ah.
+a

689, . 600 F(4;3) = 19, F(3;4) = ~25. 691. 1) Yerno;

2) nevernas; 3) werHad; 4) HederHad; 5) HederHas; 6) M He weTHadA, H ne

HeverHad. 692, w > f (%). 693. log, x. 694. a®.

696.2 < <3 T00.1) 2| <22 -1<z<3;3) —%ng z< %+k7r;
4) |z| = 2. T01.2) 622 + 2h%; 3) 4(2— a). TO2. |«| < 0,001, Rar ToMEKO

3 3 Ig(1/¢) —9
n>1g2 mmn>0’3—10, |ov| < £, Bar ToAbKO N > g2 . T08. =2

2 1 1
3 15 g; 16; ... = 1; | = 1| < 0,01, rar ToiBEO 7 > B0; |z — 1| < &,

HaK TONBRO 1 > 1;: T04. 2 =4;3,1;3,0;...23+0; 2 =2; 2,9
2,99 ... =2 3—-0. 7T05.2=6;51501...554+0;,2=4; 4%
4,99 ...95—-0e=-1;-1,9;, —-1,99; —1,999; ... 5 -2+ 0; 2 = -3;
-2,1; =2,01; —2,001; ... = —2—0. T07.4 = /2. 708.§ = 0,01.
712. llpu |z| > 2500,5. 713. Hpu |z| > 7,036. 715. Jim z B nepeom
npuMepe paeeH 1, Bo BropoMm —1, B yereeproM 0, B mATOM 2, B mectoM 0, B
TPETEEM HE CYIECTBYET.

x 3 2,1 20 ... =240
716. s lim = 4o0;
- 3 3 s, 800 . o4 2240z — 2
x 1; 1,9; 1,99, ... —=32-0
3 |3 _ao; —a00; ... —s-co eb0z-2
& - 2 3 3 ¥
x 1; 0,1; 001; ... =40 .
717. ; lim 2V/® = 4oo;
2]’3 2; 210; 2100; . — _I_m =40
% -1 -0,1; -0,01; ... —=-—-0 .
:  lim 2Y/*= =0.
2= [ yfe; 1/21%  1/2'%°; ... S0 &—+-0
. 2 .2 .2 .
718. 1) lim — =0; 2) lim — = +o0; lim — = —o0; 3) lim 3% = oo;
r—o0 =40 =0 =400
4) ?_IPPMS = 0; 5) xl_l}l-ll_lo lgz = —oo0; 6) x_}})lgl_m tge +o0;
lim tgex = —oco. T24. AB = o0, CB = o0, LBCD — 0,
#—90°400°

ZACE — 180°,
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725.2=05;4,1;4,01;4,001;... - 44 0;
r=13;3,9 3,99, 3,999; ... - 4-0;
z=-0,b; —1,4; —1,49; —1,499; ... - -1,54+0;
z=-2,5; -1,6; —1,51; —1,501; ... > —-1,5—0.
729. Tonapko mepBad MOCHENOBATENRHOCTE HMeeT mpemem: lim z = 1.
B ocTassHEIX mpHMepax ﬂlingo x me cymecteyer. 730. 1) 0; 2’;_}003; 3) oo;
4)0;5)2,6)0;,)0mpra>1,1/2upua=1,anpu 0 < a < 1. 733.1.
734.1) —0,6; 2) 1. 735.4. 736.1. 737.3/2. 738.1/2. 739. —1//2.
740.2/3. 741. —1/2mpun a > 0 moo mpu @ < 0. 742, 2/3. 743. m/3.
T44. 1. T45. —1/2. 746. 1) 2/3; 2) —2,5. T47. 0. T748. c0. T49. -2,
750. —3/2. 751. 1/v/2. 752.1/6. 753. 1/4. 754, —12. 755 -1
756, m —102l  _ 1,5 5725 758 /3. 759, —4.

=740 gin £+/1 — cosx
760. 2. 761. —1/56. 762. —/2. 763.4. 764.1/3. 765.1. 766.1/4.

767. 2. 768.6/3. T69.2cosz. TT0.1) 1;2) —1/2. 771 1/2. 772. 1/2.

773.1/3. 774.8. T75. limnm = _/3. 776.4. TTT.m2/2. T18.3.
T—r= z

779. 1/4. 780. 1) —2sinz; 2) —1/2. 781, 1. 782.1,5. 783.1/2. 784. 1.

785.1/2. 786. 1/4. 787. —3. 788.2/m. 789, —2. T90. —1/4. TOL. %

792.0. 793.1/2. 794. —1/2. 795. —1. 796.1) 1/20; 2) 3. 797. 1) 3/4;
2) 2 [momomuts B npumepe 1) =z = #12, a B npumepe 2) 1422 = t1]. 798. —a.
799. 1) —1; 2) —0,2. 800.1) 3; 2) 3/2. 80L. 1) 1;2) —1/2. 802.1) —2;
2) —0,1. 803.1) —2,5; 2) 1,5. 804.1) —/2m; 2) —1. 805.1) 2; 2) 3.
806.1) 4; 2) 1; 3) 3. 807.2. 800. Tpr o — 0 (1+a)®— 1 = 3a.
810.1) 2,5: 2) a/b; 3) 1,5. 811. 21 3. 812.1) 2; 2) 3; 3) 1. 815. 1) Tipm

3 -

z=0;2)npn z = m; 3) mpu x = +2. 816. llpr x = 2 prINoAHeHE!

NePBHIE TPH YCIOBHA U He BRITONHEHO YETREPTOE.
-1 mpu =< -1, {.1:—1 mpH & < —1,

1 mpu =z > -1; +1 nmpum x> —1.

llpn & = —1 }pyrrumn umeror pa3peB | poga (BHIOAHEHC TONBKO BTOpOE

ycaoeue HenpepoipHocTH). 818, Ilpn £ = 0 He BHIIOJIHEHO TOJIBKO YeTBEPTOE

ycmopre (puc. 37). 819, Pagprs npu ¢ = 0, lim y = oo, lim y = 0,
=40 r—=—0

li}m y =1 (puc. 38). 820. Paspuen mpu z = +2. 821. 1) Paspss I poxa

& o0

=0 srom i =0, L =1 l _ 1 li =
wpn @ = 0, npr soow Himey =0, Jimy =1, Ny =3, lm v =
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. ™
3 (puc. 39); 2) paspme I poma nmpu £ = @, NpH TOM x_lgIloy =—%
lim y = =, lim y=0; 3) _ s1u-% < 1
z—ly}l-[]y_2‘z—y:|1:looy_ ! v= 2 fp & H 2 npH £ !
. 1 .
npr ¢ = 1 — pazpuB | poma, mpuuem x—lillllﬂy = -3 2 x—liﬂoy =g
opu x={
smx IOpH X ¥ 0
Prc. 37

Pnc. 38 Pnc. 39

822. Ypapmenne 2 — y? = 0 onpenenser y Kak DeCUHCIEHHOe MHOMECTBO
onHO3HAYHEIX (yHrmuit ». Ha HEx mpe: y = £ 0 y = —z Henpepniensie.
OcrancHbe (pa3puiensie) HA ONHUX yuacTEaX ocH (Jz oNpeHeNfawTCcA ypae-
HEHHEM ¥ = &, a Ha OPYTHX — YPaBHeHHeM y = —&. Femuyio ¢ pagpEIBaMHA
mpu ¢ = £1, £2, 13, ... Moo ONpedeNUTE TaK:

_J-lz| mpm 2n-1<z<2n,
_{+|x| mpu 2n < e < 2n+1,
HEYETHYIO TaK:
{—a: mpH 2n —1< & < 2n,

tme n=0, %1, £2, £3, ...
+z mp 2n<e<2n+1,
823. Pazprie II poga mpu z = —2; x_}]m%_ ¥ = o0, _!m;-l_oy = —00,

111:"1:1 y = 1. 824. Ipu z = () He BRINONHEHO TOJNBLKO YETBEPTOE YCIOBUE
F=FT OO
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HENPEPRIBHOCTH; NpH & = +2 — eme 1 TpeThe. 825. Touru pasprpa: 1) & =
=0;2)2=23)2=0;4) 2=0;5 =12 u z =0. 826. BecuncneHHoe
MHOmecTBe. Ma Hux: 1) HempephiBHHe y = VA —22 n y = —v4 — 22;
2) ucroMaA pasphIBHAA:

—/4— % npm l2] €1,
v= +v4—2? mpm 1< |z|<2.

827.x=0ny=1 828.1)z=0uy=x;2)e=—-luy=2—1;3)y=1.
820.1) =0, y=-1;2)e=0uny=c—-1;3) e =-n/muy=qa/m
830. )z =-12my=-2,2y=2;3)y = —=z. 83.1) y==uz
Nezty=—-a;3y=zxm4d)y=—-n/4. 832.1) y=0; 2) y = £2z;
3)z=0uny==. 833 Mapabomsr: 1) y=2%/3;2)y=2% 834.1)z=0u
y=12)2=0uy=—=z. 835.1)z=

=—2,y=1/2;2)z=1ﬂy=—x-2|-1; I
Nze=22=-2 y=1 (prc 40); :
=1, z=—luny=—z. 836.1/e5 I
837.1) e1/3; 2) 1. 838.1) ¢2;2) e™1. i
830.1) e 1;2) e72. 840.1) 3;,2) 8. 1 [T
841.1/ /. 842.1) 1; 2) —1; 3) 2lna. 2 /0

I

i I

843. 3 m 4. 844. 1) €% 2) —. Mg mry I
|

|

|

|

er/e |
845. 1) 1/e?; 2) —3. 846. 1/./e. ,
847.1) 1/; 2) —2. 848. 1) 327%; 2) 425 l

1 1
3) —=; 4) cosz; 5) —3—23 6) —m;

2/x’
7) _1. 8) 1 . g.) _i. 10) ;
273’ K ) .1,‘4’ ;—1+23) .
. x ;2o 2 2 _ 132
G op 12) T M- 1) (2 -2)%2) - 850.1) (a2 — )%,
30 22 4+224+3

1) -
1 a
3 . s _29y —
2) 22— 2z, 851.1) 1+ 7 2) 1 \/;. 852. 1) pet 2) o,

853. 1) (1- — g 29 3(1-—). 854 1) = — ——; 2) 2x
) 2‘33 ’ \/E ’ ' azg ‘\‘/,1;3’ 3z
1 1 1—=2 2 1 1 x
— ———|. 855.1) —: ) = —=— —]. 856.1) 2sin®=:
(3~ vm) ) 550 Mg 5) ) 2eintys

2) —tgZz. 857.1) 2(2cose—zxsinz); 2) M. 858.1) —3223 +
sin® &

2cosx 2z 1 4z — sin 22
z3 2 (z2 +1)2° 859. 1) (1 —42)2’ ) 4z /Tcos?z’

Puc. 40

cos?

-+
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860. 1) 861. 1) gt; 2) 2asin®=. 862. 1;

1
) s mET D

2
0; 4. 863.8,25. 864. —90. 865. 1) —6bz(a — bx?) )
22 -1 1/1 1 .1:
866. 1) W‘ 2) ; (W_‘_\/Q_?) 867. 1) 2COS , 2) —Ctg x.
868. 1) z(2sine + zcosz); 2) TCRIETE)  ge9 1) ﬂ;
2z
ds 1,2 (22 +1) 1 1\?
2)5 2+t2 870.1) por 2)(24_1)2 871.1) - \/_(1+\/5),
24 sine
2) —————. 872.-1/3. 873.-1, —-1/9, —-1/25. 874. 1 ;
) T+ 25me)? /3 , —1/9, —=1/25 ) 6cosbz;
. z . =@ . ®
2) bsin(e — bz). 875. 1) (cos2 31115), 2) —2smg.
2 10z x
876. 1) —20(1 — 5z)3; 2) ——. 877.1 ; 2) — ;
) ~H0 =505 ) g ) L
.2
3) —2tg d+/cosdx. 878. \/%. 879. 45in®x cos 2. 880. 1) sin 2z;
3 ™
—in Op 2 LY : _I 4
2) —sin2e; 3) 2tgxsec®e. 881 \/ﬁstxsm (a: 4). 882. 3t 2.
—gin 22 CO8 /&
. 885. £(+/1 —sin2z 4+ +/1 4 sin 22);
IO Tt « v )
8HAK ¢+ mpH cos 2¢ > 0, 3Halw » npucosQa:(O anpucos2z =0 y ue
20sin 4z
CYIIeCTBYET ( l‘:‘ffl‘: Dy' \/E, a h?:-l—ﬂy' = —\/_) 886. m
ctg? (3/3) . 222 -1 l—z
887. —————~. 888. 1+ . 889, —. 890, ———.
sin? (z/3) sina(1+sec o) V22 —1 22/2z — 1
. 2t asin 2p dr 2sin® 2
891. —sin —. 892.1 —_—2) — = .
a’ )dtp Veos2p' T de /20 + cos? (2 + m/4)
(Y _ ' _ (8% _ __ ab
1 4cos? 2z z(2 — 3z%) .
804, —. 895, ——— 896, ————~. 897. —sin4ax.
V3 04 4z +sindex 1= 22 4 31211 ‘
898, ———90%7 4o, 1) sectz; 2) 3a2sin22%. 900, —52E
/(14 cosbz)? (1 — sin 2z)
ds sin® (t/4) dr 1 23z +1)
901. — = . 902, — = -cosp. W03, ———=.
dt  2,/2/2 —sin (t/2) dp ~ 2°°% #3/Az + 1

904. —\/g. 905. ¥k = tga = 4. 906. y = 8 — 42, 2 — 4y = 2.
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907. y = a‘:+§. 908,y =0, y = :I:%(lh:—l). 909, y = _§+2.

910. y = 7 — z. 911. 45° u 135°. 912. arctg%. 913. 1) % 2, ? V5;
2 3 VI3 VI3

) 39 3 g 915. y = z% — 32 + 4. Ilapamerp b Haxomurca ms

yeaopua ¢ = 2z +b=4+b =1, a ¢ — us ycuoeua, yro (2; 2) — TouRa Ka-

canua. 916. y = —4xr 48, y= —%x—2; @ = arctg 1? sy 62°, 917. y = 4z,
y=—4r+16. 918, z+4y=8. 99, y=+(3z+8) my=0. 920.4//17.
921. 40°54’ wam 139°6'. 922. (—2; —4). 923. (1/2; 17/4). 924.1; 1; /32;
V2. 925.11°20° m 7°7'. 926.y = -1, ¢, = 1. 927.¢ = —1/2

¥, =1/2 928.y=zuy=—2z 020.y= i%; 109°30. 930. z = 0.

931.2=2 932.2=0. 933.2=2. 934.y—1=:|:(a‘:—%). 935.2 = —1.

2
936.y = +4z; 28°. 937.1) Inz+1; 2) —l:‘;—:;s) O‘iﬂ %

2z +1) z . 1 da?z
2) 2@t2) 939.1)—tg2,2)ctgzcos z. 940. Wr s Ml'a“—x“'

1 2 1 1
942, -2 v “ 1 agt 945. Jo it 946.2+\/a_:.

2

947. 1) —298°% 9y 2 948y = 2 — 1. 949, Facawrea

sinz z — ax

Toure (1/e; 1/2). 950. 1) 2z + 3%1In3; 2) (2z + 221n2)2%; 3) (2 + z)e°.

951. 1) ¢*"* coszIna; 2) —2ze~""; 3) 2x(l — z)e~2". 952. ¢%/2 4 ¢~%/2,
1 1 2e” 1 S S
SV — A ~ev/a ~ —sin—

053. e (1+ \/E) 94 T 985 e (cos 2 —sin%).

_1\2
956. 1) —2¢~7sinz; 2) ———. 957, T

14z 2241
959. —Ina. 960. 26°35'. 962. 1) z®(lnzx+ 1); 2) 28°~ [cosa‘:lna‘: +

1 cos &

1
—_— 965, ————. 966, ——.
N zv'1+ 2 V1+4+sin?2
967. — L 968. ctg2z. 969, — B2 LI
1 —sin2z 1+ cosz

z(1—22)’

&
978. 16. 979. y =

H

. 938.1)

958. 2a(e2" — ¢~207),

sinx]

963. —tgxsin®z. 964. — 5.

x 1
o7l ————— 972.—Z¢—%/a, 973, Z(e2/%—e"/c), 074, —
\/a32:+a:2 a 2( )
=i _—
o75. — 2~ 976, 2 o77. /el 71IDT

JETT & P

_ 2
= _Z ogp.,/l=Z i 1

a
. 981, ——. 982, — ——. 983, —.
2 1+« 14+ 22 Ve — dz2 |a|VaZ — z2
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@ 1 1
W W o N6 - 0 1) VT
2) 3% oas.—2 . gge. ) 990. arctg =, 991, —
Ve T Toet Tga a1 R T g
X
992. ———. 993. 1 ; . 994, 25/ T— %,
926 — 1 ) |.-;:|\/2—;.:2 ) Fya ¢ ¢

995. arccos x. 996. . 997, 41/— —1. 998, 41/— —4. 999, (n —4)/4.

1000. 1) sh2z; 2) th%, 1001. 1,5. 1002. 1) thaz;
2) —4/sh?2z. 1003. 1) cth2 x; ) 2/sh 2¢. 1004. 1) 1/chz; 2) 4sh4a.

1005. 2 + 1,175y = 2,815¢. 1006. y = 3, 76z +3,89. 1008. 1) ﬁ;
2) tg3z. 1009. %. 1010. C;—:’ = %{11) 1011. ﬁ.
1012. 'jt tg5¢. 1013. 22 2 S011) +°2) 2) 2 cos (Inz). 1015.%.
1017. —%. 1021. 1) 2cos2z; 2) 2tgzseciz; 3) m.
1022. 1) —4sin2z; 2) —%; 3) —(xcosz + 3sinz). 1023. 1

2a(32% — a* 9 "
2) e~t(3—t); 3) W. 1024. —m. 1025. 1) (_E) e—sls,

g CU M= ()PS5 20=3)

|.
. T 1026. 1) n!;
2) sin (a: + nE); 3) 2" 1lcos (2:&: + nE). 1028. 1) —2¢*sinz;

2) 2a®(z’In®a + 6zlna + 6); 3) 2sinz + dzcosz — z’sine.
1029. 1) 2e~*(sinz + cosz); 2) 2/z; 3) zsinz — Jcosz. 1030. f(2) =

= ":3“ oo, ) = TEela 1) (0) = L;l 1031. 1, m,
m(m — 1), m(m — 1)(m — 2), oy mm = 1) ... (m —n + 1).
1035. 1) 2.e-ﬂf°(2a:2 —1); 9) 2ctgz ) —— . 1036. 1) ¢*(Ina)®;

T sin?x’ 7 (4— 22)3/2 ’

n 2 n— 3 ‘\/g 7\/§
2) (-1 W’ 3) —2"~'cos (22‘:+n2). 1037. 5 "6 3%

1038. 1) e (z3+ 922 + 18z +6); 2) al-'* (6-.12 cosg — Baz sin E — z%cos E);

3) —zfV (a—z). 1041. To popmyae Hetibuuna f(*}(z) = x2e—*/¢ (—%) +

n-—1 n—2
+ n-2xpe—%/o (—%) + %23'”“ (—%) . Orcrona f(”‘)(D) =
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r D) ez = 202D e yeas, (e )=—2xe‘”°=—2xf(a:).

an—2 a”
Hamnee no popmyie JMeibrmma ) (x) [ 2zf(x ](ﬂ aT.o. 1044.1) —

B2

P oo B2 22+y ., 22— y '”+y
2) y,3) 7y 1045. 1) — +2y,) 1046. 1) — \/_ )ey+”.

e“siny+e Ysinz ‘
e*cosy+ e Yeosz 1048. y2+1 1049. 1/3. 1050. 1) y3’

2y—a) . mm+n)y b

2) & = 5)2,3) meyvE 1051. ——3 1052.y=3—zuy=2xz-1.

1053. (40/9; 40/9) u (40; 40). 1054, 1) % + :‘% =1 2) ypo =
52

= ple + zo). 1055. 2z +y = :I:%. 1056. arctg3. 1057. 1) —GT”,

2 2 2
z? —ay a R 2(1 + %) 6a

2 . 10568.1) ——; 2} — ;3) — ; 4) — .

Vi D G ) T Y e

1059.2y = —z—3m2y=c+1 1060.z+2y=4/32. 1061.1—%.

1062. e(e — 1). 1063. £2. 1064. 1) dy = na"~ldz; 2) dy = 3(x — 1)2 d=.

xdz
1065. 1) dy = ———; 2) ds = gt dt. 1066. 1) dr = 4sin° p dp; 2) de =
) dy g ) g ) wdp; 2)
24t . o a®dz (a4 1) da
=-3 . 1067. 1) sin 2¢ dt; 2) sin u du. 1068.1) e +27) ; 2) ;

1. dz
_Esmid(p, 4) —m. 1070. 1) 0,04; 2) 0;(15. 1071. 1) dV =
Jbds

= 3z%dz = 0,75; d—z = 0,006 mam 0,6%; 2) d = 7
0,1-2

£ ——= < 0,005; 2) panguyc HY®EHO HSMEPHTB ¢ MOTPEIIHOCTLIO He Gonee
Sa\/x
% . 1073.1) S = 7R?, AS ~ dS = 2rRdR; 2) V = —ﬁ'Rs, AV =~
2 —2)dz tdt
adV =4nR?dR. 1074. 1 (—26 —bp)de; 3 .

1075. 1) — tg z dz; 2) 2“\/%; 3) -2~ 2 dt. 1076.1) — \/_ : 2) tg2 a da;

3) b(1 + %) dt. 1077. 1) Ay = 322Azx + 3zAz? + Az® = —0,2376,
2,
dy=323de = —0,24; 2) dl = —% ~ 4,46cm; 3) |dz| £ 2701 % 0,006.

1047. —

3)

. 1072. 1) de

o 2
1078. 1) 4% = %, 2) 2 = o (%—1) . 1079. 1) 2—2 3;_2 =1;2) 222 +
3at

1
2/3 — g2/3, L1) 22—y = 1 = —. 2= —
+ ¥ a?/®. 1080. 1) 22—y =1, 2) y 1522 1082.2=175
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3at? (4 —n)a a 1
= ——7. 1083.y = . 1084, = —. 1085.1) ——;
Y=1+s y==+ 2 #ty V2 ) asin®t
2) 2+l ) — 1 1086. 1) y = —z2 — 22; 2) (y+2)3 = 2
43 7 4asin? (1/2) ) ’ '
3r arn 1
1087. = —+2). 108%. y =2 — ——. 1089.1) ———;
£ty “(2+) Y= 9 ryecr
32 -1 3 gt? dx d*z
2) F,:;) g 1090.x_at—7,a_a—gt,CR—2_—g,qepea
a a? de o
t= p z = 29 (eeicmas Toura). 1091. @ =t —44+3;4H=11=3.
1095. v = Cclit_x; % = w; MEPeMHOMHM MOYIcHHo, 1096. 20% = 23% =
dv gt? dx
;220'0, OTRyIA W = — = 4. 109:. =10+ jgt i 20;1gt,
z 2
oz =9 B uausniciett Toune i 0; &t = ? @ 2,04c. 1098, i
_ a _ @ de o
= Th@R—F) = m? 1099. = kB(A—z). 1100. d(w?®) = 2wdw,
d{w?) dw dw dt
W = 2(0@ = 2&.’5@ = 2&06; = 2¢. 1101. EOPH'H dyREIAA 1, 3.

Kopenn npouzsonnoti f'(2) = 20 — 4 pasen 2; 1 < 2 < 3. 1102. He npu-
MennrmMa, noo npn & = (0 mer npomapogaoit. 1103. MoroMy, uTo Touka £ = 0
9-1

yraopadA (nBe RacaTeabHble). 1104. Harnon xopnu (AB): &k = STl 2;

Fi(2) =22 =2, 2 = 1; B Touke & = 1 KacaTeNbHaA MapaLleIBHA XOpIE.
1105. f(b) = 8%, f(a) = a%, f'(c) = 2¢; nomcraBum 310 B PopMyny lla-

2 = (b—a) - 2¢; otKyma ¢ = HTG. 1106. ¢ = % 1108. Ha

T
Zyre eCTb yIioBasd TOMKa HPU & = 7, B roTopotl! QYHRUHA He HMMeeT Mpo-

rpanma b% — a

nzpogHofi. 1109. PyRRUAA HenpepLIBHA W MMeeT NPOHIBONHYIO BHYTPH OT-
peaka [0; 2], no paspriBHa Ha ero npaeoM konme. 1110, Ilyers s = f(t) —
YPabBHeHHe OBHMREHAA, a {1 0 {3 — HavalbHHIH ¥ KOHEeYHEIH MOMEHTH IBH-
meand. llo Teopeme llarpanma mempy €1 u {» HalimercA g, IPH KOTOPOM

f(t2) — fta) = f'(ta), T. 6. 40 = f'(ts) = E B MOMEHT i3.

to — 1y dt
1 fiz) 0

1111 &' (z) = 6 f(b) 1| Tear nax ®(b) = ®&(a) = 0 u p uHTepBaTE
¢ fla) 1

(@, b) umeerca mpousponnan ®'(z), mo Teopeme Ponna Memuy @ u b maiinerca
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1 fie) O
z = ¢, upu woropom ®'(c) = 0, T.e. |b f(b) 1| = 0, orsyma f(b) —
¢ fla) 1
— fla) = (b—a)f'(c). Dyuruua P(x) ecrs ynBoennaa miomans AAMB,
B¥—a® 32
1 (3 M2 — Jlmﬁa: Toura Ha myre AB. 1112, g e OTKyda lrc =
= W. 1113. ¥Yraoeott roadGHIUHEHT RacaTeABHON j—: = 5{;'_23’
f —
aBTOUKet=¢ k = f—(? ¥Yrnorolt koaddHUHEHT cerymett ky = % =
2 — 1
= M; no Teopeme Komm Memay a u b natizerea t = ¢, mpu KoTOpPOM
¢(b) — ¢(a)

k1 =k, T. . KacaTenhHad MapadldelhHa xophe. IIpu sToM Tar kak ¢'(2) # 0,
10 ¢(a) < p(c) < ¢(b) (mM Haobopor), H TOYKA KaCAHHA HAXOTHICA BHYTDH

a? + ab + b2 ‘/4 \/ 4 1
. 7. o= | SEETE ane ) /2 -2 4/1- 59 .

2
1119. 1) %; 2) ¢ (14—5) 5 2,4, 1120, Oyrruma y = |¢ — 1| He mmeer

npouzsopHod mpu £ = 1. 1121, B toure 2 = —1/2. 1122, 3. 1123. 1/2.
1124. T 1125. 1. 1126. o2/5% 1127. 1/2. 1128. 1/6. 1129. 3.

1130. 1) oo; 2) 0. 1131. 0. 1132. 0. 1133. 3. 1134. 2. 1135.0. 1136. 0.
1137. 1. 1138. 1. 1139. ¢3. 1140. 2-ro mopanra. 1144. ¢ — b. 1145.1/3.
1146. 1/8. 1147. In %. 1148. 1/+/3. 1149. 1. 1150. 1. 1151. —1/3.
1152, —2. 1153. 1/e. 1154. 1/6. 1155. ¢3. 1160. llpr £ = —2 yymin = L.
1161. Nipu & = —2 ymin = —16/3; npr 2 = 2 yax = +16/3; ToUEEN
nepeceternd ¢ Ox: z3 = 0, x93 = +2/3 =~ £3,4. 1162. llpu = = —1
Ymax = 3/3, 0p 2 = 3 Ymin = —9; Touru nepeceueHnd ¢ Ox: £ = 0,
23/ 1,56+3,3. 1163. Ipn & = 12 Ymax =5, IpU £ = 0 Ymin = 1, mput
y=0 2z~ 12,9 1164. OIpun 2 =0 y =0 — neperub; mpu 2 = 3 Ymin =

= —27/4. 1165.Mlpu & = —2 ghpax = —2, Mpu £ = 2 yiy, = 2; acuMnTOTHL
z=0my=2x/2. 1166.1lpp £ = 0 Ymin = —1 (Toura BozBpaTa) TOUKH
nepeceuenns ¢ ocklo Ox: x =1, 1167. llpux =0 ypax =1, mpu £ = o0
y =0, 1. e. y=0— acumnrora. KprmBasa cHMMEIPHIHA OTHOCHTEIHHO
oca Oy (mowemy?). 1168. llpu 2 = 1 Ymax = —4, MPA 2 = 5 Ymin = 4;
acmMuTorsl ¢ =3 ny=2—3. 1169. llpr 2 = 0 ypin = 0, mpu z = 2/3
Ymax = 4/27. 1170.Npu 2 =4 gpax =1, 0puy=0 2 =Jumu 2 = 5, npu
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y=—3 s=—4dumme=12. 117TLMpuz =0 thpax = 1; acnmmo‘ray—ﬁ

CuMmerpuuna otHocuTeasHo Oy. 1172, llpu & = % Ymax = 75 + ?
%l,l,ﬂpna‘:zi—g Ymin A 0,4, 1173.11sz=§ Ymax = 4%_ 3 ry
73 2,45, mpu z = —% Ymin = V3 — 4% s3 —2,45. AcuMnToTH & = iE

1MM4. llpuz =1 Ypax =L, mppz -+ 0 y = —oco;mpr ¢ —+ o0 y — 0.
Acavororsl ® = 0 m y = (0. Toura nepecevenna ¢ ocso Ox: 1+1lnz =0,

Inz=-1,z=¢"1~ 0,4 1175. Mpu = = 3 Ymin = %— E ~ —0,28,

npHu & = —% Ymax 2 0,28, Acmvurorer y = ¢ &+ E. 1176. 1) lpu z = 2
Ymax = 2/e. Acummrora y = 0. 2) llpr 2 = 1/¢ ymin = —1/¢; xﬁﬂoy =
=0 —ronmeBasg Toura; mpr ¢ = 1 y=0. 1177. 1) Mipu = 0 ypmin = 0
dn+1
2
(yrioBas Toura). 1178. ymin = 1/2 mpu 2 = n/3; 3n/4; 5rr/4; .. Ymax = 1

(yrioBas Toura), upu & = + T Ymax = 1;2) nmpr 2 =0 Ymin =0

npm & = 0‘ 7f2; 7y 3x/2; ... 1179, ObnacTe pacnoiomeHns KpHEOH & < 1;

ymax—z\/—

Ymax = V2; 0612CTH pacmonomenna kpueod & > 0. 1181. Acumnrorn £ = 1

1
mpu z = 5 iy=0mpu 2z =0mzz=1. 1180. Ipn 2 = 2

H # = 4 (paapEIBEL) fhin = —1/9 mpu 2 = —2, Yyax = —1 npu & = 2.
1182. Tpn ¢ = 1 ymin = 1,5. Hpusaa acuMnToruyecku npHbIHMAaeTCA K
mapabone y = £2/2u kocu Oy. 1183.Mpuz =0ue =2 yun = V4~ 1,6,
npr £ = 1 Ymax = 2 (B Toukax MuHHMyMa TourH Bo3ppara). 1184. llpn
2=0 Yneper=0, TpH =1 Ymax=0,2, mpr 2=3 Ymin = —5,4.

1185. llpu 21 = —2 Ymax = 0, mpui 22 = —1,2 gpin & -1, 1, mpp 2 =0
Vneper = 0. 1186. TIpr 2 = 2 ypax = %, upa y = 0 z = 1; acAMIOTOTELl —

ocH KoopmHHAT. 1187.1Ipw 2 = —3 Ymax = —4,5, mpuH 2 = 0 Pneper = 0,
npa & = 3 Ymin = +4,5; acuMnroTHl ¥ = &, ¢ = ++/3. 1188. IIpn

r= %+k1r Ymax = 1, npr x = g+k1r — paspuienl. 1189, llpu ¢ = %4.2;9,,-

Yok = g+2kﬁ'—%ln2. 1190. 1) Npu 2 = 1 gouin = 11112—%; 2) mpu & =
= —1 Ymax = 1,1pH & = 0 Ymin = 0 (yra0Baa Toura c HarkmoHaMu k = +2).
1190 Mput & = 0 Ymin = 0; IpH 2 = 2 Yy = 4/e? & 1/2; acummrora
y=0. 1192, lpu 2 = —1 TOYKA BOZBPATA Ymin = 2, OIPU &£ = 0 Ymax = 3,
npry =0 x4 1N Nprr=2 ypax =4 upuy =0 2, =0, 22 =4.
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1194. Npu 2 = —1 gpin = 4 opuy =0 3 = 1, 22 = —3. 1195. llpu
2=0 thin =0, 1pu 2 = =2 Ppax = 4/3;mpuy =0 =, = 0, 22 = -3.
1196. Mpu 2 = —1 ghpin = —4, IPU 2 = —3 Ymax = 0. 1197. Mpu 2 =0
— N ey v — ) i — Lmm rrmar

Ymax =

=4
y=z+:

yll

HYy

Prc. 11 Prc. 42

Ymin = —6,73, 1pu £ = 0 yneper = 0; mpuy =0 23 = 0, x2 = —4 (puc. 42).
1199. Ipn 2 =32 Ymin=—-4, MpH 2 =0 Ypax =0; Ipury=0 2, =0,
22,3 = £v/8 & £2,8. 1200. pu 2 = 0 Toura
BO3BPATA Ymax = 0, mpr 1201, lIpr & = 1 Ymin =

=-L,upuy=0 z; =0, z2 = 27/8 (puc. 43). 5 1 27;6//-;
¥min, X

¥

2=—1 Ymax =2, MpE £ = 1 Ymin = 0, npr
2 =0 y=1. Acumnrora y = 1. 1202. llpn
£ =—-1 gnin = -1/\/ern —0,6, npu 2z =1 y=2x-3¥2
Ymax & 0,6; ock Oz — acumntora. 1203. Npu
£ =2 Ymin = 2(1 —In2) & 0,6; oce Oy —
acumnToranpu z =1 y=1L;mpue=e? 7,4

y &~ 3,4. 1204. llpu ¢ = () Toura Bo3BpaTa
Ymax = 0, IpH 2 = 2 ypmin = —3V4 & —4,8,
npu & = 5 y = 0. I'padur nonoben rpadury Ha puc. 43. 1205. llpu x = + 5

™ ™
3 ¥=F7 =FL57.

Puc. 43

w

Ymax R 0,34, mpu = = _% Ymin & —0,34, npu 2 = +
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g+1 /¢ 2,57, npu ¢ = %— Ymax = +3,71;
acAMnTOTH & = 0 m & = w. 1207.]Ipna:=—§ ymaxz—%+3£as

& 1,85, npu ¢ = 1 Ymin & 1,28, mpu 2 = 0 y = m/2. Acumnrora

1206. llpn =z = % Ymin =

y = . 1208. lIpu & = 1 TOYKA BOIBPATA Ymin = 1, IpH 2 = 0 y = 2,
mpu e =2 y=2 1209.Ipn 2 = m/6 m 2 = 57/6 Ymax = 1,5, mpu
2=7/2 Ymin = 1. 1210. IpH & = 0 Ymin = 0, Ipit £ = 1 Ypeper = 1.
121. llpu 2 = € Ymax = l/e 30,4, mpu y = 0 z = 1. Acomnrorel 2 = 0
ay=0. 1212. Ipn 2 = —3 Ymin = 6, 1pr £ = —2 y = oo (paspss), Npu

2 = —1 Ymax = 2. Tournm nepecevenna cocamu: 2 =0,y = 1,5, y =0,
=33 21,7 Acimirorhi £ = 2y =2—2. 1213. Mpu z = 1
Ymin = 2, IpA 2 = —1 Ymax = —2, 1pH # = 0 — pasprlB. ACHMITOTHI

y=zuz=0 1214. 1) llpu 2 = 0 y = 6. Touru NepeceucHHA ¢ OCHIO
T 3T
Oz = = 5 + k. IRCTpeMyM: TpH & = T + 2kT — MHHHMYM, TpU

in

4
HHIi; OHAa BIIHCAHA B KPHBEE i = tae™

Tg = + 2km — makcamym. Rpueaga — rpaduk saryxaomux Koaeba-

Z| HA KOTOPHIX W HAXONATCHA TOYKH
srcrpemyMma. Ilocrpoenne HymHo HaUaTh ¢ KpEBHIX ¥ = +ae™ . Oce Oz —
acumnrora. 2) llpu 2 = —1 Ymax = 2, mpu 2 = (0 — Touka mepernba, mpu
2=1 gnin=-20ppy =0 21 =0, 223 & £1,3. 1215. Mpu z =1
Ymin = 3, IPpH £ = 2 y = 0o (pasphiB), IpU £ = 4 Yueper = 0, mMpu £ = 0
yr 3,60 1216, Mpu 2 = —2 yin = 0, mp 2 = —4 Yax = 0,8, mpu
2 =1 Ymax & 2,8; ock Oxr — acumnrora. 1217.llpm ¢ = £1 Ymax = 1;
npn y =0 2 =+1/v/2 ~ £0,7. Acumnroret — ocu Oz m Oy. 1218. llpn
2=0 ypax =1, mpr 2 =1 Yin =0;mpr y = 0 = = £1. 1219. llpn
2=—1 Ymin =1/3, ipp £ = | Ymax = 3, npr 2 = 0 y = 1; acumnrora
y=1. 1220.llpu ¢ = -1 ymax =L;mpry =0 23 = 0, 3 = —4; obnacTs
pacnonomenua Kpusot # £ 0. 1221. 1) Ilpn # = —2 y = oo (pasphB),
OpU £ = —3 Yneper = 0, IPH £ = 0 Ymin & 27/4; acumnrornr z = —2
HY=2+5 2) thin = 0 1pH & = 207, gpax = V2 1put & = (20 + ).
B Toyrax MHHHMYMa 3’ He CyIiecTBYeT (yrioBhle Touru). 1222. 30Mx60 M.
1223. 5 u 5. 1224. ah/4. 1225. a/6. 1226. dmMx4mx2m. 1227, 20cm.

1228, 60°. 1229, 18 & 2,5, 1230. cosax = 1 (omHaro mpH ycmo-
T+ 4 m

@
BHH, 9T0 — £ 25’ THe ¢ — mpoexnuA AB Ha HanpabIeHHe RT3
m
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moporu). 1231. B 18M or Golee CHIBHOrO HCTOYHUKA cBeTa. 1232. Yepes
Qi 4acoB HaHMEHbIlEe PAcCTOAHHe OymeT paBHo a/2kM. 1233. z = D/2,

v
y = Dv/3/2. 1234. B /3 ~ 1,7 paza. 1235.1 » 5,6M; onpeneaserca
2,4 1,6 128m o

~ + . 1236. vypaxy = ——— IM” Opu
ginoe  coso 9

Kar MakrcuMyM dyHruu [ =

BHcoTe & = 2mM. 1237, Sipax = R npu BHcoTE T = % 1238. (1; 1).

1239. +/ab. 1240. Tlpn # = 2m. 1241. 4cmu /3~ 1,7em. 1242, 2 = 1,5.
1243. CeueHHe — RBagpaTt co cTOpoHott D/\/Q 1244, lpu o = 2x+/2/3

pammanos &5 204°. 1245, F = — P2 tia = 4= 0,25, o n 149,
COSO.’+,USI]1C! 2

1246. 1) y = 2%, ¢/ = 2 > 0, kpuBad Bclofy BHIMyKIa ¢BHUSY; 2) ¥ = =,
vy’ = 6z, FpuBaa BHNyRIa «BHE3* uUpH x > 0 u ¢BBepx» mpm z < 0,
z = 0 — Toura mepernba; 3) y = €%, ¥’ = ¢ > 0, KRpuBaa BCIODY BEI-
nyriaa «eauss, (0; 1) — roura nepeceuenma ¢ Oy; 4) y = Inz (z > 0),
¥ = 22 < (, KpHBaA BCIONY BhINyRIa «¢BBepXs, (1; 0) — Toura mepe-
ceueHnd ¢ Oxz; 5) (0; 0) — Toura mepermba. 1247. Tounu mepernba Kpu-
prrx: 1) (25 —8/3); 2) (£1/v2; e7M2); 3) (2v/3; £/3/2) u (0; 0); 4) mpu

x = _111_2 rg —0,35. 1252, O6macts pacnomomenuda & > —2. Tourn me-

pecevenna ¢ ocamu (—1; 0) m (0; In2). y Bcromy Bapacraer, KpEBaA BEI-
nykaa «eBepxs». Acumnrora x = —2. 1253. y > 0, y = 0 — acumnTtora.
1254. 1) CuMMerpuuna orHocuTenso Oz, Q6nacTh pacnonomenua z = 0.
BepxHAS BeTBL BEIMYRIA ¢BHU3%, HUMHAA — «BBepxs. (e BeTBH KacaloTcA
Oz B Toure (0; 0). Kpupaa nHaznnaerca ¢monyry6uyecrot mapabomois (BMe-
eTe ¢ ocklo Oy obpasyeT 6yrey K); 2) raxkaa me, Kak NpedbInylmad Kpupad,
HO cOBAHYyTa Baeo Ha 3 epuHunel. 1255, 1) llpu 2 = 0 ypax = —1, acamo-
Toth ¢ = —2, 2 = 2u y = 0 (rpu Bersn); 2) upu 2 = 1 Ymax = 2,
npr 2 = —1 Ymin = —2, nepeceraerca ¢ Ox npwm x = +/3, mepernt npn
z = /2, acmvmrotsr — ocm Oz mw Oy. 1256. 1) Obmacts pacmomome-
HuA ¢ > (, mpu y = (¢ = = 1, acumnrotel — ocu Oz u Oy, npu £ = e
Ymax = 1; 2) IpH 2 = 1 Ymax = 1, OIPH & = 2 Yreper = 2/e 5 2/3, ocb
Oz — acaMmrota, mpu 2 = 0 y = 0. 1257. 1) Ipu & = 0 gmin = 2,
acuMnToTht & = —2 U ¢ — ¢ = 0; 2) cumMerpuyna oTHOcuTearHo Oy, mpu
y=0 2 =:2/2 ~ 20,7, ipu 2 = £1 ymin = —1, acaMnToTa —OCBH
Oy. 1258. 1) O6nacrs pacnonomennd ¢ > 0, upa £ = 1 Ymin = 1,85
NyKIa ¢BHA3%; acnMnrora — ock Oy; 2) Oy — ock cmvmerpuu, npn z = 0
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Ymin = @, BCIOAY BRINYRIA (BHH3); KPMBAA HABEIBACTCA Henwotd JUHUe.
1259. 1) Mput 2 = 0 Ymax = 0, iput # = V4 & 1,6 gmin ~ 2,1, mpu
2= Y2~ —1,3 Yoeper & —0,8, acummrortt # = 1 u y = #; 2) mpu
2= =1 Ymin = =3, mpu y = 0 2 = —¥0,25 & —0,6, acuMnTOTRI —
ocr Oz u Oy. 1260. 1) Cummerprura orHocutessae Oz w Oy, ofmxacts
pacuosomenna |z| < V2, mpr e = 1 y, = 21, mpuy =0 2 = 0

nm ¢ = +/2; 2) Hanmﬂy=z+ﬁ Ymin = 3 opu = = 1, persh
y=— ﬁ mepeceraeT Oz npH & = V4 & 1,6, ofe BeTBH UMeIOT acUMI-
ol ¥y = # uz = 0. 126L Mlpu 2 = —2 i = — V16 & —2,52,
OpU £ = 2 Ymax & 2,52 (obe ToukH BosBpata), ock Oz — acUMITOTa,
ubo y = 8z — 0, worma # — =oco.

(x+2)73+ (22— 42 + (z— 2)4/3
1262. CummerpuyHa oTHocHTeNbHO (2, 06nacTh pacnonomenua ¢ 2 (), acummn-

tora — ock Oz ( ILm y = 0), npu 2 = 1 sRrcTpemy™m 3, = x1/e A £0,3.

3 —
1264. 1) % + 224 In|z| + C; 2) D5 _ is + C. 1265. 1) 1 23"' + C
x 4
2 & 4ol o] — s+ C. 1266 1) 2  2/E+ SYF) + C; 2) 20F
)2.|. nz—2x2+. . zgz+4x+, -

—4Yz+ C. 1267.1) 23\/5—3a:+6\/5—ln|z|+6'; 2) %(m—4)%+6‘.

3
o 2
Ina /=
. 13701 dr _ sin® & 4 cos® z
—z+0C. 1 . ) Sin2zcosﬂz_ sinzzcosgz

E_sinx

2 2
3
1272.1) 2arctg z—3 arcsinz+C; 2) %—z+arctg:r:+6'. 1273.1) g7
2 20c+2) ., 8
\/5+O' 1274. 1) 7z +C; 2) 4Inz| 7z
1

—l+C’. 1275. 1) ln|x|—l——+0;2)x+cosx+c. 1276. 1) ¢ +
z z 222

+C. 1277, cosz —ctge + C. 1278. tgz —

1268.1) ¢*+ %-i-C; 2) +C. 1269.1) —ctg x—tg2+C; 2) —ctg z—

der =tgz —ctgz+

sinz

3 + C.
2t—1

+C; 2) 3tgx + 2ctgz + C. 1271. 1)

C; 2)§+

—2In|2|+C;2) 3¢z +

e 1
lna 4x%
— 2+ C. 1279, %sin 3z+C. 1280. —2cos g +C. 1281 —%e-” +C.

+ tgz+ C; 2)

1282. %tg be + C. 1283. 2(e*/2 — ¢=%/2) 4 . 1284. %(43: 1324 C.
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(3 —22)°
10

1288. % cos (& — bz)+C. 1289.1n (22 — 5z + 7)+C. 1290. % In(z?+1)+ C.

1285. — +C. 1286. —%(5 —62)/34 C. 1287. —/3 -2z + C.

1291.—0, 11n|1 — 102|+C. 1292.-%1:1 1 - 3¢2|4+C. 1298.In|sinz|+ C.
1294. —In|cos z|+C. 1295.In|sin2z|+C. 1296. —% In|l+ 3cosz| + C.

sin® z
3

1
2 + C. 1301. _33111 = + C. 1302. m + C.

1303. 22552 L 0 1304 S22 4 C. 1305. —¢%%% 1. C. 1306, 2t 4+ C.
sinx 2 3

1307. —%e-f + C. 1308. 2¢¥F 4+ C. 1309, %\/(a:2+ 12 + C.

1310. i{/M+ C. 1311. 0,5¢/(1 + 232+ C. 1312. —/T—2% +
+C. 1313. —/TF 2cosz + C. 1314. §m+ C. 1315. %(1 +
+ 4sinz)¥2 4 C. 1316.—%(1—635)4"3+C. 1317. 2x+%(32"’—e'2‘”)+0.
1318. Si‘: £ 10 1319 —%m +C. 1320. —%sin (a —bz) + C.
1321. 1(1 +32)¥3 4+ C. 1322 —;(1 - 223701 C. 1323. VT + 22+ C.
1324. % +C. 1325. 2ln|sinz| — ctgz + C. 1326. % 4 C.

W+C 1330.1) 0,11n +g
+C2) = 1 arct.g +C 1331. 1) arcsin — 2 +C 2) In(z+zZ+5)+ C.

1332.1) 111 |2+ \/.1:2 —4|4+C; 2) \}_ aretg \/_+C 1333. 1) arcsin 55+C';

+C.

1297, %ln|1+2sinx| +C. 1298. In|l+Inz|+ C. 1299,

costz

1300. —

1
1327. -3 In|1— 23|+ C. 1328.

+

1 z3 1 z? 1 b —
2) — arctg — L1334, 1) - 2 In .
) garcte g +C )23"’°3m\/‘+c ) 3™ ba‘:+a +C
1335. 1) la,rcsm +C; 2 —ln(a: ++/28—1 )+ C. 1336. 1) 2,6x

2 \/5

% In (z2+44) —arctg §+C; 2) §ln|a: —4|—ln .1:+2 +C. 1337.1) V22 +1 +
+ ln(z+\/a?2+—)+c 2) \/ms+arcsinx+c. 1338. x — arctg z +
3V3, |2=V8

R TTY NP |
g 3+~ a‘:+\/§

+ C. 1340. arctg (¢ +2) + C.
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1341. %arctg? + O 1342 ln(z+1+\/a:§+2a*:+3) + C.

1343. arcsinx—-|-21+0. 1344, arcsin +C 1345. %ar tg 23\;:3 +

1 4z — 3
('.1346. — arcsin —— +C. 1347.—111 Jz—-1 922 —Bx + 3
+ 7 e+ 7 I +v | +
1 z—+/3 x
+ C. 1348, 3 |arctg —=+In|———=|| + C. 1349, arcsin —+
( V3 +v3 ) V2

+In(e+v2+2%) + C. 1350. 2In(z2 +5) — Jgarctg% + C.
1 z—2 z3 P

1351. — In|—— C. 1352, — -2 2v/2arctg — + C.

x+\/§nz+\/§+ 3 vt \/_arcg\/i-l-
1353. arcsin (¢?) + C. 1354. arctg (222) + C. 1355. 0, 2arctg 35%2 +C.

1356. % arctg %+c. 1357. arcsin *1 2

- %arctgza:/-g1+0 1359.%ln(2x+1+\/4x§+4z—3)+0.

+C. 1358, % In(z®+z+1) -

2 2
1360. zln|z| — = + C. 1361. %ln |z — 1] - % (‘”—

7 +a:+ln|a:—1|) +C

1, 1 2241
1362. ;e (a‘: -~ 5) +C. 1363, —

+ 2zcosz — 2sinz + C. 1365. %e”(sina‘: —cosz) +C. 1367. z[(In(z| —
ln|a‘:| +1

arctg x — g +C. 1364. z?sinz +

—1)2+1] +C. 1368. —zctgz + In|sinz| + C. 1369. — + C.

1370. 24/l + zarcsinz + 4+/1 —z + C. 13'1'1.a‘:arc@.ma‘:+n./1—a‘:E + C.
1372, —e % (23 + 322+ 62 +6) + C. 1373. zln(x? + 1) — 22 + 2arctg =z +

+ C. 1374. g(coslnz +sinlnz) + ¢. 1375. %x/ﬁ (ln|a:| - g) + C.

1376. —2¢%/2(2? + 42 4+ 8) + C. 1377. zarctgz — %ln(l +2%) + C.

1378. ztgz+In | cosz|+C. 1379.0,5¢” (sinz+cosz)+C. 1380.4+/2 + = —

— 2/2— 7 arcsin = + C. 1381. - 1(%+ctga‘:) + C.
2 2 \sin* z

1382. zarctgy/Zz —1 — ¥ 2’;_ 1 L. 1384. 3¢ + 4sine + sin2z + C.

3z sin 4z 3z sin2z sindz
1385. E+cos2a*:— 8 +C. 1386'?+T+ 32 +C. 1387.§ -

sindx 3z sindr sin8z sindz sin®2z
) +C. lSSS.m——lzs +1024 +C. 1389. — 16 T +—48 +
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-4 5
+C. 1390.—cosx+§cos3x—°°s5‘”+o 1391. Smg‘” S“‘5‘”

1392. %s’m" x— % sin® 2 +C. 1393. sinx—sin3x+§sinsz - %sin'ra: +C.

+C.

3
1304. 7z + 14sins + 3sin 2z — 290 %

+ . 1395. —.L —sinz + C.
1 { sin & .
1396. —— +cose + C. 1397, Slnftgz| + C. 1398. 1) ln|tg §| +

+ 2)ln|tg (g+g)|+c. 1399.1[1n|tgf|+1n|tg (f 1)” +C.

de dz
1400. fm fsmz—sm (1/2—:&: \/_ Slll(«".‘—ﬂ'/‘l)

-1 g_I tg’z ctg?x

= Eln |tg (2 8)|+O 1401. > +In|cosz|+C. 1402. >

— In|sinz|+C. 1403,_1(0084‘,,:_'_2(.’08%)_'_0. 1404.1 sin (m + n)e
8 2 m+n

sin (m — n)z
m—n

1405. 1) isin%‘:— ll—ssin&t: +C; 2) % [

x 1 .
]+Cnpﬂm:,£nu§+ﬁstm$+Cnpﬂm—n.

sin(m —n)z sin(m+n)z] +C
m—n m+n

z 1 .
npum # n u 3~ Estmz + C mpum = n. 1406. —Ecosﬁx -

1 5 sin®z 5sin®z bsinz
- gsm4z+C 1407. 1) 16° cosa:( — +t 5+ ¢ )+C.
cosx sinz 1 r w
1408. 1 ln|t. | p) P |t. 2y | .
)2sm t3 g2 + )200323:-'-2]1 g(2+4) +C
1409. lsz + 3sin 2z + %sinéla: +C. 1410. gx— 4lsi112:c+ %s'm4x+6‘.
x sindz  sin®2z . 2sin®z  sin®z
1411. Es— 6_43_ 48 + C 1412, sinzx — 3 53 C
1413. v T _o8e + . 1414, T2 — 14cos e — Isin 2z + Beos"z +C.

1415. 1ln|t.g..*-:| —z+C. 1416. l(2 sin 22 — sindz) + C. 1417, 1 +
2 8 cos8 &

1 my 1 2,
+ cosz+tgz+C. 1418, —7 o8 (22: + g) +3% +C. 1419.1) ?+z +
3 3
+4z+481n |z — 2|+C; 2) %—azz+aa arctg §+C; 3) %+%ln |23 — &3] +
— )2 _ 138 3(., _
Clz-2)* E-D L o 149 EEE-Y
- z+2 +1

e

+ C. 1420. In . 1421. In

(z—1)% 1 r—2

+ C. 1424. = +In
|| z

22
1423. e + 4z + In
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Ao 1426. In Ca( 2
ax z—1

a2
x -2 2 5 2 z+1
$+1’_?+O 1428.§ln(£ +2a‘:—10)—a1'cth+C.

1429. 21n (2% — 0, 22 + 0, 17) — S arctg 10’:4_ lic

1430. In |z + 122 +4 + C. 1431. 31n —M_Izlzﬂ + 2arctg % +

1 (x +2)2 1 2241
132, oln 71—t 1433.1n Y22
+O M2 o 2z+4+4far°g 73 0. o + 1]

1 1 z bx
- 241 + arctgx + C. 1434. 1) W(&mtgﬁ-'-m) + G
1 [=(5624+32%) 3 z+9 1

@[WHM% 5] vor sy i - i

8(x2+2¢+5) 16
z41 (x — 3)(322% — 18z + 32) ]
x arctg —— + C; 2) < [ (@% — 62 + 1012 + 3arctg (2 —3)| +C.

vertl 2ol e 143':'—2 ‘/E
|z + 1 z2+1 4(2? +2)

1438. L |—°—|+¢. 1439. L1 ”'+b|+c 1440, —ln
a |z+a
1 z—+/3 1 1 1l

a—b
In arctg — + C'. 1442 —+—nx_1|
103 |e+v3| 52 Ji 22 |z41
2 _ .2
+C. 1443, 1]”’” Y o=

1425. L [2=¢

+

1427.In

2)

1436. In —arctg — + C.

\/E
-2

1441.

1 || Clx—-2)2
At 29 _4111 4+32+C' 1444. In 1

Clz—-1)3 C(z—1)
G-y M T
2 Clz-2) ||

. 1448. 21In - . 1449, In ————
z+2 z z—2 Ve —2z 42

+2arctg (z — 1) + C. 1450, %ln _W + %arctg% +C.

[ +1] 1
1451. —l arct
s R R v Al

1 (z —2)? 1 oo tl
24 "2ty +4 a3 OBTR
1[ r+2

1453. mb s e

z2 +3—a: _ 1
1455. 3f 2352 13) 3 3\/_ arctg —

1445.In C(2 — 1)4/22 + 3. 1446.1n

+

+

1452, —

+C.

x
z+5

+arctg (2 + 1) + C. 1454, 1ln + C.

5

f
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22 41—(22-1) z—1| 1
1456. (32+1)( ) de = 4l x+1’ 2arct.ga:+C.
P +1—(:|5 -2) 1 x—\/i 1
1457. 3f 1)@= 2)d 6\/_ Y 3arctga*:+C.

1458. "”'+2$/ )2+ . 1489 2""’Jrl(z\/‘z F1-3) +C.
1460. 6 ‘/_ ‘/_+\/‘ lu(1+¢‘)]+c

2
1461. E(Szz —azr—2a®)\a—z+C.

1462. g l—\a,(z42+1)2_ Vet+T+In (V2T + 1+ 1)] +C.

1463. % +C. 1464, :Farcsin% +C(—muz>0mn
+ mpu z < 0). 1465. 1n$+1+\/§;+%+1. 1466. —% 2“;"’
+0. 1467, In — Sg I ;l — 1468, % [eva@ =2 + a* aresin 2] +C.
1469. ﬁ +C. 1470, 2a,rcsm§ - Z( —eWI-a+C.

1471. W-FC 1472, f m dx periaeM nogcTaHOB-

Koit £ — 1 = 2sint,

\/ - — 1)/ )
/ 4—4Siﬂ2t2008tdt=2&rcsj_nx 1_(‘1" DvV3I+2z—= LC.

2 2
1473 i —arcsin — + C.
) V2 — a2 \/5
1474. %(a‘:+5)\/a‘:2+2a‘:+2—3,5ln(a‘:+ l++Ve2+2:+2)+C
e+1
1475. —/3 — 2z — 22 — arcsin +C.
2 —
1477. 2 2ar — x2 % arcsin z—¢ +C.
1 \‘/14-_3:5—1 2 /(2 — 23)2
1478. - arctg W1+ 234+, 1479, - Y —— 1
T tgarce + @ T
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1480. m:— ! +p= _22+ 1 +g PaBHAETCA LeIOMY UHCHy; TOJORHB £ 2+1 =

= {2, nonyunm
z~ 22 3 dy ——ft2_1dt—— 1+ 222
(=2 +1)3/2 &2 T a1+ 27

1 1
1481. % = 3+ PaBHAETCA UENOMy YHCIy; modomus a — bx? = 12,

mOJTYIEHM

2 _ pa2 — N2 —
l/t Cg= 200 o ogagp, BTDVE-LL
b2 2 b2/a — ba? 3

(3z + 1)%3 1/3 1/3

1483. —————+ (32 +1) B41n|(8z+ 1)V/3 - 1|+C. 1484. 2 -2/ +
+2In(v/z+ 1)+ C. 1485. —0,3(2z + 3a) /(e — 2)2 + C.

1486. 2/z — 2 + 3 arctg "’T_z +C.

147, 3241 (‘%‘32+ I Vet 1) +C.

+C.

2 5 i '3

1
1488. In (1 + v1+ %) + ——=——+C.
n(l+VIFE) + et

1489. z? + %\/(4 — z2)3 + C; B 9roM TpHMepe BHITOZHO CHAYanaa ocBobo-

OHTECA 0T HPPaNHOHAIELHOCTH B SHaMeHaTele,
z+2
x

+ C. 1492, 2 arcsin g — gw./ﬁl —224+C. 1493. 2 arcsin \/g—\mz —x224C.
1494 2;—“’\/4z+a:2—21n|z+2+\/4z+a:2| +C.

1490. F +C (—upuz>0u+ upuz < —2). l491.arccosﬁ+

1495.—z;6v5+4z—zg+1§7&rcsinz;2+C.
a9, YIFF 1 VI+2P4+l
22 2 ||
14 22 —
1497. — p + C. 1498, Tonomue 1 — ° = <, maiigem
22 dz _g'[ dt —lln VI—28-1 +C
23/1—23 3J £2-1 3 |VT—-28+1 '

1499, Tosomue x = 1/1, naiigem

= arccos ﬁ +C.
2x
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1500, 1ln (€2® + 1) — 2arctg (e*) + C. 1501. 11;3323 —tgz+e+C.

2 3

g2 z
1502, S~ — 267 +4In (e* +2) + C. l503.ln|tg§|+0.

1 2tg(=/2) +1
1504, - arctg { = ¢ 1505. = ln 17 e sl BFIPS )

za»rcg(Q 32)+C ‘ )_2’+C
1506, _ &2 —ctgz +C. 1507. 2arct.g (th) +C.

tgtes tgla
1508. e”'+ln|e”'—1|+C. 1509.T—T—ln|cosx|+6'. 1510. &% +
1. [ef = 1 tg(z/2) tgdz
+ 5l ”_1 +C. 1511, Earctg( 7 1+C. 1512.1 — +
+ tge+C. 1513 Sarctg(2tgz) + C. 1514, 11n|t;g§| + gtggg +
+ C. 1515. %ln|tg§| - %ctgzg +C. 1516.2Inje" — 1| — z + C.
1517.%(tgz+ In|tgz|)+C. 1518.1) Shlg“’ 24032 + ch 2¢ +Sh84” +
3

+C. 1519.1) shz+ 2% +.C. 1520.In|ch 2| +C. 1521 —1=RZ L o

shz

2
1522, — (g 4+ 423 + Sh;) +C. 1523. 1. 1524. Cm. samauy 1366.
r z ch®3z  chdz
1525, — = 4+ C. 1526 ————— 4 C. 1527. —
it | 5 32—5: 9 3
+ o 1528 B % 0o 1520 T L0 1530, 2 — cthe 4 C.

32 8
1531. 24/ch 2 — 1 + €' (mop unTErpanoM }"MHO?RHTB cuaqa.ﬂa YHCIUTENE U

aHaMeHaTeab Ha +/ch 2 — 1). 1532, she — +C 1533. - ln [z + V&2 — 3| +

chz
+ VAT 4C. 1534 In fo +VET T3 - X5 +3 1C. 153525 F T +
2
+m|EE2= ”I'H’ +C. 1536, 2rete®) o 1537.%111 rral_
13

1
- C. 1538. tg (5 - Z) + C. 1539. 2arcsin/z + C (nonomurs

z = sin®t). 1540. abarctg (%tga‘:) +C.

2

l1-¢ 1-=
1543. 1/—d.1: =f de = arcsine +v1—224+C.
f 1+2 VI—2z2 + +

1541. i (a:? + zsin 2z + 1 cos 22:) +C. 1542. InCe®+ 1) —z —e~".
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1544. —

3 2
ctgs  +0. 1545. ztg e + In|cosz| — % +C. 1546. In |tg;| +

+ cosz + C. 1547. _I arctg$ + C. 1548, 321/8 — 12,1/64

b
b— 3oz
1/6 ol = 1).
+241n (2% + 2) + C. 1549, 8alaz + O + ¢ (momomutk ax + b = t)

1550. —i + arctgz + €. 1551, -1

a3neJuTh YUCAHTENR H
P (p

3HAMEHATeNb HA COSx M NMOIOKATL tgz = £). 1552, g\/a +blnz + C.

1 3
1553. 35— T){a = ba¥)"1 +Cuopun # 1m ——ln|a—&a‘: |+ C

npa n = 1. 1554. Brigeaue nox KopHeM IONHEIN KBaIpaT, TMWIORHTE & +

+ 1 = +/2sint (Mau me pemHTE MeTONOM HeoUpelelNeHHHX Kovdrum-

eHTOB); —m + arcsin \-/l-ﬁ + C. 1555. — (7_++1;2 +C.

1556. %ln ] fxz - a""’f%a 1557. ; arctg ;-%HZ In (4 + ¢2)+C.

1558. In |% . 1559, 2 +cigz — °tg; i

1560 VA" _ presinZ 4 C. 1561 1) —In | V3T L) Lo
P 2 /3 |V3—cige

i b e b e A

GOMATBCA OT HPPANHOHANLHOCTH B SHAMeHATEe; §[ z+a)3? - 232 1+.C;
2
2) %[:E\/a:§+1 +In(e+v22+1) + ¥ + C. 1563 % +z+ % +

_ 12 3/2
+ ln@. 1564. —% (31-2) + (IIO.TIOMTB x = l)

1
1565. garctg V23 — 1+ C (nonomuts =* — 1 = 7).
1566. 0,5[z +In |sinz + cosz]] + C. 1567. 2[/z arcsin /2 ++/1—z] +C.
1568. tg?x + C wm 12 +Ch.
cos?z

2 s 2

1569. f wdx = —fctg2x d(ctg z) +fd(ctga:) =ctgz—
sin” z

_ctg’z
3

1572, itg z +C (monomute tgz =1). 1573.1n|z| -

+C. 1570. —ctg zIn | cos z|—z+C. 1571, e"’+ In|Z z+1

ln|a:+1|+C.

e
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1574. f\/l—sinzd:E::I: coswdz ————=32/1+sine+C (+ npm

V1+sinz
cosz >0 u — npu cosz < 0). 1575. %arctg (v2tgz) + C.
1 d(z?) 1 f22+1-(22-2) ,, ,
1576. - | ————— = — d =
2/ )@= _6J @rE=g @)
1 |$2—2| -z
= gln ] +C. 1577, —2e~V*(\/z + 1) + C. 1578. 2\/zarctg/z —

- ln|1 +z|+C. 1579. \/igz + C (nomomuts tgx = ¢). 1580, In|z| —

“’2'" In(z2+1) + C. 1581 liarctg(ax)+c 1582. 2(/7 +
na

- 2(:rr+7’) [Vz+1-+2| oo
+ cos+/z) + C. 1583. vz +1+2v/2In it \/_+(
VET—1

aommTe z + 1 = t%). 1584. & — /1 —zZarcsinz + C. 1585,

3224+ 32+ 1
3(x+1)3
= t). 1587. vV2az+ 22 — 2a¢ln|e + ¢ + v2az + 22| + C (c. 153, u. 4°).

.2
1588. lmu +C. 1580, — LTesEsME o
|22 + 2| sin z

1. Ce?+2:+2) 1

1590. lﬁlrl a:—2.1:+2 +8

MHORUTeTH Tak: o3 +4 = 21 + 422 +4 4a:2=(.1: +2)2—42%2uT n).

1592. s5 = 0,646, S5 = 0,746, f— =0,693. 1593. 20. 1594, 2—1

(IIO.TIOMTB xr = %) 1586. — + C (nonomﬂrb z+1 =

2x
ctg —— - (3Hamenarem: pasaaracTca Ha

8

1595. %. 1596. E‘ 1597. W‘ 1598. 3(c — 1). 1599. In(1 ++/2).
a

1600. —. 1601. lonomup £ = $2 ¥ HBMEHUB COOTRETCTBEUHO NpeNelhl, MOMY-

2t di 2-3
2

22 = (2t +2In(t - 1))[5=2(1+1n2). 1602.

t—
T 3 2e a(r—2)
In2. 1604. 3 7 1605. 1o T 1606. ) (

= asin’?). 1607.; 1608. T 1609.2In2-1. 1610. ‘/§+l“2(1+\/§)_
\/5_\/5 3 1 m 1-3 ﬁ-‘
Y 161200 1618.1) 5 252) 5y - 55 9)

yHM . 1603.2 —

wg“""‘sw v.\:oln-

IWIOMHTE * =

[y
L2
o

1611.

(%)
.
=
IR
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3 —_
1614, — %. 1615. %. 1616. 1. 1617. V3 1 168 2Inl,5 — %
1619, arctge — % ~ 0,433, 1620. 16—7 1621. ”;2 1622. %— 1.
1—In2 1 = 1-3 =« 1.3 « 32
1623. . 162;. 1) 3 3 2) 74 3 3) 52 5 1625 3
1626. mab. 1627. 3 TIPOMSBENIEHNA OCHOBAHMA (2+/2ph) ma BrICOTY A.
1628, 3:,_)—2 1629. 8Iln2. 1630. 1. 1631. 13—6. 1632. 19,2. 1633. 25,6.
1634. %. 1635. g. 1636. 1%5. 1637. ma? (cM. pue. 56 Ha c. 309).

4-m)a?

1638. 0,8 (cm. puc. 53 na c. 307). 1639,
(pmc. 84, c. 335). 1640. 2a%shl = a%(e — e71) &~ 2,35a2. 1641, 3ma?.

2 2
1642. 5T 1643, 2. 1644 ST 1645, rme = 4 mpu 20 = 90° +
+ 360°n, 1. e. npm ¢ = 456° + 180°n = 45°, 225°; rnin = 2 npm 2 =
= —90°+ 360°n, T. e. mpu ¢ = —45° + 180°n = 135°, 315°. Cmem-

HEHE SECTpeMalbHEe pagnyc-eekroprl npm 45° u 1356°. Hceromana muomaps
8r/4

: TIOJOAMTE & = 2asin’ ¢

1 ) 2 197 3 wal wal
paBHa o f (3+sin2p) dp = 5 1646. —-. 1647. -5 1648, -

wi4
1649. r = a(sing +cosp) = a 2cos(<p—%);rmax=a\/§npn<p—gz
T T T T T
—OMP—Z; f‘mm—OﬂP!HP—Z—:I:E,(p——ZHT. Ilromank
3xj4

2
S= % f (m/f)z cos? (,p - g) dp = %. OTBeT MonyyaeTcA mpoIe, eclIu
—-nj4

HepefiTH K NEKAPTOBRIM KoopAuHaTaM: x> + ¥ = a(z + ) — OKpYRUOCTS.

2 2 2
1650. %. 1651. W. 1652. 3% 1653. 36. 1654. 12.

1655. % 1656. % (cm. puc. 52 na c. 307). 1657. % 1658. 2. 1659. %
0

1660. 17,5 — 61n6. 1661. 2]—2:Va‘: +1lde = % (cm. pmc. 49 ma c. 307).

21
1662. rax = 4, Roraa 2 = 180°+360°n, ¢ = 90°+180°n = 90° nau 270°;
Pmin = 2, Koraa 2p = 0° 4+ 360°n, ¢ = 180°n = 0° uau 180°. Inomaan
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w{2
1 2 197 3n na? wal
2 2 b 11
1666. “T(ezw — e~ %) = %ShQﬂ'. 1667. 4abarctg —. 1668, ?:'raz.
a
2
1669. xph%. 1670. 8ra’d 1671. 12x. 1672. 58,57. 1673. 2n%a%h.
1674, 7¢% [ 22 1 1), 1675. 227 1676. Tmas. 1677, 342, 1678, 2127
2 15 6 7
T {br /3 na® w2 64 (r+2)m
1679. — | — + —|. 1680. —. 1681. —. 1682, — . 1683. ———.
1 (3 3 ) 6 6 3 1
) )
1684, 2ra%b. 1685. 527 1686. 19,27, 1687. ST 1688 V =
3 105 3
= 12;11-. 1689, 572a3. 1690. 72x. 1691. % 1693. 6a. 1694, %

1695. 8a. 1696. Tourn mepeceueHHA ¢ ocAMM mpu t; = 0 H 1, = V8,

¥B
s=/\/t4+1-t3dt=13—3. 1697. /6 + In(v/2 + /3). 1698. 2ash1 =
v]

12/5 13/5

o z 2
~ 2,352, 1699.5 = f 1+2 d; nomaraem 1422 = t2; 5 = f t_i dtl =
x —
3/4 5/4
1, t—1]*°
= [t +-In— =1,35+1n2r22,043. 1700. Touru mepeceueHud ¢
2 t+1] 0
T
ocAMU NpH &1 = U 23 = §;
/3 /3 /3 .
3=f dz = / cosa;da‘: =f d(su‘l:t;) =Iln(2+v3)~ 1,31
COS & coss g 1—sin“z
0 0 0

1701. 1) 44/3; 2) 0,5In(2ch2) v 1,009. 1702. 1) 8a; 2) may/1 + 472 +

+ gln(21r+1/1+4ﬁ'2). 1703.?. 1705. 2. 1706.1n3. 1707.21n3—1.

3
1708. p[v2 + In (14 v/2)] ~ 2,29p. 1709. 44/3. 1711. Ur 1712, na?x

3
x(sh242). 1713.2x (1 + 4—”). 1714. 22 [v/2+In (1 + v3)]. 1715, 63—4><

3v3
xwa®,  1T16. 3w, 1717. 4wx%ab. 1718. wn’. 1719. 62{
1720. 2,47a%. 1721. 29,67, 1722. 1,44 - 10° H; Ha HHAHO©0 NOJOBHHY
cuna nasnenna 1,08 - 10 H. 1723, GTH. 1724, §R3 1725. 2,4 - 10°H.
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3 3 3 3
1726. J, = %, Jy = aTb v g, = & g = “1—; 1728. 6, 4.

1729. M, = M, = %; Bo = yo = % 1730. M, = f%yd&:: 0, 1ab?,
L1

& &
M, = f::ydx = ibaz; S= fydx = 03—5; .= %a, . =0,3b 1731 2, =

0 b

&
2 [(y/2)ydz A

- _ o0 .. : 1047 T
=0,y = 0 5ra 31-,“ & ga. 1732. 1) 1,12 - 104~ I=x;
R4h
2) 2,5-10%~R* I=. 1733. f

R

mgR? . mgRh 1000 R2H?
= da:_R+h. l'?:’rl.—6 £y

H
s 210 . 1735, 12410 0=, 1736. 0, 24n Ix. 1737.¢ = _Sdz =

, 0,65,/ 2gx
R? Hyh

= 100c. 1738.¢= — —~_
00c 0,6r2H2%/2g
h

z+/z dz, rne h &~ 2 — BBIcOTA JOMOT-

2
HHTENBHOTO KoHyca. Berumcane, momyanM € Ry 42¢. 1739, &. 1740. 171.

3,5
h

1741. E 1742. 2,4 - 10*H na ramayio crenry. 1743. I, = fyga*: dy=

2
2 2
! 4502 2 ma’ g‘y i
=/a sin“fcos“tdt = —. 1744, 2, = 0, ¢ = =

0

8
16 2 )
0 2 fyde
0

H

mR2 - 1000 . poVo | (Vo
1745. Tf(H - 27) 2 de ~ 300x Tm. 1746. y— 1 Fl 1| =
0

147R* [R 4007

[eu)

d
HHTerpannl 2) H 3) pacxomarca; 4) / —: = 1 mpu n > 1; pacxo-
z n—

1
maTea npn n < 1. 1749. 1) 1; 2) 1/2; 3) n/4; 4) 1; 5) In2; 6) 16.

1750. 1) %; 9) T 4102 4 ”g 1751. 1) 63/3; 2) pacxomures; 3) 6.

4 2’
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T de 1 1 dz
1752. 1) f\/l-l-—«":3 cXoOuTCA, THo i < ~372" ® fa:3-"2 CXOOATCA
i 1
(cM. 3amauwy 1748); 2) 'Dfd—z acxoauTcA, Hbo ! > 1 a
. }' L] J VES—_]_ p ) a 3 — 1 z)

-

dz

&

pacxogurcs; 3) uto se?mprz =1, a

sinx dx

abcomoTHO CXONHTCH,

"‘“--.._58 N“--.._58

e~% dz cxommrea (cM. 3amauy 1749); 4) f

o0 =]
| sinz| 1 dz
o ——— £ —, — 3 1748);
ubo —— < 5, a [ 5 cxomaren (cM. samauy \/_1
1 2
=)
z z dr
pacxomurca, ubo N > T mpu z > 1, a f .3 PacXomuTCA;

o0 o0

fe x—f -=? d..*-:+fe3"”2 dx cxonurca, wubo e~* L e ¥ mpu
0

[eu]

z>x1, af ~% dx cxomurcsa. 1753, 1)] = L pH n < 1, pacxommTca
_a)l n
mpu n 2> f G—2or S — opu n < 1, pacxomgurea npu n 2 1.
1754. 7. 1755. 2. 1756. 37a?. 1757. 2n%a5. 1758, 7[vZ+In(1 +v2)].
1759. %‘T. 1761. 1) %; 2) l- 3) 1; 4) pacxonurca. 1762. 1) In (1 ++/2);
2) 2 8) 1- %. 1763. % 1764. 167. 1765. 27. 1766. 1) 2, g 32
2 2
3)811-4)“ +ib+b 5) 3 1768, 1) e(h) = 0 2) |e(h)] < o7 4 =< 0,3,
55 2. 10-4
1770. —n =~ 28,81am%. 1772. In2 = 0,6932; [e(h)] < < 0,001.

6 15
1773. 8,16mw. 1777. llpubnumenno 1,22x. 1778. K = % 1779. R = %

1780. B Bepmune (2;0) Ry = %; B Bepmune (0; 1) By = 4. 1781. R =
= 4a. 1782. Ymax = % mpu z = 1; R = e. 1783. (4; 4). 1784. (3; -2).
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1785. (0; 1). 1786. 27X? 4+ 8Y3 = 0. 1787. (2X)%/3 4+ Y?¥/3 = 3%/3,
1788. X2/3_Y?2/3 = (2¢)%/3. 1789. X = acost, Y = esint umu X24Y2 =

2 In2
= a% 1790. k = °(1 + 2*)73/2; | = —— BTOURE & = —— &3
N —0,347. 1792.1) B = —\/Qar, 2) & 3) . 1793, % 1794. 2.
1795. 1. 1796. 1. 1797. (—2; 3). 1798. (0; —%) 1799. (—12—1; 13—6)

1800. X = % - g & —0,T:Y = —v2x —1,4. 1801. 8X3 — 27Y2 = (.

2 2
1802. X = —t2 (1 + %), Y =4 (1 + %), IIA DOCTPOeHUA KpPURONH U

9BOMIOTH COCTABMUTE TAl/ALY 3HaveHwi z, ¢, X, ¥ mma 1 = 0; +1; £3/2.

1803. (X +Y )23 (XY )3 = 4. 1804. (X +Y )34 (X -Y)?/3 = 24%/3;
npu MoBoOpoTe ocell Ha 45° 910 ypaBHEHHE IPHMET BHIT a:f” 3+y2"' s = (2a)%/3,
T. €. SBOMIOTA ACTPOMARI €CTh TOME ACTPOMIA C YHENUYEHHBIMH BIHOE Das-

MepaMu U moBepHyTaA Ha 45°. 1806. 21. 1807. 5¢. 1808. 7,5. 1809. 2x.
1810. 2sh1 = 2,35. 1811. 3+2ln2’ 1812. 3z + 4y = 0; j = 4i — 3j.
4 2 dr

. d*r .
1813. y = %: 2|§, S =+ 2(2 -8 BU4.w = 2 = -3,

sapap £ = 0 w, = 1,6;
= VaE—1lott 2 —16t+2 = VaE_16t1 2 —16t+2 P T

= 1,2. 1815. = 5 + b—g = 1; v = —asinti + bcostj, w = —r.
- _2 _ 48 _ 2 _
1316.”t=yt=2t.1317.x z Y- _Z-vE
1 2% 312 1 2z 1/(2/z)
z—1 y—3 z-—4 L . Y
1818. T 1819. ¢+ = —i+k, B =i+ k N = —2j;
f=_l+k; =%,v=—j. 1820. B = r x ¥ = 6i — 6j + 2k,

N = (f xr) x r = —221 — 16j + 18k, ypanHeHHA TITaBHON HOPMATH:
r—1 y—1_ z_l'ﬁuuo AT r—1 y—1 2z-1
11 8 —g o onepMeIE =T
omeiica wiockoctn: 3z —3y+z=1. 1821. N =3(i+j), B=-i+j+2k.
e—1 y-—1
TTT T
— ypaBHeHHe KOHHMYe-

H COOpHKAaCA-

YpapHeHUA TnaBHOM HopMaam: z = g, z = (}; GuHOpMAaTH:

= % 1822. Hckmouns ¢, nonyynm 22 + 32 = 22

ckolt mopepxHocTH. ¥ = (cost — tsint)i + (sint +tcost)j +k =i+ k;
= (—2sint — tcost)i + (2cost — tsint)j = 2j; B = ¢ x r = 2i + 2k,
N = 4j. Racarearnaa: ¢ = z u y = 0; rmaprana mopMaar: ock Oy; 6m-
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HopManbk: £+ 2z =0 uy = 0. 1323,npﬂt=g%=z—:wl2;
Va Vb V4ab

y=a 1824.cosa=3—"—— cosf=——, cosy=%———;

Va++b va+vh Va++b

BHIGOp 3HaKA BABHCUT OT Bhifopa HANPaBIcHUA HA KamAol BETBH KpUROI.
1825, YpapHeHuA BUHToBON MMHMM: £ = sin2f, y = 1 — cos2t, z = 2t2,
rie ¢ — yroa moBopota (pwc. 44). EnuHuuHH#® GHHOpMaXhHRIN BerTop 3

mi+j+k i
C t = w/2) = ———. 1826. llpu i = - v =
B Touke C' (npm n/2). B o pu 7 v
4
BT N¢

s
pran
A
/
A

i~
¥
Puc. 44
. . . -2 y—2 z—8 x—1
= a(i+)), w = ai. 1827. < =1 = 5 1828. 7 =
_y—2 -2 E_Z—l 0 0 o
== nz =3 2 =71= 2.1830.120,60,45.

z—1_ y—-1_ 2-1
26 31 = -22°
. 1832. N = —4j — 4k, B = 2j — 2k. ¥paBrenua

1831. N = —261 — 31j + 22k, B = 16i — 12j + 2k;
z—1 y-1 =z-1

8§ ~ -6 1
LAaBHON HOpMANU: & = 7, 2 = y + 2; bumopManu: ¢ = «, y + z = 6.
. . . . . v Xw 2
1834.v=r=1+(1—2t)_],w=r=—2_],——Iva|—v—3

4t -2 v2 2

=2 Ut AU w, == — = ,wﬂ_—=—= 3.
V2 - 4t+4t5:’4 -2 R ‘U4i f
1835. v = r = —4sinti 4+ 3cosij = Lg‘l, w=1r=— +3";
V2 V2
112 — 5 . _ Isin2t _@m b
B va,v_\/lﬁsmt+9cos t, v = 70 ,l'lpllt—4 v_\/i,
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2
=0,7v2, w 2 —E=%=2,4\/§. 1836. v =

Wy =0 =

5\/‘ mE=RET T 5
—F = Q424 2%, w = 2§ 4+ 4tk; v = A2 41, R |"X3“’| =
v
2 2 , v 2(28241)2
_(2t2+1)2_5’wr_v_4t_4’wﬂ_§_—(2t2+1) 2 (B mobott
Toyke). 1837. CHavama cOCTABHM MATpUIY KOODIUHAT BEKTOPOB
r t 2 8
r 1 2t 32
r 0 2 6t
¥ 0 0 6
rxXF 662 —6¢

3aTeM Haiimem: 1) [v] = v1+482+ 94 2) |F x F| = 2v9E + H2 + 1,
W91 1 12

3 =12;4 )= ———————— =
JREF = ) R™ Jotaczto0)p ).0 4(9t4 + 92 + 1)
1 VZ \/‘ 1_ V2 1 /21 1
1838. — = = -, 1839. — = —, - =, 1840.H
R (e+9? 4'p 4 R-3°5 3 2
«mpapotty PHHTOBOH JMHHHN: ‘% = m, Ha ¢Jepoiis: % = 023_ %
1 2t 2 1_ 2t 2 v, .
4 6
+yk L_w 14’1__2 1343_l=£ 1=_1_
(W +1+45)3 27 7 R 3 p 3
1844 3) Bca II0CKOCTh, KPOME TOYRM (0' 0); )22+ < a8 zy> 0

(mepBrI#t u Tperutt Rnanpanrm) 6) 22 + y < 1; 7) BcA MAOCKOCTH, KpoMe
mpAMolt ¥ = #. YpaBHeHHA 1) H 2) ompeneaAlOT NapaGoloUNLI BPAINEHAA;
3) — noeepxHocTs Bpamenna BOKpYr ocH Oz KpuBOf z = ol R 0
(puc. 45); 4) momycdepy; 5) KoHyc, DaA H300pameHHA KOTOPOIO BO3LMEM

CeUeHHA: ¢ = a, 22 = ay H ¥y = b, 2% = bx — napaboan (puc. 46); 6) mo-

V1—22

H HAOPABIAKINTHMHA — PaBHOCTOPOH-

BEPXHOCTh BPAIlcHUA KpHBOM z = y = 0 eorpyr Oz; 7) roHyc

kx
¢ obpasyromumu y = kz, 2 = 1
HuMH ramepbonamu y = A, (¢ — k)(z + h) = —h%, uMelomUMY BepIMUHAL
Ha ocH Oy H oIHY U3 acUMITOT Ha INockecTd y = & (¢ = h, y = A); Ta-

KHe e IHIepbossl NOAYYaOTcH B cedeHHAX & = b mium z = h (puc. 47).
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1845. 5 = /p(p— z)(p — y)(z + y — p). ObmacTk cymecTROBaHHA (YHK-
wn: <z <p,0<y<puz+y >p, T. . MHOKECTRO TOUEK BHYTDH
TPEYTOMLHHEA, OIPAHUYEHHOIO JMHHAMH £ = p, y = p H £+ y = p.

Puc. 45 Puc. 46

1848. A2 = (2o —y + Ax)Ae = 0,21, Ayz = (2y — 2 + Ay)Ay = -0,19,
Az = Agz + Ayz — AeAy = 0,03, 1849, HenpepripHEIe H OIHOBHAYHEIE

Puc. 47

B obmactu |y| £ || dyuruuu 2 = +/22—y? u &+ = —/2? — y? uHso-

BpamaioTcA BepxHell M HUMHeH MOBEPXHOCTAMM KPYLOBOrO KOHYcA (c OCHIO
Oz). Tlpumepom paspLIBHOM (YHKUAW, ONpEeNeIAeMOll ypPAaBHEHHEM z =
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= ++/2% — y2, Momer cnymuTh QYHKUHA

HT I Ilpavele # = 1, * = 2 u T. 0. — nnaEnn pazpoiba. Hzobpame-
HHeM OyIOyT uyepenymwIIHecd HOJIOCH BepXHell W HHMRHell HoBepxHocTell Ko-
Hyca. Obmacts onpemenenms vroif pyrsunnm |y| < |#|, T. e. MHOmecTBO
TOYeK BHYTDH OCTPOTO YINIA MemIy NPAMEIMH ¥ = t& H Ha 3THUX NpPAMEIX.

1854, 2) Bca mnockocTs, KpoMe NpAMON y = —&; 3) TOYKM BHYTPM HILIUN-
2 2
ca 2—2 + ol 1 m nHa smmnce; 4) BcA INIOCKOCTH; 5) TOYKH BHYTPH yIia

|¥| € |#| u na ero cropomax; 6) kBampanT maockoctm £ » 0 m y = 0.
TlopepxHocTh 2) muaMHIpHYecKasn ¢ ofpasyiomumu 2 = h, 2+ y = 4/h m
HampapiaAomed z = 4/, y = 0 (puc. 48). TosepxHocTu 5) - 6) KOHHYeCKHE;

Puc. 48

noBepxHOCTL 4) — napabomonn. 1858. 3z(x+2y), 3(x2—y?). 1860.—3—2,%

2

2 3

—y z Y x Vi

1861. , . 1862. — , . 1863, — ¥~
T T AP C-07 G- O 3a(ya— D)
¥z 1864 Jc _a—bcosa 9c _b—acosa Jc _ absine

(V- =) Tda c & ¢c 0o e
du du du 5¢ du
— = e~ %] — —:—2_“"_ Y — = — — =

1866. % = (1-=zy), 3 zle 1867 %= T IR o
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- _ b= 1sss.— z 1374. =

(x+2t)% Oz 2\/:&: 0z — 22 3t 1— g2’
ylxl

= —asin(az — by), — = bsin(az — by). 1875. —_—_—
3y 3.1.‘ x2, /62 — y2

0z |2] 1876. 8z _ 3y 8z _ 3z

¥y - oz~ (Gy-220)2 By  (3y-2m)%

1877. z—: = ctz(z—?t), gt;u = —2ctg(z—2t). 1878. % = 2sinyx

x cos (2z + y), % = 2sinzcos(z +2y). 1885. 1) 0,075; 2) —0, le?

3 —0,739. 1887. —0,1. 1888, 1,27 om3. 1889. 0, 13cm. 1890. 1) dz =

= — (%+l) dr + (l+%) dy; 2) ds = Intde + ﬁ 1891. Az =
* ¥ ¥

= 0,0431, dz = 0,04. 1892. 0,15. 1893. —30wcm>. 1895. % = —(e* +

dz dy 8z 2z z

-t - - ¥ y 7 === -z
+ e7*) = —2cht. 1897, i + ze Is 1899, — Wy (1 ),
8z z z 8z 8z8u 8z 0v 8z
3_1.’ 5 (4 + —). 1900. 1) % = 3_153_1‘ + a—vg = ma—u + Pa—v,

8z 9z 9z . 0Oz 82 y Oz Oz Jz 10z Ju

3 - "32 7952 32 = Y9s " 2250’ % = ot 3o 1901.3—r=

By By du Bu du
—QCOS‘P'F‘S sin @, 3 ( 8xsn<p+ 8—00399)?' 1903. 1) —

= 2[(Az+By)cost—(Bz+Cy)sint| = (A— 0)31n2t+2Bcos2t 2) —
2e% oz 8r 8z Oz 9z

= m 1906. 1) 3_-1' \_/_3_11. + — v’ 3y 23 2) % =

0z ¥ 0z 0z 0Oz 0z By 2

= 5 m'F%, 3y a V'F— 19"7.5 . 1) — f
2ye?™ — % 3

2) 1910. £, 1911 -1, 1912, 1) ( 1;3) m (~1; —1);

9z 33—z 0Oz y 9z ¥

dz _
dt

Qe — ¢’
DG m (=51 1o o = 205, 5= L e 2 =
8z = 0z a 8z _ b dy = y
5 = g5 W50 = 5= 18 0= o 1019 -7
2 2
1920, VY jeor L qea 2 L qeas 024 22 _ ¥
2 5 5
Sy 2

8z "8y  z—z
1926. 6; 2; 0; 6. 1929. ——; ; 0; 0. 1931,

2xy v —x?
(2 + 522" (22 +g2)2
y(dz — z dy)?

zy? ’

—2zy

(I 1938. 1) 2 — (34% dz? — dry de dy+27dy?); 2) —
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1942,
&Pz r) a\? P &Pz &Pz
w-(3a+§) : =9%w T %a00 T o | !
&Pz r) a a a 327, Pz Pz
8x6y_(3%+%) (%"'a_)" w2 T 45400 T 002 | ~*
Pz g 8\? Pz Pz Pz
Tyz—(a*a)’ = 5w Tlouow o |°
Pz Pz Pz Pz
@'%xay +3W _—4&;30'
2
1943. 3anuceBad Tak Me, Rak U B samave 1942, momygum 42 ';
1945.
Pz _ 2Pz o Pz PP 20 | o,
9z2 Y Buz %2 0udv | g1 Ov? | 1% Qv
Pz 822. Pz 1 8z
57 =% ow T ouoy T @ our nd
822. Pz Pz 2y 9z
1 yew_—‘iyz@uav-'- z Ov’
2 2 2 2 2
r0a6. 22 2 ygq T2 2O Az 0z
de? = Oy? Jx? 1-2y’ 8z 3y (1-2y)2" dy?
82 4 28 Y
= ———=. 1948. 0; 0; ; — . 1953, dPu = —=dz? +
(1-2y)3 92 2R =T :
2 2y 3 .4 5 0%z 5 0%z
+ = dxdy, dsu_ 3 de®—— dz?dy. 1954.4a Su e’ 1955. —v Su O +

232: 22 z 1
+—3—. 1959.u=?+xlny—cosy+6'. 1962. u = —+ — +Iny —
z =z

u dv
— arctgz + C. 1963.u=zy2—a‘:+¥+0. 1964, v = zsin2y +

. 2
+ ylncosz + 42 + C. 1965.u=a:y+sm y+y+C. 1966. © = /X%

z
x(1 + vE2+1)+C. 1967. v = zlny — zcos2z + yz + C. 1968. u =

z—3y + C. 1969, y = *2+/1 + ; obnacts pacmomomenua: 1+ &z = 0;
z
2 2> —1. Tourn nepecevennna ¢ Oz: y =0, 2 = 0 unu .1: =-1. Ocoﬁaﬂ TOURA
2

O(0; 0) — ysex. IrcTpemMy™ ¥ Npu & = W= 3\/_ A :F (pmc. 49).

1970. y = H{x + /e + 2, 2 2 -2 — 06.11&1:‘1‘1: pacno.ﬂomeﬂﬂﬂ. Ocobaa
toura: (—2; 0) — Toura posepata. Tounu nepeceueHud c ocAMu: mpu 2 = 0
y=22v/2; mpu y =0 & = —2 (pmc. 50). 1971. y = £/ — 1. O6wracTs
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pacnonomenua ¢ 2> 1, # = 0, y = 0 — ocobaAa uzonupopanuaa royra. llpu
4 4

r=1y=0 Ht =2 y=22. Toura neperuba: £ = -, ¥y = +——=

¥ » P ¥ P 3 ¥ V3

(puc. 51). 1972. y = +a2+/1 — 2%, obaacts pacmodomenuda |z| £ 1, unu

vh
y.ﬂ
y2= (x+2)3
o= xd-x2

. -
-2 0 «x 0 1 2x
Prc. 49 Pac. 50 Pnc. 51

—1g ¢ < 1. Tounu mepecedenua c ocamu: mpuy =0 & =0, 22 =1, 23 =

= —1. Ocoban Toura O(0; 0) — yaes. IKCTPEMYMH NpH & = :I:i s 0,7

V2

1
Y = :I:§ (pHc. 52). 1973. y = ¢ %

+ fo NErmasmr wramamamarrrre w ™

>0

Prc. 52 Prc. 53

4
TPeMyM HMeeT (YHKOHA § = & — &+/z; IPH & = g Ymex = o

1974. y = +(z — 2)+/=; obimacts pacnonomenua z > 0;mpry =0 & = 0 wim
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z = 2; ocobana Touka (2; 0) — ysen. Kpusaa mMeeT Takolf e BUN, Rar U
z+ 2a

Ha prc. 52, Ho capuHyTa BupaBo. 1975. y = +(z + 2a)4/— ; KpHBad
PacToIomena B Toll ofIacTH, roe & B &+ 2a AMe0T pas3Hble 3HAKH, T. €. NMpH
—2a € & < 0. Ocobas Toura (—2a; 0) — Toura BosBpara; & = 0 — acuMu-
tora. KpHBaa — nuccouga, TakadA e, Rak Ha pHc. 85, Ho cMeleHHaA Ha 2a
3_
Baeso. 1976. y ==+ d 3 v

cevenna ¢ ocamm: mpH £ = 0 y = 0 mm y = —3. Ocoban Toura (0; 0) —

; O0JIACTE pacnolomeHHA ¥ < #. TourH mepe-

TouKa Bo3ppara. Hafimem acmmuTory Buma y = kz + b. Pasmennm wienn
) 21 )
ypaBHeHHua Ha £ 1 = (2) -3 (2) — = 0. Orcroma & = lim ¥y _ 1,
x x/ To00 &

b= lim (y—2) = lim 2
_a:lrnc}o Y x)_a:lrnc}oxz-l-xy-l-yz

IrcrpemyM pynrmun z = o(y) = /4P + 3% npuy = -2 2, = VA~ 1,6;
npr ¢ = 0 y = —3 — nepernt (puc. 54). 1977. 22 + ® — 3azy = 0 —
mexaproB JmcT (cM. aamagy 366). Ocobas Toura (O(0; 0) — yasex ¢ maca-

= —1. Hrag, acumnrora y = £ — 1.

TenbHRIMU ¢ = O u & = (. Hattaem acumnrory y = kz + 5. Tpueenem
AN ni_,. — Lm (¥ = -
]f'paBHeHHeRBHIQF].-I-(x) 30( ) 2 =0 omynak_zllﬂ}o( )_ 1,

z z
I ¥ [
| I
% I I 2
S "
N | | v
~ | I e
¥ 2 \\ | ] //
Z 5 xt N s
3 // ¥ -x2—¢12 |K /)|
3y?=x°-x 4 I~ - |
// | S | -
o - : P AN : x
-1 1 x :// \\]l
2Ly | e A N
/ e AN
7 / | | >
Ve =3l Z | | N
/ I W
/ N
“ ] [
Puc. 54 Puc. 55
. . 3azy
b= lim (y+2)= lim ———— = —a. Urar, y = —2 — a — acumn-
=0 e—oo g4 — pYy =+ Y
2
z
rora (puc. 79). 1978. y = +———_. (CummerpuyHa orHocurennho Oz

22 — a2
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n Oy. O6nacts pacnonomenua || > a u |y| > |z|. O(0; 0) — ocobas
H30IUpoBaHHaA Toura. Ilpu 2 = +a+/2 skcTpemyM y = +2¢. AcUMNTOTHI
r=zauy= =z (puc. 55). 1979. y = +2+/2 — &; obmacTk pacmomomke-
HuA # £ 2. Tourn mepeceyenua ¢ ockto OQu: mpu y =0 21 =0, 22 = 2.
LAV _
3v3
= =+ 1,08. (RpuBaa umeer Takyo me GopMy, Kak Ha prc. 49.) 1980. y =

= %+ E\/az— (a‘:—a)z; ofJIacTb Pacnoiomennd |z — a| € @, wm —a

£z—a<amumu0g g2 Mpny=0 &y =0, z2 = 2¢. Toura (0; 0)

ocobas (TouKA Boanpa'ra) Ilpun ¥ =0, 1. e. V2az— 2%+ % =
3a 3v3

=0,z= 5 %= :I:—a RS :|:4a (puc. 56). 1981. y = x(z + 2)+/=.

OGaacts pacuonomennd ¢ > 0 u eme uzoympoeannan Touka (—2; 0). Toura

neperufa mpu & = 2/3. Epmaaﬂ TaKad &€, Kak Ha prc. 51, Ho cMemeHa BIERO.

Ocobas Toura (0; 0) — y3esn. DRCTPeMyMEI y: TIpH Z = % Yp =

yll
|
I
|
|
Iy
yh ; I max
| |
| |
l 1 .
Y| i q X
o _
0 a 3a/2 |a x
@2yi= x3(2q—x)
4y%= x5+ 5x4
Puc. 56 Puc. 57

1982, MIre obmacTn pacnomomenua: 1) ¢ > 0; 2) # < —a. AcHMOTOTHI:

y=z+ ?a’ y=-—-z— Ea H ¢ = 0. Toura Bo3BpaTa (—a‘ 0). IrcrpeMyMEL

ynpﬂ:::gya: 3 3a$s:|:2 6a. 1983. y—:l: \/:r:+5 obracTh
pacnonomenusa ¢ > —5. Ocoﬁaﬂ toyra ((; 0) — Toura C&MOHPHROCHOBGI:LH.FI
IncrpemyMul i MpA £ = —4 |Y|max = 8, 1pH £ = 0 |Y|min = 0 (puc. 57).
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1984, y = +2+/22 — 1. ObaacTn pacnomomenus |z| > 1 ¢ uzonupopaHHol
rouroit O(0; 0). T'paduk Tarolt e, kak H Ha puc. 51, ¢ JobarneHHeM elle IO
cuMmMeTpHH kpubolf ciesa. 1985. Mlpu y =0 &y =0u e = —4;mpu e =10
1 =0, y2 = —1. Ocobaa Toura (0; 0) — ysed ¢ HAKIOHOM KACATENLHRIX
k=22 Npa x = —8/3 Ymax = 1,8 @ niput 2 = 0 ymin = —1. Acumnrora
v = £+ 1. Kpueaa nepeceraer acAMIToTy IIpH & = —0, 4 H 3aTEM OIIACHEBAET

meTio, npoiina depes (0; 0) m (0; —1). 1986.1) y = +(x—a), /ﬁ; Hpu-

Bad PacloNoeHa TaM, THe ¥ ¥ 26 — & HMelT ONNHAKOBLIe 3HAKH, T. €. NPH
0 £ z € 2a. Toura (a; 0) ocobaa — y3es ¢ HARIOHOM RacarelbHBIX k = +1.

Acmmurora & = 2¢ (puc. 84). 2) y = :I:L; 06IacTh pacIoIomeHAA
22 —a

|#] > @ 7 |y| > a ¢ naosmporanHoil Touxroit (0; 0). Acmmurors z = ¢ u
¢y = *d¢. Memuy rammoit mapoli ¥THX acCHMNTOT TOYeR KPHEBOI, KpoMe ocololi,
Her, ubo |#| > a u [y| > a. Kpusaa cocTouT M3 YeThIpeX CHMMETPHYHRIX
BeTBel, MPUOIMAEAIOIIHXCA K acHMATOTaM ¢ = +a U y = a. 1987.1) y =

fo —x
===z T ; 00IIACTh pacHONOmEHHA —a < 2 & ¢. TOYKH NepecedeHHA ¢
z+a

ocsio Qz: y=0, 21 =0, 23 = a. Ocoban Toura (0; 0) — ysen. Acumnrora

# = —a. Kpupaa — crpodionma u noayaaercA neperubanmeM pHC. 84 o och
Oy u cmemenuem 3areM ocu Oy Baepo Ha a. 2) ObmacTn pacnonomenns:
z2a;z<—auz =0 Toura (0;0) nzosnporannasa. ACHMNTOTH z = —@,

y=a—xHY=2—a Hpnxz—c‘(\/i—-i-l)%—l,ﬁa % & £3.3q.
1988. ) y = —22/4;2) y=222. 1989. N y=2R; ) y=0my=—=z.

1990. 1) y = 1; 2) y = 1 — reoMeTpHYecKOe MecTO TOYeR BO3BpaTa, HO HE
ornbaroman; 3) ¥ = 1 — 1 reoMeTprYecKoe MeCTO TOUek BO3BpATAa M ormbaio-

man; 4) y = ¢ — 4/3 — ormbawman, y = ¥ — reoMeTpryeckoe MecTo TOUeR
3

poampara. 1991.z%/3+42/3 = g2/3. 1992.y? = —zi 5- 1993 (2% +9%)" =
2

— dg2 = _ 8

= 4da“zy. 1994, Cemelicro TpaerTOpHi ¥ 2_ a‘:tgga T2 conZa’ Hx

oruGaroman (mapabona ¢GezomacHocTUY) ¥ = i %. 1995. 1) 2% + 4% =

=p%2) ¥ =42;3) y=1. 1996. y2 = 4(z + 1). 1997, 22/3 4 42/3 =
=12/3. 1998. y = —42?/3. 1999. 2z + 4y — z = 3. 2000. zyo + yzo =
= 2z29. 2001. zyozo + yxozo + zxoye = 3a°. 2002. %4. % - % =1.
t—3 y—4 z-5

2003. —z = . 2004,
z+y—2z=19 3 ) 5

; B Toure (0; 0; 0).
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2005, cosa = —cosff = cosy = % 2006, y =0, 2+24+1 = (O

NOBEPXHOCTE HaolpameHa Ha prc. 45, c¢. 303. 2009. Racarensrasa mioc-
wa wa
KOCTB & — Y + 2z = - Fe paccToAanue or Havana paBHO ——. lenu-

28

ROMJ, — MOBEPXHOCTL «MuHeHuaTams. IlpaMule auuMM moayyaloTcA B cede-
o o

HuAx z = h. l'[puz:Dy=0,npﬂz=Ty=z,npuz=?
x:O,npnz:% y=—z, npr z = ma y = 0 (prc. 58). 2010. z =
—4 - 2

=0, z+y—z = % 2012. ‘”4 = y3—3 = g 2013. coser = 35
cos ff = —%; cosy = —%. 2014. MaockocTs 2+ Yy — 2 = @, p = %.
2016.1) 2 = 4; 2) 22+ 2y+2 = 6. 2017. grad z = —22i —2yj = —-2(i+2j).

2018. 1) gradz = %:-‘; 2) grad z =

_i4j __E o
= 2= 2019. grad h = 51— 2.

2 .2
2020. tgp = [gradz| = .1:4+y =
V" 4y

V10 du V2
2022. d—:‘ = 2+v/2; gradu = 2i+2j +

+ 2k, |grad u| = 2+/3. 2023. gradu =

= =% 4i. 2024, %. /
vat+bi+e Y Tenmkonn y=x1g
2025. grad z = 0, 32i—0, 64j, |grad z| =

_ du _yz4+zz+ay Prc. 58

=0, 32v/5. 2026. = 7 =

= % 2027. gradu = 2(xi + yj — 7k), |gradu| = 221/2. 2028. gradu =

= w, |gradu] = 1 B mobott Toure. 2029. —;.
w N

2030. zZpin = —1mpu 2 = —4, y = 1. 203L. zpax = 12 mpE 2 =

=y=4 2082, zp, = Q0mpuz =1, y = —3 2033. Her skcTpe-

MyMa. 2034, zn = - oz = -2,y = 0. 2035. zp5y = %ﬁ mpu

=y = % 2036. xi, = 2mpu 2 = y = 1. 2037, 25y = —4 mpu

t=y=-2HzZmn=4mpuer=y=2. 2038. 2 =y = V2V, 2 =0,592V.
2039. (8/5; 3/5), (—8/5; —3/5). 2040. Hyxnuo Haiftu MAHEAMYM QyHELAR
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z = d? = 2% + (y — 2)? npu ycnosuu =% — y* — 4 = 0. Hcwoman Toura
(£v5;1). 2041. R =1, H = 2. 2042. 1) Bepmuun (+3; —1) u (0; 2);
2) nyy nonmeH mpolTH Tak, YTOGH sin« : sin § = vy : vz, KaK 9T0 H HpoUC-
XomuT B mpupone. 2043. zpi, = 9npux =0 uy = 3. 2044, 2, = 0 mpu
z=y=2. 2045.zpin =0mprz =0my=0. 2046. z1,ij = 0 ipu = = 2,
y=4. 2047. 2oy = lupu 2 = y = £1, Zpin = -1 npr & = —y = x1.

2048. VV = 8. 2049. 1) HymHo HattTH MuHuMyM d = # HIH MHHH-

MyM ¢z = & — y + 4npr yenosEn 4z — y? = 0; rcromaa Touka (1; 2); 2) 2ab.
3

2050. R =,/ ——=. 2051. YpapHeHHAA HHTETPAIBHEIX KPUBEIX: 1) y = x—;
™3 3

Ny=12%3)y= —%. 2053, zy = 2y. 2054. 1) y° — 2% = 2zyy’;
et +y=oy. 2057.y = Crx, y = —22. 2058. zy = C, zy = —8.
2059. 22+ ¢? = C?, 22+ ¢* = 20. 2060. y = Ce”, y = 4e°+Z%, 2061. y =
= Cell?. 2062.z+y = In C(z+1){y+1). 2063.r = Ce'/?+a. 2064.5% =

2 _ et
= t1t—+0t 2065, y = Cev®, y = V™2, 2066, y = Csin” ¢ 1;

2
y = 2sinz — % 2067. %+ i = y= —z. 2068. O0mue mHETErpannL
1) y = C(z%—4); 2) y = C cos z. Bce mATerpaILHbE KPABLIE IEPBOI0 yPaB-

HeHHA TepeceraloT ock Oz npn x = +2, a Bropore — mpu z = (2n — 1)5

z k4
3

(ocobrie Tourn). 2069. y = %. 2070. fyda‘: = af 1+ ¥2dz, orryna
0

1]

P)
¥y =a/1+4+¢2 ¢ = :I:\/i—z—l; noIoEHM ¥ = achwu, Torma ashu X
x ' = *shu. Orciopa: 1) shu =0, chu =1, y = ¢; 2) adu = *duz,
e+ C
e a
HIH § = acha — yenwas JMHAA, WA § = ¢ — npamad. 2071. y* = az.

2072. y® = 4(z + 2). 2073.3a 40mun. Pemenue. llycrs uepes ¢ cerynn

au==x(x+C),y=achu=ach sapuae =0 y=a u C = (0. Hrax,

remmepatypa Teaa Gymer T i —k(T — 20°C), rme k — nora HemaBecT-
HEIT KosdpumuenT nponopouonambHocty; In (T — 20°C) = -kt + C; npm
80°C

—_— —_— L) —_— L) —_— .
t=0T=100°C, mosromy C = InB80°C, kt = lnT—2D°C’ NONCTABUE

croga T = 25°C u T3 = 60°C u pazmeaHe NowieHno, ACKIIOTHM HEH3BECT-
kt In16
Hoe k: m = E, t = 40Mmuu. 2074, EX, = —H4+Tcosa =0,
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. d
3Y; = —pz + Tsina = 0, orsyma tgo = ﬁ = if_x‘ Yy = %32+C
(napatona). 2075. YpaBHenme kacaressHON ¥ — y = ¥ (X — ). Iomo-
muE Y = 0, Halizem abcmuccy ToukH A mepeceveHHA KacaTedbHOH ¢ 0CEIO

Or: Xy =z — % Tlo ycnopmo X4 = 2%, £ = —%; pemue y10 gude-
PEHIHAILHOE ypaBHeHTe, HallleM HCKOMYIO KPHBYIo £y = —a” (rumep6oda).
2076. 22 + 22 = C2. 2077. y2 — 22 = C. 2078. 222 + 3y = 3al.
2
2079. y = Cx®. 2080.y = Ce~1/*. 2081. 2y = (1?-%)2 — 1. 2082 y=
=C(z+ V22 +a2). 2083.y= lc+_(;;‘ 2084. r = Ccos, r = —2cos .
CV1+ 2
2085, j=zlne—2+C, JF=clnc—z+1. 2086, y= — %
Vyi=ezlne—-2z+C, Jy=czhe—z+ Y POy
iy

= VIH3R 087 my = —1. 2088,y = ac?/e. 2089, y = ——.
z+vV1+a2 1—2
2090. x2y = C. 2091. Pagnyc-pexrop OM = /22 + y2, oTpe3or Hop-

Mama MN = ﬁ = y\/1+t.gga = y\/l+y'2. Hcroman wpusada unu

z?+y? = C? (oxpymuocts), unu 2% —y? = C (runepbona). 2092. y = Cx2.
2003. y — 2 = Ce™/v=2) 2004, 22 — 4% = Cz. 2095. 52 = 22 ln%.

]

2096, y = Cz3 — 22. 2097. y = C;% 2008, y = %
2099, y = zlnl = 21007 = 2:3 = 2]0l.sin%+lna‘: =C. 2102.y =
= C_""'lm. 2103y = lnz + —. 2104. 4% = % + % 2105. y =
= "’22_ L 21065 =cr2 + % s=22+ % 2107. y = 2¢C%, y = ze~?/2,
2108. (2 —y)? = Cy. 2109. 22 +4? = 2Cy. 2110.i = ﬁ+"‘—‘£'(e-f'*‘*r’f'—1).

R
2111. Toaowurs X = (0 B ypaBHEHHH KacaTelbHOH YR— y = ¥(X — o),
HatineM Y = —ON = y— 2/, ON = 2y —y = OM = /a2 442,

32 _ 02
Orxciona y = ol Jeprano monmHo BEITE MapaboNougoM BpalleHHA.
2112, i? = Cre-v/e, 2113, y = REETVE+EY) o prz > 0
vaZ+ 2?
y c v z—1 c
Z =In—, <0 4= =InCe. 2115. y = — + —.
\/; nx npH & nCz Y 3 + Be T 1

x
2116. y = 1 + W. 2117. s = $3(Int — 1) + C#2. 2118. 3% =



314 OrpeTsr

1 . —sinE — 2z —

= W 2119. y= 2(81!123 - 1) + Ce . 2120. ¥= 1— C«":?’ y=
2z o .3 _ 1z _ 1

=157 2121. 32 = 2+Ce", 3® = 2—2¢!°", 2122.y_3 —

2123. (z — )2 + 4 = o 2124. y = ez 9195, ¥ = 2(Cy—1).
x

4 2
2126. zy = yT +C. 2191 §+ % = ¢. 2128.y = cosz + Sifz.

— t 2,2 — _Ct-1
2129. 5 = Cri—int 2130. z°y* + 2Ilnz = C. 2131. s = rra

— 2 ey — C — ot
2132. y = 2% + Cz. 2133. siny = 2z + e 2134. y = ES TR

2135, 42? + y* = Cz. 2136. 3383’1— y=0C. 2187. y + ze™¥ = C.
2138, 22cos? y+ 2 = C. 2139. 4 = 5t % = (. 2140.1n y = Incos y;

z?siny +0,5co82y = C. 2141, p = 7% y? = (C' — 2x)e?®. 2142, p =
= .L; L 42=C. 2143. 22 22y—3y = C. 2144, 23y—222y2 + 3y =
siny’ siny
= . 2145. a:2coT32y+x =C. 2146. u = l; zy—Iny=0. 2147. s = %;
¥ =Cz+2% 2148. p=e7Y;e VYcosz =yC+a:. 2149.Iny = —Inz, p =
= %; zsiny+ylnz = C. 2150. y = (C £ x)2. Yepes toury M(1; 4) npoxo-
mar wprbbie ¥ = (1+2)? my = (3—=z)2. 2151.y =sin (C £ z). Yepea Touky
T V2

M 3 MpOXONAT KpUBhIEe § = sin (.1:— %) H Yy = sin (3—11-—3:).

4
2152. y = Cz% + %; ocobrle mETErpans ¥ = +2z. 2153. 1) y = + C

2
uz? +y? = C?% 2) 3(1/1+%:|:1) = C nm (y — C)? = 4Cz. Oco-

bele uuTerpaarl £ = 0 0 y = —2. ObmacTk pacmonomeHHA Napabon: mpu

z>0yz2 —2 opu 2 <0 y < —2 Iapaboae racatorca ocu Oy u
— N2

npamott ¥y = —z. 2154. 1) y = 1 + %; 0cobrIft uHTErpan y = 1;

1 2
2) & = 2p— Y= p2—5+0. 2155. 1) y = (C + vz + 1)%; oco-
6eit maTerpan ¥y = 0; 2) ¢ = C2 — 283, y = 2Ct — 342, 1me t = %;
3) Cy = (2 — C)?%; ocobrre unrerpanet y = 0 u y = —4z. 2156. 1) y =
2
= Cz — C?; ocobulft mHTerpan y = %; 2) y = Cx — a1+ C?; ocobrrit

nnrerpan 2 + y> = a% 3) y = Cz + : 0coBhIH unTerpan y = 1, 522/3,

1
207
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2

2
2157.y=1— @; uepes M (1; %) mpofayT ABe KpHBHIE: ¢ = 1 — %
2
HYy = z—%. 2158. 1)z = 2p+gp2+6', y=p*+0% 2) 22+ (y+C)? = a®.
2 2
2159. y = —% +Ce+C%y= —%. 2160.1) y = Cx + é; 0cOORItt MHTE-

rpan y2 =4x; ) y=Clz+ 1)+ C% y= . 2161. Orpearn Kaca-

ressHON ¥ —y = ¢ (X — ) Ha ocAX KoopauHaTr: X4 = & — 5, Y =y—zv.

Tlo ycmosmo % = 2a%; (y — 2¢')? = —da?y, y = 2y £ \/—4a?y —

yparuenne Kaepo. Jiobaa mpamaa cemetictsa y = —Cx + 2¢+/C, a Tanme

(z+1)?
4

KPHBas, opelefdeMan 0co0LIM HHTEIPAJIOM 2Y = a2, JaeT pelleHHe 3aJayum.
2162, Napaboaa (y — z — )% = 4ae. 2163. 1) y = 3lnz + 222 — 62 + 6;
) y=1—cos2z; 3) y = C1z + zarctge — In/1+ 22 + Cs. 2164. y =
= % +Cilnz + Ca. 2165. 42 = —Chiz + Ca. 2166. y = Cysine — & —

- %s'm 2 +Cs. 2167. 45 + Cry+Co = 32. 2168.y = Ciz(lne—1) + Ca.
2169. ctgy = Ca—Chz. 2170. 1) y = * (2 — 1) + C122 + Cp; 2) y =
1 z 1 & —+/—C1

= ——arctg — In
Vi 8 VICI 2\/—}?1 z+/—C1
Cy < 0), Cg—; (mpm C1 =0). 2171, ¢’ = E(I—x). Ippe=0y=0u

+ C2 (mpu Cy > 0),

‘ + Cy (mpu

3
¥y=0y= % (132 - %) — ypaeHenwe Kpuboil narmba. 2172. Ciy =

2
_ (Crz + Ca) +1. 2173. y = ach (z—18) — %(e(x—b)fa +e—(x—b),~"a).
a

4
3
2174. y = %. 2175. y = Ciz + C9 — Incos ¢; wacTHRI HHTErpAN ¥ =
3
= —Incosz. 2176. y = T—2 - z + Charctgz + Co.  2177. C1y? =

2
=1+ (Ciz + C2)%. 2178,y = (Chz + C2)%. 2179. s = —% + Cilnt +
+ Ci. 2180. 4(Chy — 1) = (Chz + C2)2. 218l y = Cy — Cycose —
— 2. 2182. CMm. 2177. 2183. y = —Incosz. 2184. y = Ce® + Cae®®.
2185. y = (C) + Caz)e?™. 2186. y = e**(Acos 3z + Bsin3z). 2187.y =
= (1% + C3¢™2" = Ach2z + Bsh2z. 2188. y = Acos2z + Bsin2z =
= asin(2z + ¢). 2189. y = Cy + Coe ™. 2190. ¢ = Cie* + Coe™*.

2191. p = Acos% + Bsin%. 2192. s = e *(Acost + Bsint); s =
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= ¢ "(cost+2sint). 2193,y = Che" +(Ca+Caz)e?*. 2194.y = Cich2z +
+ Cash 2z + Cscos 22 + Cysin22. 2195, y = Che® + e~ *(Cac082+/3 +
+ Cssin a:\/g) 2196. y = (C, +Cg:c+6'33:2)e'“”. 2197.y = Asinxzshax +
+ Bsinzche + Ccoseshe + Dcoseche. 2198. y = Achz + Bshzx +
x

2

T = 21\/%7. 2200. x = acos \/gt, meprog I' = 21r\/§. 2201. = =

3
= ae % sin (wi + ¢), rme w = \/% - % 2202. y = Che~ % 4 Che?.

2203. y = (Ciz + C2)e®®. 2204. y = e~ *(Cy cos 2z + Casin 2z). 2205,z =
= Che® + Cae™". 2206. 2 = Cycoswt + Cpsinwt. 2207. s = Cy +
+ Cae™®. 2208. & = ¢ *(Acost/2 + Bsint/2). 2208. y = Che™* +
+ (Cae+C3)e®®. 2210,y = C1e** +Cre~ ¥ +Cacos 2+ Cysinz. 2210y =

= (C1 + Caz)cos2z + (Cs + Cax)sin2e. 2212, y = % = shz.
2214, y = C1e% + Coe™® — 225 — 32, 2215. y = Chle™* + Cae™ % +

+ 0, 25v/2 cos (5—23). 2216. y = Chcosz+ Crsine+x+e*. 2217T.y =

=y + Cae™3 4 ga:? —z. 2218, y = e~ 2*(Cycosx + Casinz) + 22 —
— 82+7. 2219.y = C1e% +(Co—2)e”. 2220.z = Asink(t — to)—tcos kt.

3
2221. y = C1e?VE + Cae=*VE — (2 — 2)e=?. 2222,y = C) + Cpe?® — %.

+ Ccosg + Dsin 2199. OTriIoHeHUE & = a@sin %(t — tp), mepHOX

2223. y = %e‘” +axe”? + Che™? + Cae™3", 2224. 2 = e‘kt(Cl cos kt +
+ Casin kt) +sin ki —2cos kt. 2225.y = Cy+Caz+(Ca+tz)e™ +23-322.
2226. y = C1e% 4+ (Cg - 2) =3 4 C3cos3z + Cysin3z. 2227T.2=C +

+ Cacost + Cqsint +15 — 61, 2228. y = (Cl + %) e~ % 4 (Cacos2/3 +
12 t

+ Casinzv/3)e®. 2229.1) &z = (C1 + Cot + E) e 2= Acos; +

+ Bsin %+%. 2230. 3mece ¥y = cos 2z, yp=sin 2z, w=2; A= —§+Cl;

4
2231.y = [(Cy+Incosz) cosz +(Cz +2)sinz]e?”. 2232. y=(C1—Inz +

+ Caoz)e®. 2233.y = Chcosx+Chsinz—coszlntg (g + g) 2234. )y =

B = llnsi112:e: +Ceuny= (Cl - g) cos 2x + (Cg + ilns’mQx) sin 22.

=Ci14+Cee ™ —(1+e*)In(14e)+2;2) y=e% (6'1 + Caz + %)

2235.x = ale”* +t—1). 2236. y = C1e® + Cre™ > —3(z% + 2z + 1,5).
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2237.y = C1e* +Cge3"’+%(5 cos3x—sin 3z). 2238.y = (Chz + Ca)e™" +
+ 418'”. 2239, y = ¢~%/2 (Cl cos% + C5sin 3?3) — Bcos2x + 8sin2z.
2240, y = Che%/2 + Coe™/2 — 23, 2240, y = Che® + (Cg - ;) e~
2242, s = e (Chcost + Casint) + (1 —1)%. 2243.1) y = ™ (C1 +Caz) +

+ m; 2) y= C1e/" 4+ Che=2"/" — = 2244. y= Acosz + Bsinz +
2m?2 n

3
+ Ccos 2z + Dsin 2z — %ﬂ’ cosz. 2245.y = (6'1 + Caz + Caz? + %) ev.

2 2

2246. y = (”' ;” - 3%+O; +Cga‘:) e, 2247.1) y = Cysinz +
. 1

+ Cacosz+ Tooas 2) y = (C1—In|sinz|) cos 2z + (Oz —z— §ctg3) X

x sin2¢. 2248, y = (Cl + A =22 +zarcsin%+02x) e®. 2249, y =

_ -
_ O @427 gy = 14 Coosz. 2251y = 2(1 + CVI—29),

z+1
aunetinoe, 2252.y=C (1 + z ) 2253. s = JLO 2254. Sy =
. Y= T . =g WU =

=Cz2—1. 2255.2Cy% = 2(C%2%2-1). 2256.y=clne—2x+C1Inz+Cs.
2357, y(Cy — Crz) = 1. 2258. y = C1e™ + (02 _ %) e=mT 2250, y =

= lnz + % 2260. y = xeC/-1, 2261, 3y = 2262. y =

. x4+ Cez’
= (C1+Caz)e® +Ca+ % +22% + 6. 2263. Cry = 14 CpeCr. 2264.5 =

= Clezt+e‘°(02+03t)—812it. 2265.1) s = (£24+-C) tg %; 2) y* =Cz?-1.
2266. 1) y = w: Ny=e" (01 +§) + C'ze“-"?cosxzﬁ +

+ Cse®/? sin #. 2267. 1) y = (Cy —In /1T + €¥)e® + (Ca +arctg e )e*;
2482
Ny= CheV™® + Cae~V" u y = Chz + Cq. 2268, %F’f + 1000z = 0,

x = Acos 10— “l‘qt + Bsin 10— "lgt, nepuog T = Ta . 2269. E =
a a 5./10g¢ dr
= — L; T= i+C; k n C'Haxomum ua ycnosuit: 20°C = L +C
47r2 % Bar 160°C 8x - 2a
n100°C = ——+C; T = T“ — 60°C = 40°C. 2270. 1) y =

=Ciz + Cpz7! + Ce2% 2) y = % + Cax?; 3) y = Cra® + Caz— (¥,
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2271. 1) y=2"2(Ch+CeInz);2) y= Cicoslnz+Cosinlnz. 2272.1) y=

=5%+O'lz Ly Cy; 2 )y=C1x3+Q—2lx+%. 2273. 1) y =
3
= Ciz + Co2? — 4zlnz; 2) g = Gt Calneyins L2214 1) y =

z
3
= (% +Ciz + Cz) 2%y = ;+C’1 cosln z+Cysinlnz. 2275.2 = Cie® +

+ Coe™ 3, y= —‘;—:: = (16t —3C2e~%.22T6.2 = ¢! +C1 +Cae~ Xy = ¢ +

+ C1—Cae™2, 2277.2 = 2e~t4+Chet+Cre~ %, y = 3~ +3C et +2C0e 2,

2278,z = & + C1¥ + Cae™ + Cacos (t + ). 2279. 2 = ¢~ (1 — 2¢).

2280. ¢ = Cref +Cae~ P +tcht. 2281. 1) u = p(z)+¥(y); 2) u = yp(z) +

+ P(z); 3) u = zp(y)+¥(z); 4) u = az’ln y+ba:y+<p§z)+w(y; 2282, =
9y d*u

= y?(z+y—1). 2283. Urobr1 ypapHeHue A§_+2B 52 0y —C 3—2 = F nmpu-

BECTH K RAHOHUYECKOMY BHAY, HYMHO PEIIMTL XApARTEPHCTHYECKOE ypaBHe-
aue Ady® — 2Bdedy + Cdx® = 0; B nByx ero unterpanax @z, y) = £
H Y¥(2, y) = 7 NPOHSBONKHKIE NOCTOAHHEE { M 1) NPUHATE 38 HOBEIE Nepe-
MeHHEIEe H NpeolpasoBaTh K STHM HOBHIM IlepeMeHHEIM HAHHOE yPaBHEHHeE
(cm. sameum 1941 w 1942). B nameM nprmMepe HYRHO PemHT: ypaBHeHHE
dx? + 4dz dy+ 3dy® = 0, oreyna dy+dz =0, dy+3dz =0, y+ ¢ = ¢,
2

%+ 32z = n. B HOBEIX NepeMeHHEIX yPAaBHeHHe IPHMET BHI ﬁ = 0.
Orcrona v = ¢(€) + ¥(n) = ¢(y+ z) + ¢¥(y + 3z). 2284. Xaparrepucruue-
ckoe ypaeHenme x° dy® — 2zydz dy + y¥ dz? = 0, mm (z dy — ydz)? =

um d (E) =0 = £. Perenna papnmle; 3a 5 DpHHEMaeM y. Hrak,
x

e k|

XapaKTePHCTARHA: = ¢ w y = . YpaBHeHHe npnMer Bud (cM. 3agaun

2
1944 u 1945) ST: = 0; v = np(é) + ¥(£), nam v = ye(y/z) + v(y/z).

2285. © = yp(y + 22) + ¢¥(y + 2¢). 2286. v = xy +sinycosz. 2287. (Cm.
samauy 1944.) u = ylnz+ 2y + 1. 2288. u = /oty (%) + ¥(xt); vacr-

2 3
HOE pellleHHe @ = a:(lt_+t) 2289. v = e *p(z — t) + ¥(z); uacr-
Hoe pemenue u = (z — t)e™% — 2. 2290. YacTHoe pemeHue v = zat +
r4at
+ 1033 an1 = Szt fetat) 1 f F(z)dz. 2292.6 —
3 2 2a
r—at

—4In2~ 3,28, 2293.1) %; 2) 4. 2294. 1§5 2295. 9%. 2296. % -

L]
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0 0 0 0
) fdy / d:::]d:r: / dy = ?. 2299 (%+2) 4. 2300. Tno-
-2 y2-4 -4 /T
4w 2 2 3a?
MAags MeHBIOero CerMeHTa 3 v3)a? = 2,457¢%.  2301. ?ln 2.

868 o 3 a? 9,
2302. T~a”. 2303. Tma®. 2304.4,5. 2305. = = 2306. V-1 2307, Za’.

b x
2308. 87+ 9/3. 2309. (2 - %) a®. 2310. 7ln2. 2311. 1) / dz f dy =

[

b b a
=!dy!dm=@; 2)‘0/513; f dm:fda:b[dﬁ

Vay 0
a2 26517 4 8-z 4 ¥ifa
a?(3r —2)
& 1] 1] 2/7 0 0
8 8-y

T 7 2a a

+fdyfdz=? 2312. (2 8) 2313. (3;4,8). 2314. (5 2)
4

4 2 1 1 at
2315. (0; ﬁ) 2316. (0; ﬂ) 2318, 7% g310. & g320.

3156 96 4
mal wat 88a1 3a_ 3a 4b
2321. —. 2322, —. 2323. 2324, . 2325. —_
g D) 105 " ( 58 ) ( 3«)
4 2 32 4
2326. & 2327. 3. 2328. w 2320, 47,5. 2330 2010
2331, 42g 2332, Ea"i 2333. Ceuenme maocrocTE® 2 = h, £+ y =

3 60

= + +/a(e — h) — napannescHBIe NpAMEE, T. €. TOBEPXHOCTh UMIHHAPH-
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] G4—x
3
ueckan (puc. 59). Heromuli obvem V = 2] dz f zdy = %. 2334. %03
0 o
8 4 a® wa>
(pmc. 60). 2335. (Cm. puc. 46, c. 303.) 7% 2336. T 2337. T

Prc. 59 Prc. 60

x/2 a

2338. 3mad. 2339. V=4fmcos<pd<pfr2dr= 4% (puc. 61).

0 0

3 3
2340. T 2341.47V/305. 2342, 4%(3« —4) (puc. 62). 2343.7%a8 (puc. 58).

16v2 ., nabe 1 dwa® 8
2344.? . 2345, 7 23486, wabce (1— E) 2347. 35 .2348. B¢
Z
x2+y2+z2-a2

N 2=

X% y2=a?

Pnc. 61 Pnc. 62
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1 1
2349.V=2fda:fzdy— 05 (pmc. 63).
o

2

2¢w

3q
2350. V = 4]::13: f Vaaz — 2 dy = 3a3(4x — 3V/3) (puc. 64).
)

cw

Puc. 63 Puc. 64
@ ; (bfa)yai—z% L6ab?
2351.V=8f;\/a2—x2da: f dy = ; .
4] 1]

PaBeH TIINIOITATH OCHOBAHHA KO-

a h
2h
2352.V=4]dz/%\/02—32dy= ““2
1] 1]

Z x
~7
(]
A -l
a
7 Komomx (a-xPyy=h2z2
Pac. 65
128
HOHMZa, YMHOMEHHOH Ha IOIOBAHY BEICOTH (pHC. 65). 2353, Ea 2354. 18m.

2355. 2ma®. 2356. 871n2 (cm. puc. 45, c. 303). 2857. %m*’* 2358, 5’{;
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4rabe 8/2 Ira

2359, . 2360.13. 2361. Tc@ 2362. 2ra2. 2363.

(2v2-1).
2364. 2mp?\/2.  2365. 8a%.  2366. 4a%(r — 2).  2367. 13—4«.:;2.

2368.0 = /f"”?"'yg"' 2 dedy =

stma opu F = 60° u « = 30°

180

2 *) ) )

g = % 2369. % (pa,uﬂyc CeyeHUA 1 = %) 2370. 2%(2 —4/2).
a a a
2372, fda:/dy / 2dz= —. 2373. (Z‘ T Z)‘ 2374, (0 0; 3)
ra®

2375. —. 2376. . 2377.1 3 2) — 2378. 8 -1.

32 ) wh 3a
2379. ?n'. 2380. ra 2381, — = 2382. E 2383. (0, 0; ?)

/a5 3

2384. 321 3? . 2385. ::E' 2386. 6kra2, rae k — wo3ddHUMEHT Mponop-
IHOHATLHOCTH.

4 no npamoit OA,

2387. /(z +y)de = % no ayre OA,

2 mo momanoit OBA.

2388. 1) 8; 2) 4. 2389. | (xdy+ ydz) = 8 B oboux caysaax. JTo moromy,
oQ _ 0P

yTo 3mech — = —. 2390. 1) 1,5a%; 2) a?. 2391. 8a. 2392. ma?.
dz 8y
wmab 5 1 1 2a3
2393. 7 2394. 0. 2396. 1) 5 2) —5 3H2- ﬁ 2397. 5
2308. mab. 2399. . 2400. Sa2. 2401. X = 0, y =24 ey =
el 15 komdd 2 wa? 302
=7 2403.7 = 5 2404.1) —16; 2) 3) —12. 2405. 1) i‘
a2/ a
2) f 3 114’ . 2408. §1ra 2409. - 4 2410. —. 2411, —. 2412, Kam
2’ 6 8 ) 3 ) 2 48

maA w3 yactelf GopMynEr pasHa 4ma®. 2413. Kammaa m3 wyacrei (QopMyITEl

paBHa il (i =+ i) 2419. Rampmaa uz wactelt ¢opMylIH papHA %was.

3\5 16
2421. 0,15a5. 2422. Her. 2423. Ja. 2424. Ja. 2425. Pacxomurcs.

zdx 3

(a‘: T 1)3 . 2428, Cxomgurcs,

2426, Pacxogmrea. 2427. Cxomurcs, nbo f
1
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e} e}

d

ubo f 1 :;2 = % 2429, Pacxonurea, ubo f ﬁ dz = co. 2430. Cxo-
1 1

e ,,5070‘—3_ 1,..=
e, Ge+1)2—1 |4 z+1
1
Un41 1

2432, CxomutcA. 2433. Cxomurea. 2434. Cxomutea, ubo lim = =<
T 2

< 1. 2435. Pacxonutca. 2436. Pacxomurea. 2437. Cxomurca. 2438. Pacxo-
1
nutca. 2439. Cxonutca. 2440. Pacxoanrea. 2442. 1. 2443. 3" 2444, Cxo-

IUTCA He abcomtorHo. 2445. Cxoamrea abcomrorHo. 2446. Cxoamrea He

B |
] =7 In2. 2431. Cxomurca.
1

abcomotHo. 2447, Cxomutea abcomotHo. 2448, Ilocae meproif mepecra-

HOBEKH YJI¢HOB HAallAIOeM pAId B BHIOE ].—1 —_ 1 + 1— 1 —_ 1 +
PR B BUA 2/ "17\37%/) 8

+ (% - %) - % +. . . BumonnAe peficTBrA B CKOOKAX , TOAYIHM PAN, YIEHE

KOTOpOI‘O BIBOE MeHbII€ IEHOBR OAHHOTO pﬂ,[[a. ]IOCJIE BTOpgﬁ' nepelc'ra-
1
HOBKH WICHOB MpeofpazyeM n-10 mpotiky WICHOB, ——— 4+ ———— — — =
dn—3 4dn-—-1 2n
1 1 1 1 1 1
_ _ e =1,2,3, ...
-3 -2t Tl I T2 =123
NepBHIE YeThIpe WieHa 06pasyloT MaHHRIH pAg ¢ cymmod S, a mocnenHue

ZBa — PAR ¢ cymmoft 5. 2449, Cxommrea. 2450, Pacxommrea, ubo
m—dz 7 zdz T

/ 100s —9g — o 2481 Cxommrea, mbo f Trai= 3 2452. Pacxo-
1 1

92 —1
nurea, ubo f ’;2 dz = 0o. 2453. Cxomutca. 2454. Cxomures, mbo

1
. Un41 _ 1 . Un41 T 20ﬂ+ 21 _
nanDlo w3 < 1. 2455. Cxommrea, HGo nanDlo w ﬂlLIIgo S20n 1)~

1
= = < 1. 2456. Cxoauteca. 2457. Cxomurea He abcomoTHo. 2458. Cxomurea
abcomiorHo. 2459, llpu ¢ > 1 cxomuTcA abcomiorHo, MpH @ = 1 cxomuTcA

2462. Cymma

n

He afcoyoTHO, NpH ¢ < 1 pacxommrea. 2460. 3 2461. 1
e < 1, ocrator R, = 5 — 8, = T—%
lg 1000

lg2 °’

x
. Ha or-

prama S(z) =

1
peske [0; 1/2] |R,| < =1 < 0,001, rak Tonbio 7 — 1 >

n =11,
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2463. Pan umeer

S z 1 mpu 0<zgl,
eyMMy S = ——— =
FMMY 1—(1—2?) 0 TpH z=10
1—z)" D<zgl,
o OCTATOR an{( 0.1:) mpu <Ex
npn zx=10.

IIprw moboMm n octaTor R, Oymer 6osbmre, HanpaMep, 0,9, Rak Toapko & << 1 —
— 309, 1. e. Ha orpeske [0; 1] pan cxomnrea xepasnonepro. Ho ma orpeske
1

[1/2; 1] on cxomurcs paBHOMepHO, GO Torza mpH JOboM z|R,| < o < g,

-1

1;;; B YacTHOCTH, |Ry| < 0,01 mpu n > 7. 2464. Qcra-
TOK 3HARCTEPEAYIOMETOCA PANA MeHBIIE 10 MOLY/IIO TEPBOro OTOPOIIEHHOTO
gl 1

— < 0,1,

Al < Al S KaK
Tomeko nt 4+ 1 2> 10 mam n > 9. 2465. Pan umeer

Kak TOJMBKO 11 >

wiena. llosTomy Ha orpeske [0; 1] |Rp(z)| <

1+23 npm z>0,
cyMmy S =
0 mpu x =10
; mpa x>0
u ocrator R, = { (1+23%)*~1 ’
0 mpa & =0.

Tipw mobom n ocraTor R, Gymer 6omsmre, nanprmep, 0,1, Kak ToIbKo &2 <
< "%/10 -1, 7. e. npm z > 0 pan cxomurca epaswosmepro. Ho npm

> 1 on cxomurcs yme paswomepyo, ubo Torsa npu wbom z > 1 |R,| €

z
—lge

< T TR B YACTHOCTH, |Ry| < 0,001 mpu n 2>

2

< £, KaK TOABKO n—1 >

11. 2466, llpn moboM HeOTPHOATENEHOM & WISHE! JaHHOTO PANA MeHEBIIe

1 1 1

(umm pam_-m) YJIEHOB YHCIOBOTC CXOMAINErocA paza 1+ § + 3—2 + 3—3

CrenoBarennto, pAn CXONUTCA paBHoMepHo nnA Beex 3 2 0, By, (2) Mennme
Qs _ 1

1—1/3 ~ 2.31 < 0,01, rar

1
tomeko 3*~! > 50, unu n > 5, npu mobom z > 0. 2467. |R,.(z)| < 02 £

1
£ 0,0001, rak Tomero n z 100, npm moGom z. 2468. u, = Ttn_1_

pryrapes MosTomy Sn=%—xiﬂ;S:ﬂan;loSﬂ=%npﬂnm60mz#0.

+...

OCTAaTRA YMCIOBOTO DARa, T. . R,(x) <
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1
< - < 0,1, wak Toaeko n 2 10,

B wacthocTH, TpH & > 0 xr) =
, TP Bn(e) = —
2469. llpn moboM HEOTPHUATENBHOM & WieHH NAHHOTO PANA MeHbIe (MiH

1
PABHEI) WIEHOB YHCIIOBOTO CXOfAMmeroca pana 14— 5 +- 1 += g +...llogToMy pan

CXOZHTCA paBHOMEpHO 4adA Beex & 2 0, Ry(z) < (1_/21) 7 = 291—1 < 0,01
8

2470. -3 < # < 3. 2471 —/B <

Kar Tombko 2771 > 100, uau n >

V3

£z <V5 2472 —— <z < 2473. ABCOMIOTHO CXONHTCA Ha Beel

2
yHcnonoif ocu. 2474, —1 < z £ 1. 2475. —g <x< g 2476.1) R =0;

2)R=¢e. 24T7.-5g2<3. 2478. 1 <22 2479. —— 1 npw |&] < 1.

(-2
I+z
2480. arcigz mpum || < 1. 2481, = npr |z| < 1. 2482. (1 + z)™.
2483, ‘? <z T2 2484 —V3< o < VA 2485 -0,1< 2 <01,
1— 2
2486. -1 <z 1. 2487. -1 £ = < 3. 2488. -1 £ = < 0. 2489, ﬁ

mpu |2] < 1.2490.—In (1 —z)npu—1 £ z < 1.2491. a +2) mpu || < 1.

M,I%

a

3 28
2492. 1) cos(a:—a)_sma(ll §+5—...)+

2 4
+cos 1_2'+E+ ;
_ _ LAY s _ 2.2t Bt
|Ra(z)| = " cos(ﬂa‘: a+n2), 2) sin“z = 71 YT
25 2% - I
+ 5T o 3) ze =x+i+a+§+...;
. T V3 m2z?  mizt
4)sm(m:c+§)=T(l— o + a0 —...)+

+1 me  mS2d + mizs
2 1 Ky 5! Tl

kx k2£2 k434
kxy —_ = T =
2493. In(1+e™) =In2+4+ o + 555 — 753

1+ 23 £B ]

+...

2497. 1) In

1_$=2 $+?+?+...;



326 OrpeTsr

ks n

_ 2 —In(l—2W2—2)=In2 — -mE

2 In2-3z4+z)=In(l-2)(2—2) =2 E(Hz )=
1+2%
142

22 223 ozt 2% 20 mn a®
=— |t =4+ =4+ —+... | =-2 _—
[a: 7 3 n + R + 6 + ] Zcos

YIn(l—-z+z¥)=In

o0 1-3-...-(2n —1) 221
oy _ ki)
2498.In(z + V1 + = )—-'B+§=,:( 1) onp] n+1

ol _ z—a (z—a)? (z—a)?
2499, ™/ _e[1+ e T ozt |

z—a)"
Rn(x) — ( n!an) el¥é(zfa—-1})
2500. 2% — 3z = -2+ 3(z — 1)2 + (z — 1)°.

2501. 2z =1—-4(z+ 1) +6(z + 1)2—4(z + 1)3 + (= + 1)%.
1 1

o T TNl Go/m
1 z+2 (z+2)? (2+2)3
_2[14. 5 + 2 + 5 +... mpu —4 <2 <0

z z—m r—m/2)?
2503. 1) cos§=§[1—( 7/2) _{ 2,2£2) +...]=

Z (x —=/2)"~ ICOS(Qn—l):'r
(m —1)i2n1 PR

npranmad 01 ycaoeno pasEemM 1 {cM. cHocky Ha c. 174 & 3amave 1760);

; - (3z 4+ m)2—1
2 = -1 .
) sin 32 é( ) oo
2
2504.{/5:—15/1_(34_ 1)=_1+§j|'1::-+2(;2-!-21') +
2‘5(3"‘1)3 23+1
—_— .. ==14 —
+ 33, 3¢ + + 3 +
2.5-8.... (3n—1) -
+ Z 3n+1(n 1) (z+1) nmpan —2< <0,
21,2 ﬂ
2505.1)2x=1+"’i‘:2+$;2 Ry = 22’
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o2 n-1
= Z (me)" cos (2n — 1)% (nonaras 0! = 1).

2506. 2 —40? = (2 + 2)* — 8(2 + 2)* + 20(2 + 2)2 — 16(z + 2).

2507, cos®’z =
1 3[z- /3 2%z —7/3)° 2%z —n/3)°
=1 3|1 TR "‘“]+
1 [2(x—n/38)2 23(x—n/3)* 28— n/3)8
+3 [ I R AT R ] ‘

. T e=me-1" g7 T
2508.3111?=EW3111(§+715) (monaraa 0! = 1).
-4 (z-4)? 1-3z-4°
P VAN TR
1-3-5(x—4)*
_W'i--.. .

2509. \/z = 2 [1+

1 2% 1-3 2% 1-3-5 27

2511. arcsma:—:r:+2 3 +22’2!-?+ 3531 -7+ .. 2512, /0,992 =

= T—0,008 ~ 1 — 0,004 = 0,996; /30 = /BI+9 = 91/1+1 s
w9(1+ 1) = 9,5. 2513. 30,991 = ¥T—0,009  0,997; 130 =

= Y1%+5 = 51/1+— ~ 5 (1+ 75) % 2515. arctge = % -

3
——+?— 2517.«_2\/‘(1——+ 1 _ 1 + 1 ):

3 3-3 5-32 7.3 9.3

sin & 33 z8

de=CHz— 33 5!5—...;

T

1,814v/3 w~ 3,142. 2519. 1) f

2 333

-2 g _
d:t:_C+lna:+ +2,2+%+...2520.<I>(a:)_fe de =

3 5 7

z z z 1 1 1
_z—m+%—m+...,¢(§) N§—3—4N0,4190n0rpemﬂoc1‘bm
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1 z3 2 2%
—_— 2521. & v1 2de = e
< 2130 / Fetde= ”+3 3 % 5T

. 7
+%-%— g @ (%) Y % + ﬁ /s 0,2008 ¢ morpenHocTHIO
32 56 < 0,0001. 2522, MponuddepeHnupopa YpaBHEHUE N paz U Mod-

crapuB = (), momyyum y((,“"'z) = n{n — l)y,()” ), Orciona =y =0,
y‘l)v =2-1, ynv =3-2, n‘” = 0m T. g. logcTaBuE 5TH 3HAaYEHHA B HOPMYITY

4
Mmopeﬂay_yg+ix+ya 22 4., ,Haxo,uﬂmy_l+x+ ad +

.1,‘5 zs 2 2?3 .1,‘4 3 4
T L emadg=14 S T L 2524 P
tastsa7st y +2 5% e:l&
HHeM ABIAercA «pyHKnuA Beccesnst HymeBoro mopamkas: lo(z) = 1 — ;—2 +

z? z8

tr g T 2525 VI005 & 1,0025; YT0012 ~ 1,0004;
0,993 w 0,9965; /0,997 & 0,999; v/110 = /100 + 10 ~ 10 (1+ 20)

=10,5;{‘/’mm4(1+%)=4,125;¢/4_0;s2(1+%)=2,1.
1

2527.«:6(—+ 1 . 13 +...)=as

1
2792°3.285792.91.5.95

a0 3(1 +0,0417 + 0, 0047) & 3, 14.

1 1 1
2528.71'_2[1—3.22+5‘24—7‘26+...]+
1 [1- s +]=
s 733753

+ Ezn ( 9,,2_3)-

xf2 xf2

2532.s=4f \/aﬂsin2t+b2cosﬂtdt=4af\/1—32cosﬂtdt=
[1]

1]
coma |1 & (L3) e (1-3:5\" &
- 22 2.4 3 2.4.6 5

rle ¢ — SKCOEHTPHCHTET HUIAICA, 8 @ — ero Ooabman nmoayock (cm. Ne 1624
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0,5
’ 4 7 0,5
H €I0 OTBET). 2533.]\/1+z3d.1:= [z+;7—ﬁ+... . = %+
0
+%.%.2%—...95%MD,5OScnorpeumocrhm< %. 2534. ®(z) =
1 =5 1 =° 1 1 1
—3—5ﬂ+am—---,q’(§) —5-m+...5&0,499805
1 23 27 9. g1l
C TOTPEIIHOCTEI0 < 3795 2535. y = 3 + 5.7 + 3711 +...

2536. llpomndbpepeHurpoRaR yPABHEHNAE 1t pa3 W mogcTaBue x = (), moayynm
Wt = —ngy{" ™Y, orcoma o = 1, 0% = 0, 9 =0, " = -1, gV =
@ 1-4.2% 1.4.7.2°

. vl _ —
=1y =0, yg _1‘4,...,y_1—§+ ] 91 +...
f s? st
2537.3:]00\3%&?:3[I—W'F...]:
0
—]s.inids—i 1—L+ ] rae nocroaanaan C = R-L
y= T |3 o™ =ah

R — pamuyc kpyropoit kpueoif m L — manna nepexonmoii kpueoit. Kpupaa
HasuIBaerca x4omoudott (puc. 88, c. 336). 2538. F(e + h, y+!) = 22 +
+aey+® +h(2x+y) +12u+ ) + A2+ R+ 12 2539, 22 + 22y =
=9+11(2—1)+8(y—2) +3(z—1)2+8(z - 1) (y—2) + 2(y—2)2 + (= —1)* +

+2a-1)(-2)%. 2540, In (s — 3) = 5= (g+1)- b1~ LI

2
(z—y—1)° . _ )
3Pz +1- 0y + P 2541. sin (mz + ny) = mz + ny
(mz + ny)®

4
- 30 + (m= 1-' ny) sin #(mz + ny). 2543.dx = 0,1, dy = —0,2,

Az= (20— y)dz + (2y—z)dy + dz? — dedy + dy? = —0,63. 2544. Az =

+ Rz, roe Rz =

= — (adz — bdy)sin (ez — by) (adz — bdy)® cos (az — by) + Rs, rne

1
T
Rg = %(a dx — bdy)3sin [a(a: +8dz) —b(y+ gdy)]_ 2545, 22y = —1 —
= 2(z—1)+(y+1)—(z—1)*+(z—1)(y+1). 2546. arctg% =y—(e—Dy+...

247 = 142 -1 +(z—y—1) + (y—1)°

2
2
951+2-0,1+0,1-0,1+0’Tl=1,215. 2548, de = 0,01, dy = 0,02;

+..5 1120 o

Az =2yzdr+ (2? — 2y) dy + ydz® + s de dy— dy? + %da:z dy &~ —0,1407.
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